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Abstract: 

The aim of this search, is to introduce some notions of fuzzy soft ℳ  hyponormal operator 

defined on fuzzy soft Hilbart space, denoted by  ℱ𝒮ℳℎ-operator ,also  some important 

properties of this operator, as well as discussion for some theorems related to this operator, 

also in this paper we investigate another generalized of some types of hyponormal 

operator which as soft fuzzy soft ℳ hyponormal operator, shortly (𝒮ℱ𝒮ℳℎ െoperator 

and some theorems of operations about this concepts have been given. 

   

Keywords:  fuzzy soft ℳ  hyponormal operator ,soft fuzzy soft ℳ hyponormal operator.   

 

Introduction 

In 1965 Zadeh [1] proposed the theory of the fuzzy sets as an extension of regular sets to 

handle uncertainty. The fuzzy set is defined by the characteristic membership functions on 

domain of crisp set  𝑋 to the interval [0,1]. In  1999  Molodtsov [2] first suggested the idea 

of soft set theory as an extension of regular sets to address complex problems and dispel 

uncertainty. The soft set is aparameterized set of universal set subsets. In 2001, Maji, 

Biswas, et al. [3] combined the fuzzy and soft concepts into a single idea that they called 

ℱ𝒮 - set. The ℱ𝒮- idea was then applied by other researchers to create concepts, such as 

the ℱ𝒮 -point in 2012 [11] and ℱ𝒮-normed spaces by T. Beaula and M.M. Priyanga in 

2015 [10], as well as in 2020.The ℱ𝒮 - inner product on fuzzy soft linear spaces was 
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recently defined by N. Faried, M. S. Ali, and H H Sakr [6], who also presented its 

characteristics and other related studies. Next follows , In 2020, Faried, Ali, and Sakr [4] 

presented the ℱ𝒮 Hilbert space definition, along with its characteristics and various new 

results. Moreover, the ℱ𝒮  - linear operator in the fuzzy soft Hilbert space and related 

spectral theory concepts were defined by Faried, Ali, etc al. in 2020 [5]. In 2020  N. 

Faried, M. S. Ali, and H H Sakr [7] also presented the ℱ𝒮- Hermitian operator , along with 

examples and related theorems linked to it.  

The ℱ𝒮ℳ- hyponormal operator on fuzzy soft Hilbert space, another fuzzy soft bounded 

linear operator, is defined in this paper along with many theorems and theories concerning 

its characteristics and connections to other kinds of fuzzy soft bounded linear operators. an 

expanded version of this idea for the soft fuzzy soft hyponormal operator was also 

submitted. 

 

 

1. Definition and concepts 

In this section of the search, we will discuss some important definitions and theorems for 

the fundamental set, which is a fuzzy soft set with a fuzzy soft vector. 

 

Definition (1) [1] 

For a set 𝑈  (called the universal set), a ℱ ‐set 𝒜ሚ on 𝑈  is defined in terms of a  

membership function 𝜇𝒜ሚ : U →  𝐼 , where 𝐼 is the unit interval ሾ0,1 ሿ, by characterizing 𝒜ሚ 

as the set of all ordered pairs 𝒜ሚ  ൌ ሼሺ𝑥 , 𝜇𝒜ሚሺ𝑥ሻ: 𝑥 ∈ U, 𝜇𝒜ሚሺ𝑥ሻ ∈ Iሽ.෫   the set 𝒜ሚ is also 

sometimes be written as 𝒜ሚ ൌ ሼ 
ఓ𝒜ሚሺೣሻ
௫

∶  𝑥 ∈  Uሽ.  

The real number, 𝜇𝒜ሚሺ𝑥ሻ, is called the membership of 𝑥 in 𝒜ሚ. 

Definition (2) [2] 

 suppose 𝑃ሺU ) be the collection of the power set of universal   U, E be a set of 

parameters, A pair ሺℱ, Eሻ  or ℱா  is known to as soft set 

over U if there is  a function  ℱ: E → PሺUሻ where ሼℱ୉ሺeሻ ∈ PሺUሻ: e ∈ Eሽ 
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Definition (3) [3] 

 Assumption  E be a set of parameters, a soft set  ሺℱ,𝒜ሻ is called a fuzzy soft set 

over a universal set  U, whenever ℱ is  a mapping given by 

 ℱ: 𝒜 ෪  → P෩ሺUሻ, and ሼℱሺeሻ ∈ P෩ሺUሻ: e ∈ 𝒜ሚሽ where 𝑃෨ሺ𝑈ሻis the set of all fuzzy subsets of U 

,  represented by ℱ𝒮 െ set.  

Definition (4) [10] 

 The ℱ𝒮𝔗‐ space ሺ𝑈෩,൏∙,∙൐ሻ෫ , if it is ℱ𝒮‐complete in the induced ℱ𝒮𝒩‐ space also known 

as a fuzzy soft Hilbert space  ,and   represented by  ℱ𝒮ℋ ‐space.and denoted by 

ሺℋ෩ ,൏∙,∙൐ሻ෫ . 

