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Abstract:

The aim of this search, is to introduce some notions of fuzzy soft M hyponormal operator
defined on fuzzy soft Hilbart space, denoted by FSM h-operator ,also some important
properties of this operator, as well as discussion for some theorems related to this operator,
also in this paper we investigate another generalized of some types of hyponormal
operator which as soft fuzzy soft M hyponormal operator, shortly (SFSMh —operator

and some theorems of operations about this concepts have been given.

Keywords: fuzzy soft M' hyponormal operator ,soft fuzzy soft M hyponormal operator.

Introduction

In 1965 Zadeh [1] proposed the theory of the fuzzy sets as an extension of regular sets to
handle uncertainty. The fuzzy set is defined by the characteristic membership functions on
domain of crisp set X to the interval [0,1]. In 1999 Molodtsov [2] first suggested the idea
of soft set theory as an extension of regular sets to address complex problems and dispel
uncertainty. The soft set is aparameterized set of universal set subsets. In 2001, Maji,
Biswas, et al. [3] combined the fuzzy and soft concepts into a single idea that they called
FS - set. The FS- idea was then applied by other researchers to create concepts, such as
the FS -point in 2012 [11] and FS-normed spaces by T. Beaula and M.M. Priyanga in

2015 [10], as well as in 2020.The S - inner product on fuzzy soft linear spaces was
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recently defined by N. Faried, M. S. Ali, and H H Sakr [6], who also presented its
characteristics and other related studies. Next follows , In 2020, Faried, Ali, and Sakr [4]
presented the FS Hilbert space definition, along with its characteristics and various new
results. Moreover, the FS - linear operator in the fuzzy soft Hilbert space and related
spectral theory concepts were defined by Faried, Ali, etc al. in 2020 [5]. In 2020 N.
Faried, M. S. Ali, and H H Sakr [7] also presented the FS- Hermitian operator , along with
examples and related theorems linked to it.

The FSM - hyponormal operator on fuzzy soft Hilbert space, another fuzzy soft bounded
linear operator, is defined in this paper along with many theorems and theories concerning
its characteristics and connections to other kinds of fuzzy soft bounded linear operators. an
expanded version of this idea for the soft fuzzy soft hyponormal operator was also

submitted.

1. Definition and concepts
In this section of the search, we will discuss some important definitions and theorems for

the fundamental set, which is a fuzzy soft set with a fuzzy soft vector.

Definition (1) [1]

For a set U (called the universal set), a F -set A on U is defined in terms of a
membership function u;: U — I, where [ is the unit interval [0,1 ], by characterizing A
as the set of all ordered pairs A = {(x,,uc/z(x)f:\xie U,u;(x) €1}. the setAis also
sometimes be written as A = {@ : x € Ul

The real number, p 3 (x), is called the membership of x in A.

Definition (2) [2]

suppose P(U )be the collection of the power set of universal U Ebe a set of

parameters, A pair (F,E) or Fp is known to as soft set

over U if there is a function F:E — P(U) where {Fg(e) € P(U): e € E}
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Definition (3) [3]

Assumption E be a set of parameters, a soft set (F,A)is called a fuzzy soft set
over a universal set U, whenever F is a mapping given by

F: A - P(U),and {F(e) € P(U):e € A} where P(U)is the set of all fuzzy subsets of U
, represented by FS — set.

Definition (4) [10]

The FSI- space (U, <F-,-‘>/), if it is FS-complete in the induced FSNV - space also known
as a fuzzy soft Hilbert space ,and represented by FSH -space.and denoted by
(H,<>).

Definition (5) [10]

If F is FSH -space, and T: 7 — Hbe a FS-operator is said to be FS - bounded

operator (FSB-operator) if, 3 FS —Real number k € RY;, , s.t. | T(ﬁ#m)) < k|

1% I|.V 17“?(6) € H, and the set of allFS — bounded linear operators symbolized by

fact is also, true on the (F§B-operator define on FSH -space.)
Definition (6) [9]
If /£ be FSH-space, and T: H — H be FSB- operator, then, T*is the FS —adjoint

—

i 751 52 - 51 Fx 52
operator and is denoted by < Tvulf(el),vﬂmez)> = <vM1T(el),T Ultoreny =

~

forall T . Pfrrier, € H.

Definition (7) [8], [11], [12]

Let 7 be a FSH-space, if T* € B(H) then

T is fuzzy soft Hermitian operator (FS-self adjoint operator) if T = T*.

T is fuzzy soft Normal operator (FSN-operatos ) if TT* = T*T.