Definition (5) [10] 

If   ℋ෪  is ℱ𝒮ℋ ‐space, and 𝛵෨ :  ℋ෪ →  ℋ෪ be a  ℱ𝒮 ‐operator is said to be ℱ𝒮  ‐ bounded 

operator (ℱ𝒮ℬ ‐operator) if, ∃  ℱ𝒮 െReal number 𝑘෨ ∈෥ ℛ෨𝒜
ା   , s.t. ∥ 𝛵෨ ቀ𝑣෤ఓℱሺ೐ሻቁ

෫
∥ ൑  𝑘෨ ∥

𝑣෤ఓℱሺ೐ሻ෫ ∥ . ∀ 𝑣෤ఓℱሺ೐ሻ ∈෥  ℋ෩ , and the set of allℱ𝒮 െ bounded linear operators symbolized by 

ℬ ෩ ൫ℋ෩  ൯, 

fact is also, true on the (ℱ𝒮ℬ‐operator define on ℱ𝒮ℋ‐space.) 

Definition (6) [9] 

 If ℋ෩  be  ℱ𝒮ℋ‐space, and 𝛵෨ : ℋ෩ → ℋ෩  be ℱ𝒮ℬ‐ operator, then, 𝛵෨∗ is the ℱ𝒮 െadjoint 

operator and is denoted by ൏   𝛵෨𝑣෤ఓభℱሺ೐భሻ
ଵ , 𝑣෤ఓమℱሺ೐మሻ

ଶ෫ ൐  = ൏ 𝑣෤ఓభℱሺ೐భሻ
ଵ ,𝛵෨∗ 𝑣෤ఓమℱሺ೐మሻ

ଶ෫ ൐,

𝑓𝑜𝑟 𝑎𝑙𝑙  𝑣෤ఓభℱሺ೐భሻ
ଵ , 𝑣෤ఓమℱሺ೐మሻ

ଶ ∈෥  ℋ෩  .  

 

Definition (7) [8], [11], [12] 

 Let ℋ෩  be a ℱ𝒮ℋ‐space, if 𝛵෨∗ ∈෥ ℬ෩൫ℋ෩൯  then  

i. 𝛵෨  is fuzzy soft  Hermitian operator (ℱ𝒮‐self adjoint operator) if  𝛵෨ ൌ෥  𝛵෨∗. 

ii. 𝛵෨  is fuzzy soft  Normal operator (ℱ𝑆𝑁‐operatos ) if  𝛵෨𝛵෨∗ ൌ 𝛵෨∗𝛵෨ . 

iii. 𝛵෨  is fuzzy soft Quasi Normal operator shortly by (ℱ𝑆𝑄𝑁‐operatos ) if 𝛵෨൫𝛵෨∗𝛵෨൯ ൌ ൫𝛵෨∗𝛵෨൯𝛵෨ .  

iv. 𝛵෨  is fuzzy soft hyponormal operator (ℱ𝒮ℎ‐operator) if  𝒯෪∗𝛵෨ ൒෩ 𝛵෨𝛵෨∗. 
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2. Main results 

In this section,  we will introduce a new type of fuzzy soft hyponormal operator define on 

fuzzy soft Hilbert space is given which we call fuzzy soft ℳ‐hyponormal operator with 

some important theorems related on it.  

4.2  

4.3 Definition (1) 

Assume  ℋ෩   is  ℱ𝑆ℋ‐space, and  𝛵෨ : ℋ෩ → ℋ෩  be ℱ𝑆ℬ‐ operator on ℱ𝑆ℋ‐space ℋ෩  , then 𝛵෨  

namely  fuzzy soft ℳ‐hyponormal operator (ℱ𝑆ℳℎ‐operator) if existence  a positive real 

numberℳ , where  ℳଶ𝛵෨∗𝛵෨ ൒෩ 𝛵෨𝛵෨∗ . 

 

4.4 Theorem (1) 

Suppose  ℋ෩  be a ℱ𝑆ℋ‐space, If   𝛵෨ ∈෥ ℬ෩൫ℋ෩൯, then 𝛵෨  is ℱ𝑆ℳℎ‐operator iff ∃ ℳ ൐ 0, 

satisfy  ℳଶ ∥ 𝛵෨𝑣෤ఓభℱሺ೐భሻ ∥
෫  ൒෩∥ 𝛵෨∗𝑣෤ఓభℱሺ೐భሻ

෫ ∥  , for every 𝑣෤ఓℱሺ೐ሻ ∈෥ ℋ෩ .      

1) Proof:  By using 𝜯෩  is 𝓕𝑺𝓜𝒉 -operator then we obtain   𝓜𝟐 ∥ 𝜯෩𝒗෥𝝁𝟏𝓕ሺ𝒆𝟏ሻ ∥
෫  ൒෩∥

𝜯෩∗𝒗෥𝝁𝟏𝓕ሺ𝒆𝟏ሻ
෫ ∥ . 

ℳଶ ∥ 𝛵෨𝑣෤ఓℱሺ೐ሻ
෫ ∥ଶൌ෥൏ ℳଶ𝛵෨𝑣෤ఓℱ೐ሺ𝑒ሻ,𝛵

෨𝑣෤ఓℱ೐ሺ𝑒ሻሻ ൐  

                               ൒෩൏ 𝑣෤ఓℱ೐ሺ𝑒ሻ,𝛵
෨∗𝛵෨𝑣෤ఓℱ೐ሺ𝑒ሻሻ ൐ 

                               ൒෩൏ 𝑣෤ఓℱ೐ሺ𝑒ሻ,𝛵
෨  𝛵෨∗𝑣෤ఓℱ೐ሺ𝑒ሻሻ ൐ 

                               ൌ ෦ ൏ 𝛵෨∗𝑣෤ఓℱ೐ሺ𝑒ሻ,𝛵
෨∗𝑣෤ఓℱ೐ሺ𝑒ሻሻ ൐                

                              ൌ෥  ∥ 𝛵෨∗𝑣෤ఓℱሺ೐ሻ
෫ ∥ଶ .  

 Hence, we get that ℳଶ ∥ 𝛵෨𝑣෤ఓభℱሺ೐భሻ ∥
෫  ൒෩∥ 𝛵෨∗𝑣෤ఓభℱሺ೐భሻ

෫ ∥  . 
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Conversely, suppose that existence   a positive real number ℳ  where  

ℳଶ ∥ 𝛵෨𝑣෤ఓభℱሺ೐భሻ ∥
෫  ൒෩∥ 𝛵෨∗𝑣෤ఓభℱሺ೐భሻ

෫ ∥   for every 𝑣෤ఓℱሺ೐ሻ ∈෥ ℋ෩ , then we obtain that, 

    ൏ℳଶ𝛵෨∗𝛵෨𝑣෤ఓℱ೐ሺ𝑒ሻ,𝑣෤ఓℱ೐ሺ𝑒ሻሻ ൐ ൌ෥൏ ℳଶ𝛵෨𝑣෤ఓℱ೐ሺ𝑒ሻ,𝛵
෨𝑣෤ఓℱ೐ሺ𝑒ሻሻ ൐ 

                                                           ൌ෥ ℳଶ ∥ 𝛵෨𝑣෤ఓℱሺ೐ሻ
෫ ∥ଶ 

                                                           ൒෩  ∥ 𝛵෨∗𝑣෤ఓℱሺ೐ሻ
෫ ∥ଶ 

                                                          ൌ෥൏ 𝛵෨∗𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ,𝛵෨
∗𝑣෤ఓℱሺ೐ሻሺ𝑒ሻሻ ൐ 

                                                          ൌ෥൏ 𝛵෨𝛵෨∗𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ,𝑣෤ఓℱሺ೐ሻሺ𝑒ሻሻ ൐  

for every 𝑣෤ఓℱሺ೐ሻ ∈෥ ℋ෩  ,then ൏ ሺℳଶ𝛵෨∗𝛵෨ െ 𝛵෨𝛵෨∗ሻ𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ, 𝑣෤ఓℱሺ೐ሻሺ𝑒ሻሻ ൐ ൒෩ 0 and 

for every 𝑣෤ఓℱሺ೐ሻ ∈෥ ℋ෩  ,thus ሺℳଶ𝛵෨∗𝛵෨ െ 𝛵෨𝛵෨∗ሻ𝑣෤ఓℱሺ೐ሻ ൒෩ 0 , therefore ℳଶ𝛵෨∗𝛵෨ െ 𝛵෨𝛵෨∗ ൒෩ 0 . 

Hence we have ℳଶ𝛵෨∗𝛵෨ ൒෩ 𝛵෨𝛵෨∗ , then 𝛵෨  is ℱ𝑆ℳℎ‐operator. 

4.5  

4.6 Proposition (1) 

Let 𝛵෨  be invertible ℱ𝑆ℳℎ‐operator on ℱ𝑆ℋ‐space ℋ෩  ,then 𝛵෨ିଵ  is  ℱ𝑆ℳℎ‐operator. 

1)   Proof:  

  Since 𝛵෨  be ℱ𝑆ℳℎ െ 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟, then ℳଶ𝛵෨∗𝛵෨ ൒෩ 𝛵෨𝛵෨∗  . 

  And since  𝛵෨  invertible, then  ℳଶሺ𝛵෨∗𝛵෨ሻሺ𝛵෨𝛵෨∗ሻିଵ ൒෩  𝐼 , this implies  

  ℳଶሺ𝛵෨𝛵෨∗ሻିଵ ൒෩ ሺ𝛵෨∗𝛵෨ሻିଵ so,    ℳଶሺ𝛵෨∗ሻିଵ𝛵෨ିଵ ൒෩ 𝛵෨ିଵሺ𝛵෨∗ሻିଵ, so we have 

  ℳଶሺ𝛵෨ିଵሻ∗𝛵෨ିଵ ൒෩ 𝛵෨ିଵሺ𝛵෨ିଵሻ∗. 

Then 𝛵෨ିଵ  is   ℱ𝑆ℳℎ‐operator. 

 

4.7 Proposition (2) 

Let  𝛵෨ : ℋ෩ → ℋ෩  be a ℱ𝑆ℎ ‐operator defined on ℱ𝑆ℋ ‐space  ℋ෩ , then 

ℳଶሺ𝛵෨∗𝛵෨ሻ௡  ൒෩  ሺ𝛵෨𝛵෨∗ሻ௡ is  ℱ𝑆ℳℎ‐operator. 