T is fuzzy soft Quasi Normal operator shortly by (FSQN-operatos ) if T(T*T) = (T*T)T.

T is fuzzy soft hyponormal operator (FSh-operator) if 7*T S TT*.
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2. Main results

In this section, we will introduce a new type of fuzzy soft hyponormal operator define on
fuzzy soft Hilbert space is given which we call fuzzy soft M'-hyponormal operator with
some important theorems related on it.

4.2

4.3 Definition (1)

Assume H is FSH-space, and T: H — H be FSB- operator on FSH-space H , then T
namely fuzzy soft M'-hyponormal operator (FSM h-operator) if existence a positive real

numberM , where M2T*T S TT*.

4.4  Theorem (1)
Suppose H be a FSH-space, If T € B(H), then T is FSMh-operator iff 3 M > 0,

satisfy M2 || T9,, ren | S| T* Vuypieny I+ for every 9, EH.

1) Proof: By using T is FSMh -operator then we obtain M? || Tﬁ”lT(el) I =l
T*ﬁﬂlf(el) ” )

M2 To,  I1P=< M2Tv (e) T (e)) >

Vure)
>< 7, (e) T* T (e)) >

=< 7, (&), TT*7,, (e)) >

Hence, we get that M2 | T¥ | I T+ I .

.Uﬂ-"( 1) M1T( 1)
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Conversely, suppose that existence a positive real number M where
2 T~ -~ TV % o ~ ~ A7 .

M= || Tvuﬂ_(el) =T Uity eny | for every /7 € H, then we obtain that,

< MZT*TﬁMe (e), Ty, (€)) > =< MZTT}#% (e), ’T’ﬁ“?e (e)) >

= 21 T4 2
= M2 || Ty, |

4 T % 2
S 175, |

=< T*ﬁ”ﬂe) (e),'f*ﬁ”ﬂe)(e)) >
=< TT*%@ (€), Ty, (€)) >

for every ¥

Bipey € H then < (M2T*T — TT)By,,., (€), Ty, (€)) > = 0 and

€ H thus M 2*T*T —TT*)P,, ., =0, therefore M2T*T —TT* 2 0.

for every 7, o) =

F(e)

Hence we have M'2T*T = TT*, then T is FSM h-operator.
4.5

4.6  Proposition (1)
Let T be invertible FSM h-operator on FSH-space H ,then T~1 is FSM h-operator.
1) Proof:

Since T be FSMh — operator, then M2T*T = TT* .

~q

And since T invertible, then M 2(T*T)(TT*)™t = I, this implies
MATTY = (T*T) tso, MA(TH T =T Y(T*)™}, so we have
M2(F1) TS F1 (T

Then T~! is FSMh-operator.

4.7  Proposition (2)

let T:H ->H be a FSh -operator defined on FSH -space H , then
MAETDH" = (TT*)™is FSMh-operator.

1) Proof:

We can prove by using mathematical induction .
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Since T is FSMh-operator, then M2(T*T)" = (TT*)™ FSMh-operator for n=1 that is
MAT*T = (TT*)?! (1)

Suppose that the result is true for n = m, that is

mATD™ = (TTH™ ..(2)

Now, to prove the result is true for n= m+1, that is

m+1

M2(T*T) S (TTH™TTH!

Then from (1) and (2), we have

Mm2(TT)™

S (FFym+

Therefore M2(T*T)* = (TT*)"is FSMh-operator.

4.8

4.9  Theorem (2)

let T, and T, be FSMh -operators on FSH -space H . If T,T, =T, T, and
T,T; = Ty T,, also there exist a positive real number M such that M2 > M2, M} then
T, + T, is FSMh-operator

1) Proof:

Since T, and T, be FSMh-operators, then 7,7, =T, T,and T,T, =T, T, .

Now to show that T; + T, is FSMh-operator , we have

(T, +0)(T+T) =@+ )T +T,)

=77, +10,T, +T,T, +T,T,

SMET, T+ T, T+ T, T, + M2T, T, so one get

SM2T, Ty + M2T,’ Ty + M2T, T, + M2T, T, also have

I

MALT + 00 + 0T +0.1)
= M2 (T, +T, )T+ (T, +T,) T, thus
= M2(T, + T, )(T, + T;), therefore,
= M*(T, + Tz)*(Tl +T;), and we get