1) Proof:  

We can prove by using mathematical induction . 
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Since 𝛵෨  is ℱ𝑆ℳℎ‐operator, then ℳଶሺ𝛵෨∗𝛵෨ሻ௡  ൒෩  ሺ𝛵෨𝛵෨∗ሻ௡ ℱ𝑆ℳℎ‐operator for n=1 that is 

 ℳଶሺ𝛵෨∗𝛵෨ሻଵ  ൒෩  ሺ𝛵෨𝛵෨∗ሻଵ        …(1)  

Suppose that  𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑖𝑠 𝑡𝑟𝑢𝑒 𝑓𝑜𝑟 𝑛 ൌ 𝑚, 𝑡ℎ𝑎𝑡 𝑖𝑠 

 ℳଶሺ𝛵෨∗𝛵෨ሻ௠  ൒෩  ሺ𝛵෨𝛵෨∗ሻ௠        … (2) 

Now, to prove the result is true for n= m+1, that is 

ℳଶ൫𝛵෨∗𝛵෨൯
௠ାଵ

 ൒෩  ሺ𝛵෨𝛵෨∗ሻ௠ሺ𝛵෨𝛵෨∗ሻଵ   

Then from (1) and (2), we have   

ℳଶ൫𝛵෨∗𝛵෨൯
௠ାଵ

 ൒෩  ሺ𝛵෨𝛵෨∗ሻ௠ାଵ 

Therefore  ℳଶሺ𝛵෨∗𝛵෨ሻ௡  ൒෩  ሺ𝛵෨𝛵෨∗ሻ௡ is ℱ𝑆ℳℎ‐operator. 

4.8  

4.9 Theorem (2) 

Let  𝛵෨ଵ  and  𝛵෨ଶ  be  ℱ𝑆ℳℎ ‐operators on ℱ𝑆ℋ ‐space  ℋ෩ . If  𝛵෨ଵ𝛵෨ଶ
∗ ൌ෥ 𝛵෨ଶ

∗ 𝛵෨ଵ  and 

 𝛵෨ଶ𝛵෨ଵ
∗ ൌ෥ 𝛵෨ଵ

∗ 𝛵෨ଶ, also there exist a positive real number ℳ such that ℳଶ ൒ℳଵ
ଶ,ℳଶ

ଶ   then 

𝛵෨ଵ ൅ 𝛵෨ଶ  is ℱ𝑆ℳℎ‐operator 

1) Proof :  

Since 𝛵෨ଵ and 𝛵෨ଶ be  ℱ𝑆ℳℎ‐operators, then 𝛵෨ଵ𝛵෨ଵ
∗
ൌ෥ 𝛵෨ଵ

∗
𝛵෨ଵ and 𝛵෨ଶ𝛵෨ଶ

∗
ൌ෥ 𝛵෨ଶ

∗
𝛵෨ଶ .  

Now to show that 𝛵෨ଵ ൅ 𝛵෨ଶ  is ℱ𝑆ℳℎ‐operator , we have  

൫𝛵෨ଵ ൅ 𝛵෨ଶ൯൫𝛵෨ଵ ൅ 𝛵෨ଶ൯
∗
ൌ෥ ሺ𝛵෨ଵ ൅ 𝛵෨ଶሻሺ𝛵෨ଵ

∗
൅ 𝛵෨ଶ

∗
ሻ 

                                  ൌ෥ 𝛵෨ଵ𝛵෨ଵ
∗
൅ 𝛵෨ଵ𝛵෨ଶ

∗
൅ 𝛵෨ଶ𝛵෨ଵ

∗
൅ 𝛵෨ଶ𝛵෨ଶ

∗
 

                                  ൑෩ ℳଵ
ଶ 𝛵෨ଵ

∗
𝛵෨ଵ ൅ 𝛵෨ଶ

∗
𝛵෨ଵ ൅  𝛵෨ଵ

∗
𝛵෨ଶ ൅ℳଶ

ଶ𝛵෨ଶ
∗
𝛵෨ଶ so one get 

                                  ൑෩ ℳଶ 𝛵෨ଵ
∗
𝛵෨ଵ ൅ℳଶ𝛵෨ଶ

∗
𝛵෨ଵ ൅ℳଶ𝛵෨ଵ

∗
𝛵෨ଶ ൅ℳଶ𝛵෨ଶ

∗
𝛵෨ଶ also have  

                                  ൌ෥  ℳଶሺ𝛵෨ଵ𝛵෨ଵ
∗
൅ 𝛵෨ଵ𝛵෨ଶ

∗
൅ 𝛵෨ଶ𝛵෨ଵ

∗
൅ 𝛵෨ଶ𝛵෨ଶ

∗
ሻ  

                                  ൌ෥  ℳଶ  ൫𝛵෨ଵ
∗
൅ 𝛵෨ଶ

∗
൯  𝛵෪ଵ ൅ ൫𝛵෨ଵ

∗
൅ 𝛵෨ଶ

∗
൯   𝛵෨ଶ thus 

                                  ൌ෥  ℳଶ൫𝛵෨ଵ
∗
൅ 𝛵෨ଶ

∗
൯൫𝛵෨ଵ ൅ 𝛵෨ଶ൯, therefore, 

                                  ൌ෥  ℳଶ൫𝛵෨ଵ ൅ 𝛵෨ଶ൯
∗
൫𝛵෨ଵ ൅ 𝛵෨ଶ൯,   and we get 

𝛵෨ଵ  ൅  𝛵෨ଶ is ℱ𝑆ℳℎ‐operator 
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4.10 Theorem (3)  

Let 𝛵෨ଵ and 𝛵෨ଶ be  ℱ𝑆ℳℎ‐operators on ℱ𝑆ℋ‐space ℋ෩ . Then 𝛵෨ଵ𝛵෨ଶ is ℱ𝑆ℳℎ‐operator If 

the conditions  𝛵෨ଵ𝛵෨ଶ
∗ ൌ෥ 𝛵෨ଶ

∗ 𝛵෨ଵ and  𝛵෨ଶ𝛵෨ଵ
∗ ൌ෥ 𝛵෨ଵ

∗ 𝛵෨ଶ, are satisfied. also there exist a positive 

real number ℳ such that ℳଶ ൌℳଵ
ଶℳଶ

ଶ 

1) Proof : 

Since 𝛵෨ଵ and 𝛵෨ଶ be ℱ𝑆ℳℎ‐operators, then 𝛵෨ଵ𝛵෨ଵ
∗
ൌ෥ 𝛵෨ଵ

∗
𝛵෨ଵ and 𝛵෨ଶ𝛵෨ଶ

∗
ൌ෥ 𝛵෨ଶ

∗
𝛵෨ଶ .  

Now to show that 𝛵෨ଵ𝛵෨ଶ  is ℱ𝑆ℳℎ ‐operator , we have  

൫𝛵෨ଵ𝛵෨ଶ൯൫𝛵෨ଵ𝛵෨ଶ൯
∗
ൌ෥ ൫𝛵෨ଵ𝛵෨ଶ൯  ሺ𝛵෨ଶ

∗
 𝛵෩ଵ

∗
ሻ 

                        ൌ෥  𝛵෨ଵሺ𝛵෨ଶ𝛵෨ଶ
∗
ሻ𝛵෨ଵ

∗
 

                        ൑෩ ℳଶ
ଶ 𝛵෨ଵ ሺ𝛵෨ଶ

∗
𝛵෨ଶሻ 𝛵෨ଵ

∗
  

                       ൌ෥  ℳଶ
ଶሺ𝛵෨ଶ

∗
𝛵෨ଶሻ  ሺ𝛵෨ଵ𝛵෨ଵ

∗
ሻ thus  

                       ൑෩ ℳଵ
ଶℳଶ

ଶሺ𝛵෨ଶ
∗
 𝛵෩ଶሻ ሺ𝛵෨ଵ𝛵෨ଵ

∗
ሻ 

                       ൌ෥  ℳଵ
ଶℳଶ

ଶሺ𝛵෨ଶ
∗
 𝛵෨ଵ

∗
ሻ𝛵෨ଵ𝛵෨ଶ       

                       ൑  ෪  ℳଶ ൫𝛵෨ଵ𝛵෨ଶ൯
∗
൫ 𝛵෨ଵ𝛵෨ଶ൯ 

Hence, 𝛵෨ଵ𝛵෨ଶ is ℱ𝑆ℳℎ‐operator 

4.11  

4.12 Remark (1) 

ℱ𝑆‐self adjoint operators are ℱ𝑆ℎ‐operators. The converse, however, need not hold, for 

if  𝛵෨ : ℋ෩ → ℋ෩defined by  

 𝛵෨ ൌ  ൤
ሺ0.3,0ሻ ሺ0.2,0ሻ
ሺ0.1,0ሻ ሺ0.1,0ሻ൨ is ℱ𝑆ℳℎ‐operator but not ℱ𝑆‐self adjoint operator. 

4.13  

4.14 Remarks and examples (2) 

i) ℱ𝑆𝑄𝑁‐operatos are ℱ𝑆ℳℎ‐operators, the converse need not hold, as the example 

below shows 
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The ℱ𝑆 ‐ operator  𝛵෨ = ൤
ሺ0.3,0ሻ ሺ0.2,0ሻ
ሺ0.1,0ሻ ሺ0.1,0ሻ൨  is ℱ𝑆ℳℎ ‐operator, where ℳଶ =4 ,but not 

ℱ𝑆𝑄𝑁‐operator 

ii) ℱ𝑆ℎ‐operators are ℱ𝑆ℳℎ‐operators. The converse holds if ℳ ൌ 1. For values of ℳ ൒

1, the converse no longer hold as shown in the counter example below: 

The ℱ𝑆‐ operator  𝛵෨= ൤
ሺ0.3,0ሻ ሺ0.2,0ሻ
ሺ0.1,0ሻ ሺ0.1,0ሻ൨ is ℱ𝑆ℳℎ‐operator , where ℳଶ=4, but not ℱ𝑆ℎ‐

operator. 

 

4.15 Definition (2) 

 Assume  ℋ෩  be a fuzzy soft Hilbert space and  𝛵෨ௌ: 𝑆𝐸൫ℋ෩൯ → 𝑆𝐸൫ℋ෩൯ be a bounded 𝑆ℱ𝑆‐

operator, if 𝛵෨ௌ𝛵෨ௌ
∗  ൑෩ ℳଶ𝛵෨ௌ

∗𝛵෨ௌ is said to be soft fuzzy soft ℳ hyponormal operator. And 

shortly (𝑆ℱ𝑆ℳℎ‐operator) 

4.16  

4.17 Theorem (3)  

Let ൫ℋ෩ ,𝐸൯ be  𝑠𝑜𝑓𝑡 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝐻𝑖𝑙𝑏𝑒𝑟𝑡‐space, and {𝛵෨௘: 𝑒 ∈෥ 𝐸ሽ be a collection of ℱ𝑆‐

operator in ℱ𝑆ℋ‐space ℋ෩ . if 𝛵෨ௌ: 𝑆𝐸൫ℋ෩൯ →  𝑆𝐸൫ℋ෩൯ defined by ൬𝛵෨ௌ ቀ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻቁ൰ ሺ𝑒ሻ ൌ

𝛵෨ ൬𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ൰  ,∀ 𝑒 ∈෥ 𝐸 ,𝑎𝑛𝑑  ∀ 𝑣෤ఓℱሺ೐ሻ ∈෥  ℋ෩ , is 𝑆ℱ𝑆ℳℎ ‐operator, then 𝛵෨  is ℱ𝑆ℳℎ ‐

operator, for all 𝑒 ∈෥ 𝐸 . 