T, + T, is FSMh-operator
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4.10 Theorem (3)
Let T; and T, be FSMh-operators on FSH -space H. Then Ty T, is FSMh-operator If
the conditions T,T; = T, T, and T,T; = Ty T,, are satisfied. also there exist a positive
real number M such that M'2 = M2 M2
1) Proof:
Since T; and T, be FSMh-operators, then T,y T, =T, T, and T, T, =T, T, .
Now to show that T, T, is FSMh -operator , we have
(BR)TE) = (Bh) (')
=T (LTOT
SMET (L, T)T
= MZ(T, Tp) (ThTy) thus
< MEME (T, Ty) (TT)
= Mmimi (T, TOLT,
z M2 (1,5,) (T,T,)
Hence, T; T, is FSM h-operator
4.11
4.12 Remark (1)
FS-self adjoint operators are FSh-operators. The converse, however, need not hold, for
if T:H — Hdefined by

_ [(03,0) (0.2,0)

T = (0.1,0) (0.1,0) is FSM h-operator but not FS-self adjoint operator.

4.13

4.14 Remarks and examples (2)
FSQN-operatos are FSM h-operators, the converse need not hold, as the example

below shows
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. 1(0.3,0) (0.2,0)

- = ; - 2 _
The FS- operator T (0.1,0) (0.1,0) is FSM h-operator, where M'“=4 ,but not

FSQN-operator
FSh-operators are FSM h-operators. The converse holds if M = 1. For values of M’ >

1, the converse no longer hold as shown in the counter example below:

- [€0.3,0) (0.2,0)]. 2
The FS- operator T= (0.1,0) (0.1,0) is FSM h-operator , where M “=4, but not FSh-

operator.

4.15 Definition (2)

Assume H be a fuzzy soft Hilbert space and T: SE(H') — SE(F) be a bounded SFS-
operator, if T¢Td < M2T¢Ts is said to be soft fuzzy soft M hyponormal operator. And
shortly (SFSM h-operator)

4.16

4.17 Theorem (3)
Let (f]-f, E) be soft complex Hilbert-space, and {T,:e € E} be a collection of FS-

operator in FSH -space H. if Ts: SE(H) > SE(F) defined by (TS (ﬁg(e)w(e))) (e) =

T(ﬁuﬂe)(e)) ,Ve EE,and Y Uy € H, is SFSMh -operator, then T is FSMh -

operator, foralle € E .
1) Proof:

Let Ts be SFSMh-operator, then TeTd < M2TeT. If T (ﬁg(e)#}“(e)) = then,

WPT(e)’
< (TT*)(f’ur(e) (e, Uiz, (e))>=< T((T;ﬁg(e)ﬂfe (€)), Uiz, (e) >

=< T ((Hgp, (€)), Ty, (€) >

=< (s Ts T g, (), By () >

S< M2 (T Tsg 0 g, (€)), Ty (€) >

126



Journal of Education for Pure Science- University of Thi-Qar
Vol.12, No2 (December, 2022)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq

=< MZ(TS*WP?e (e)), By, (€) >
=< M2Te (W, (e)), Uy, (e) >
=< MZT*(WPTE (e)), Ty, (e)) >

=< MATT) By, (€), Ty, (€) >
Thus T is FSM h-operator.
4.18

4.19 Theorem (4)
Let {T,:e € E} be a collection of FSMh-operator defined on FSH -space H. Then we
can determine an operator TS:SE(}T) ASE(}T),STSMh- operator and defined by

(’T"S (59@)#:;@))) (e)=T (17“?(3) (e)) Ve EE,and V7, € H , and
17g(e)l‘:F(e) € STS(}[)
1) Proof:
Let T be FSMh —operator , then TT* < M2T*T forall e €EE, and UG eurcer €
SFS(R).1f T (Foiorce) = Torrce and Ty (jag witre) = Way, then:
< ((TST;ﬁg(e)MT(e))’ 17Q(e)llaf(e) > (e) =< TS((T;ﬁg(e)ﬂTe (e)), ﬁQ(e)#gre (e) >

= < 7:5((120'3:'(3) (e))’ ﬁg(e)ug:e (e) >

=< ~T(~(ﬁaﬂe) (e)), ﬁg(e)#?e (e) >

=<T(Ts (ﬁg(e)ﬂ}"e)(e))’ ﬁQ(e)lutafe (e) >

=< (TT*) (ﬁufe (), Uy ur, (e)) ~

<< Mm? (T*T) (ﬁune)(e)' 179(e)llf(e) (e)) >
= < M2 T (TsTg 0y pp o) () U o e (€) >
=< M Ty (WPT(e) (’T))' ey (e) >

=< M2 (T5 (TP p o)) (D)) By (€) >

=< M? (T;Tsﬁg(e)ﬂ}‘(e))’ ﬁg(e)ﬂ}"(e) (6) >
Thus T is SFSM h-operator.