1) Proof: 

Let 𝛵෨ௌ be 𝑆ℱ𝑆ℳℎ‐operator, then  𝛵෨ௌ𝛵෨ௌ
∗  ൑෩  ℳଶ𝛵෨ௌ

∗𝛵෨ௌ. If  𝛵෨ௌ ቀ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻቁ ൌ 𝑤෥ఘℱሺ೐ሻ, then, 

൏ ሺ𝛵෨𝛵෨∗ሻሺ𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ, 𝑣෤ఓℱ೐ሺ𝑒ሻሻ ൐ ൌ෥  ൏ 𝛵෨ሺሺ𝛵෨ௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ሺ𝑒ሻሻ, 𝑣෤ఓℱ೐ሺ𝑒ሻ ൐  

                                                  ൌ෥൏ 𝛵෨ሺሺ𝑢෤ఙℱሺ೐ሻሺ𝑒ሻሻ, 𝑣෤ఓℱ೐ሺ𝑒ሻ ൐ 

                                                  ൌ෥൏ ሺሺ𝛵෨ௌ𝛵෨ௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ሺ𝑒ሻሻ,𝑣෤ఓℱ೐ሺ𝑒ሻ ൐ 

                                                  ൑෩൏ ℳଶሺ𝛵෨ௌ
∗𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱ೐ሺ𝑒ሻሻ,𝑣෤ఓℱ೐ሺ𝑒ሻ ൐ 
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                                                  ൌ෥൏ ℳଶሺ𝛵෨ௌ
∗𝑤෥ఘℱ೐ሺ𝑒ሻሻ,𝑣෤ఓℱ೐ሺ𝑒ሻ ൐ 

                                                  ൌ෥൏ ℳଶ𝛵෨ௌ
∗ሺ𝑤෥ఘℱ೐ሺ𝑒ሻሻ,𝑣෤ఓℱ೐ሺ𝑒ሻ ൐ 

                                                  ൌ෥൏ ℳଶ𝛵෨∗ሺ𝑤෥ఘℱ೐ሺ𝑒ሻሻ,𝑣෤ఓℱ೐ሺ𝑒ሻሻ ൐ 

                                                  ൌ෥൏ ℳଶ𝛵෨∗ ൬ቀ𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱ೐ቁ ሺ𝑒ሻ൰ , 𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ ൐ 

                                                  ൌ෥൏ ℳଶሺ𝛵෨∗𝛵෨ሻሺ𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ, 𝑣෤ఓℱሺ೐ሻሺ𝑒ሻሻ ൐ . 

Thus 𝛵෨  is ℱ𝑆ℳℎ‐operator.  

4.18  

4.19 Theorem (4) 
 Let {𝛵෨௘: 𝑒 ∈෥ 𝐸ሽ be a collection of ℱ𝑆ℳℎ‐operator defined on ℱ𝑆ℋ‐space ℋ෩ . Then we 

can determine an operator 𝛵෨ௌ: 𝑆𝐸൫ℋ෩൯ → 𝑆𝐸൫ℋ෩൯ , 𝑆ℱ𝑆ℳℎ‐ operator and defined by 

൬𝛵෨ௌ ቀ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻቁ൰ ሺ𝑒ሻ ൌ 𝛵෨ ൬𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ൰  ,∀ 𝑒 ∈෥ 𝐸 , 𝑎𝑛𝑑  ∀ 𝑣෤ఓℱሺ೐ሻ ∈෥  ℋ෩ , and 

𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ∈෥ 𝑆ℱ𝑆൫ℋ෩൯  

1) Proof:  
Let 𝛵෨  be   ℱ𝑆ℳℎ െ operator , then  𝛵෨𝛵෨∗  ൑ℳଶ 𝛵෨∗𝛵෨   𝑓𝑜𝑟 𝑎𝑙𝑙  𝑒 ∈෥ 𝐸 , and 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ∈

𝑆ℱ𝑆൫ℋ෩൯. If  𝛵෨ௌ ቀ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻቁ ൌ 𝑢෤ఙℱሺ೐ሻ  , and 𝛵෨ௌ ቀ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻቁ ൌ 𝑤෥ఘℱሺ೐ሻ  then:  

൏ ሺሺ𝛵෨ௌ𝛵෨ௌ
∗𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሻ, 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ൐ ሺ𝑒ሻ ൌ෥൏ 𝛵෨ௌሺሺ𝛵෨ௌ

∗𝑣෤𝒢ሺ೐ሻఓℱ೐ሺ𝑒ሻሻ, 𝑣෤𝒢ሺ೐ሻఓℱ೐ሺ𝑒ሻ ൐ 

                                                ൌ෥  ൏ 𝛵෨ௌሺሺ𝑢෤ఙℱሺ೐ሻሺ𝑒ሻሻ,𝑣෤𝒢ሺ೐ሻఓℱ೐ሺ𝑒ሻ ൐ 

                                                 ൌ෥  ൏ 𝛵෨ሺሺ𝑢෤ఙℱሺ೐ሻሺ𝑒ሻሻ, 𝑣෤𝒢ሺ೐ሻఓℱ೐ሺ𝑒ሻ ൐ 

                                                 ൌ෥൏ 𝛵෨ሺ𝛵෨ௌ
∗ሺ𝑣෤𝒢ሺ೐ሻఓℱ೐ሻሺ𝑒ሻሻ, 𝑣෤𝒢ሺ೐ሻఓℱ೐ሺ𝑒ሻ ൐ 

                                                 ൌ෥൏ ൫𝛵෨𝛵෨∗൯ ൬𝑣෤ఓℱ೐ሺ𝑒ሻ, 𝑣෤𝒢ሺ೐ሻఓℱ೐ሺ𝑒ሻ൰ ൐ 

                                                 ൑෩  ൏ ℳଶ ൫𝛵෨∗𝛵෨൯ ൬𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ, 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሺ𝑒ሻ൰ ൐ 

                                                 ൌ෥  ൏ ℳଶ 𝛵෨∗ሺ𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሻሺ𝑒ሻሻ, 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሺ𝑒ሻ ൐ 

                                                  ൌ෥൏ ℳଶ 𝛵෨ௌ
∗ሺ𝑤෥ఘℱሺ೐ሻ൫𝜆ሚ൯ሻ, 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሺ𝑒ሻ ൐ 

                                                  ൌ෥൏ ℳଶ ሺ𝛵෨ௌ
∗ሺ𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሻሻ൫𝜆

ሚ൯ሻ, 𝑣෤ఓℱሺ೐ሻሺ𝑒ሻ ൐ 

                                                 ൌ෥൏ ℳଶ ሺ𝛵෨ௌ
∗𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሻ, 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሺ𝑒ሻ ൐ 

Thus 𝛵෨ௌ is 𝑆ℱ𝑆ℳℎ‐operator. 
 

4.20 Theorem (5) 
 Let ൫ℋ෩ ,𝐸൯  be  𝑠𝑜𝑓𝑡 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝐻𝑖𝑙𝑏𝑒𝑟𝑡 ‐space ,and 𝑆ሚௌ ,𝛵෨ௌ: 𝑆𝐸൫ℋ෩൯ → 𝑆𝐸൫ℋ෩൯  is 

𝑆ℱ𝑆ℳℎ െoperators. If 𝑆ሚௌ 𝑎𝑛𝑑 𝛵෨ௌ are commute and if the conditions 

 𝑆ሚௌ𝛵෨ௌ ൌ෥ 𝛵෨ௌ𝑆ሚௌ , with  𝑆ሚௌ𝛵෨ௌ
∗ ൌ෥ 𝛵෨ௌ

∗𝑆ሚௌ and 𝛵෨ௌ𝑆ሚௌ
∗ ൌ෥ 𝑆ሚௌ

∗𝛵෨ௌ 

Are holds, so one can have  𝑆ሚௌ𝛵෨ௌ is 𝑆ℱ𝑆ℳℎ െoperator, also there exist a positive real 
number ℳ such that ℳଶ ൌ ℳଵ

ଶℳଶ
ଶ 
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1) Proof : 
Since 𝑆ௌ,𝛵ௌ ∈ ℬ൫ℋ෩൯ are commutative soft fuzzy soft ℳ hyponormal operators then  

𝑆ሚௌ𝑆ሚௌ
∗ ൑෩ ℳଵ

ଶ𝑆ሚௌ
∗𝑆ሚௌ and  𝛵෨ௌ𝛵෨ௌ

∗ ൑෩ ℳଶ
ଶ𝛵෨ௌ

∗𝛵෨ௌ  . 
Let 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ∈ 𝑆𝐸൫ℋ෩൯, then  

൏ ሺ𝑆ሚௌ𝛵෨ௌሻሺ𝑆ሚௌ𝛵෨ௌሻ∗𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ , 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሺ𝑒ሻ ൐ൌ෥  ൏ 𝑆ሚௌ𝛵෨ௌ𝛵෨ௌ
∗𝑆ሚௌ

∗𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ , 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሺ𝑒ሻ ൐ 

                                                        ൌ෥൏ 𝛵෨ௌ𝛵෨ௌ
∗ሺ𝑆ሚௌ

∗𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሻ, 𝑆ሚௌ
∗𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ൐ ሺ𝑒ሻ 

                                                        ൑෩൏ ℳଶ
ଶ𝛵෨ௌ

∗𝛵෨ௌሺ𝑆ሚௌ
∗𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሻ, 𝑆ሚௌ

∗𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ൐ ሺ𝑒ሻ  

                                                        ൌ෥൏ ℳଶ
ଶ𝑆ሚௌ

∗𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ,𝛵෨ௌ𝑆ሚௌ
∗𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ൐ ሺ𝑒ሻ  

                                                        ൌ෥  ൏ℳଶ
ଶ𝑆ሚௌ

∗𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ , 𝑆ሚௌ
∗𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ൐ ሺ𝑒ሻ 

                                                        ൌ෥  ൏ℳଶ
ଶ𝑆ሚௌ𝑆ሚௌ

∗ሺ𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሻ,𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ൐ ሺ𝑒ሻ 

                                                        ൑෩ ℳଵ
ଶℳଶ

ଶ 𝑆ሚௌ
∗𝑆ሚௌሺ𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻሻ,𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ൐ ሺ𝑒ሻ 

                                                       ൌ෥൏ ℳଶሺ𝑆ሚௌ𝛵෨ௌሻ∗ሺ𝑆ሚௌ𝛵෨ௌሻ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ , 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ൐ ሺ𝑒ሻ 

then 𝑆ሚௌ𝛵෨ௌ is 𝑆ℱ𝑆ℳℎ െoperator. 