4.20 Theorem (5)

let (#,E) be  softcomplex Hilbert -space ,and Ss,Ts:SE(H) - SE(H) is
SFSMh —operators. If Sg and Tg are commute and if the conditions

SsTs = TSy , with SgTe = TeSs and TsSe = SeT

Are holds, so one can have S¢Tgis SFSMh —operator, also there exist a positive real
number M such that M'2 = M2 M7
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1) Proof:
Since S5, Ts € B(ff) are commutative soft fuzzy soft M’ hyponormal operators then
5.5 2 M25:S; and TuTe E MRTLT, .
Let TG, upie, € SE(H), then
< (5sTs) (SSTS)*ﬁQ(e)M(e)’ ﬁg(e)ﬂ}"(e) (f)~>5~ < SSTSTSS vg(e)ﬂ}"(e)’ vg(e)ﬂ}"(e) (e) >
=<TsTs (S;ﬁg(e)l"fl—"(e)) vg(e)lif(e) > (e)
=< MZZT;TS(‘g;ﬁQ(e)ﬂT(e)) vQ(e)ﬂ?(e) > (e)
=< MZZS;TSﬁQ(e)HT(e)' TSSSvg(e)MT(e) > (e)
=< MZZggfsﬁg(e)ﬂT(e)'SS Tsvg(e)ﬂr(e) > (e)
=< M22§5§§ (Tsﬁg(e)ﬂf(e))’ Tsﬁg(e)”f(e) > (e)
< M{EM7 S~§S~S(T5ﬁg(e)ﬂf(e))’Tsﬁg(e)ﬂ}"(e) > (e)
=< MZ(SSTS)*(SSTS)ﬁQ(e)M(e)' 17Q(e)llar(e) > (e)
then SsTs is SFSM h —operator.
4.21
4.22 Theorem (6)
Let S5, Ts: SE(H') —» SE(H) be SFSMh —operators. If TsSi = 5¢T, then S + T is
SFSMh —operator , where M2 > M2, M}
1) Proof: o o o o
From assumption this TsS¢ = S¢Ts, with SsTe= T¢Ss. Also since Sg,Ts are
SFSMh —operators, then
< 85855 Vg oz, gz, > (€ = ML < S§Ss Ty, Uopus, > (€) and <
TST;ﬁg(e)ﬂTe’i}g(e)ﬂTe > (e) < MZZ < T;T-'Sﬁg(e)ﬂ?’e’ﬁg(e)ﬂ?e > (e)
Let TG, upe) € SE(F), then
< (S5 + TS)(SS + TS) vg(e)we vg(e)w > (e)
=< 8585 UG oyur, T SsTS Ugoyus, T TsSs Vg oz, + TST;ﬁg(e)%,ﬁg(e),ﬁ%~> (e)
=< SSSS VG o)tz vg(e)lljie ~> (e)+< SSTS 1~79(3)!1%’ 17Q(e)ﬂfe > (e)+< TSS;ﬁQ(e)MTe’ ﬁg(e)llf}-"e
> (e)+< TsTs Vg ur, Viepur, > (e)
< ME< SsSsvg( )M(e),vg(e)w > (e)+< ST UG o iz, ,vg(e)w > (e)+
< TSSSUQ( e VGeur, > (e)+ M} <T: TSvg( sz VGour, (e)
= < M2(85Ss + SsTs + TsSs + TsTS) Vg, Vg epur, > (€)
=< M2((S5Ss + SeTg) + (TeSs + T;Ts))ﬁg(ewﬂe), UG oy ire) > (e)
=< M?2(Se(Sg + Tg) + Ta(Ss + TS))ﬁg(e) vy Vg ez, > (€)
=< M?2(Se + TH(Ss + Ts))ﬁg(e)ﬂT_e, U6z, > (€)
=< M? E(S”S + 752*(§s~+ Tsz)ﬁ%e}“ﬂi’ T eyuiz, > (€)
Hence (S5 + T5)(Ss + T5)* < (Ss + T5)*(Ss + Ts)
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Thus Ss + Tg is SFSMh —operator.

Conclusions: In this work, we obtain some main conclusions such as the addition of
fuzzy soft M’ hyponormal operators is not necessary to being fuzzy soft M hyponormal
and may be can when we add some grantee conditions, also we get another
consequence is some types of fuzzy soft operator.
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