4.21  

4.22 Theorem (6) 
 Let 𝑆ሚௌ ,𝛵෨ௌ: 𝑆𝐸൫ℋ෩൯ → 𝑆𝐸൫ℋ෩൯ be 𝑆ℱ𝑆ℳℎ െoperators.  If 𝛵෨ௌ𝑆ሚௌ

∗ ൌ෥ 𝑆ሚௌ
∗𝛵෨ௌ , then   𝑆ሚௌ ൅ 𝛵෨ௌ is 

𝑆ℱ𝑆ℳℎ െoperator , where ℳଶ ൒  ℳଵ
ଶ,ℳଶ

ଶ 
1) Proof : 
From assumption this  𝛵෨ௌ𝑆ሚௌ

∗  ൌ෥  𝑆෩ௌ
∗𝛵෨ௌ , with  𝑆ሚௌ𝛵෨ௌ

∗ ൌ෦  𝛵෨ௌ
∗𝑆ሚௌ . Also since 𝑆ሚௌ ,𝛵෨ௌ  are 

𝑆ℱ𝑆ℳℎ െoperators, then 

 ൏ 𝑆ሚௌ𝑆ሚௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ ൑෩  ℳଵ

ଶ ൏ 𝑆ሚௌ
∗𝑆ሚௌ 𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 𝑎𝑛𝑑 ൏

𝛵෨ௌ𝛵෨ௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ ൑෩  ℳଶ

ଶ ൏ 𝛵෨ௌ
∗𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 

Let 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ∈෥ 𝑆𝐸൫ℋ෩൯, then  

൏ ሺ𝑆ሚௌ ൅ 𝛵෨ௌሻ൫𝑆ሚௌ ൅ 𝛵෨ௌ൯
∗
𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 

ൌ෥൏ 𝑆ሚௌ𝑆ሚௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ ൅ 𝑆ሚௌ𝛵෨ௌ

∗𝑣෤𝒢ሺ೐ሻఓℱ೐ ൅ 𝛵෨ௌ𝑆ሚௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ ൅ 𝛵෨ௌ𝛵෨ௌ

∗𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 

ൌ෥൏ 𝑆ሚௌ𝑆ሚௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ൅൏ 𝑆ሚௌ𝛵෨ௌ

∗𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ൅൏ 𝛵෨ௌ𝑆ሚௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐

൐ ሺ𝑒ሻ൅൏ 𝛵෨ௌ𝛵෨ௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 

൑෩  ℳଵ
ଶ ൏ 𝑆ሚௌ

∗𝑆ሚௌ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ൅൏ 𝑆ሚௌ𝛵෨ௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ൅

൏ 𝛵෨ௌ𝑆ሚௌ
∗𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ ൅ℳଶ

ଶ ൏ 𝛵෨ௌ
∗𝛵෨ௌ𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 

ൌ෥  ൏ℳଶሺ𝑆ሚௌ
∗𝑆ሚௌ ൅ 𝑆ሚௌ𝛵෨ௌ

∗ ൅ 𝛵෨ௌ𝑆ሚௌ
∗ ൅ 𝛵෨ௌ

∗𝛵෨ௌሻ𝑣෤𝒢ሺ೐ሻఓℱ೐ ,𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 

ൌ෥൏ ℳଶሺሺ𝑆ሚௌ
∗𝑆ሚௌ ൅ 𝑆ሚௌ

∗𝛵෨ௌሻ ൅ ሺ𝛵෨ௌ
∗𝑆ሚௌ ൅ 𝛵෨ௌ

∗𝛵෨ௌሻሻ𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ , 𝑣෤𝒢ሺ೐ሻఓℱሺ೐ሻ ൐ ሺ𝑒ሻ 

ൌ෥൏ ℳଶሺ𝑆ሚௌ
∗ሺ𝑆ሚௌ ൅ 𝛵෨ௌሻ ൅ 𝛵෨ௌ

∗ሺ𝑆ሚௌ ൅ 𝛵෨ௌሻሻ𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 

ൌ෥൏ ℳଶሺ𝑆ሚௌ
∗ ൅ 𝛵෨ௌ

∗ሻሺ𝑆ሚௌ ൅ 𝛵෨ௌሻሻ𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 

ൌ෥൏ ℳଶሺሺ𝑆ሚௌ ൅ 𝛵෨ௌሻ∗ሺ𝑆ሚௌ ൅ 𝛵෨ௌሻሻ𝑣෤𝒢ሺ೐ሻఓℱ೐ , 𝑣෤𝒢ሺ೐ሻఓℱ೐ ൐ ሺ𝑒ሻ 

Hence ሺ𝑆ሚௌ ൅ 𝛵෨ௌሻሺ𝑆ሚௌ ൅ 𝛵෨ௌሻ∗ ൑෩  ሺ𝑆ሚௌ ൅ 𝛵෨ௌሻ∗ሺ𝑆ሚௌ ൅ 𝛵෨ௌሻ 
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Thus  𝑆ሚௌ ൅ 𝛵෨ௌ is 𝑆ℱ𝑆ℳℎ െoperator. 
 
 
Conclusions:     In this work, we obtain some main conclusions such as the addition of  
fuzzy soft ℳ hyponormal operators is not necessary to being fuzzy soft ℳ hyponormal 
and may be can when we add some grantee conditions, also we get another 
consequence is some types of fuzzy soft operator. 
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