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Abstract:

In this paper,we present the conditions that must be met in order to obtain a general solution to the
bounded operator equationBXP* + PX*P* = A, where P is a closed range operator and Xis any
operator on the Hilbert space H. We only propose what is necessary and sufficient. Several theorems are
proved by the existence conditions. that provide explicit forms for solutions and conditions for their
existence. The general explicit solution of the operator equation is one of the main results, as well as
bounded solutions for cases whereP has a pseudo-inverse operator, The authors also provide proofs for
each of the theorems.

Keyword: Operator Equation, Hermationsolution, pseudo-inverse operator, bounded operator , closed
range operator.

1-Introduction

Let B(H) be the bounded linear operators on a complex Hilbert space of infinite dimensions. We
investigate the solvability of some operator equations in this paper. which have direct and indirect
applications in quantum mechanics.to Many mathematical researchers have presented many studies on
the concept of Operator equations define any equation in which the variable and components are defined
operators on functional spaces, and have a significant impact on calculus, integral equations, and control
theory[1][2]. in Salim Dawood Mohsen studied General Positive Adjoin table Operator Equation
Solutions via Generalized Inverse,The explicit solution of some operator equations AX + X*A* = B.,is
given by Dragan S. in 2007 ,via Moor-person inverse, also given Dragan S. developed the general
explicit solution to this adjointable operator equation in 2008. [12], given conditions that are both
necessary and sufficient toget the general explicit solution another types of adjointable operator
equation[4].another researcher founded the positive solution of operator equations such as M. Laura Arias
and M. Celeste Gonzalez, in 2010 studied the existence of a positive operator equation solution AXB = C
under the conditions A and B have closed Range [9]. In 2010 Qing-Wen Wangand Chang-ZhouDong
given the general positive adjointable solution operator equation system, [11]. In [10] studied the solution

40Page



Journal of Education for Pure Science- University of Thi-Qar
Vol.13, No.2 (June., 2023)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq

of Lyapunov operator equation A*XB + BXA = W.In [8], S. Mecheril studied the On the Operator
Equation AXB — XD = E .In [7] studied On Hermation solutions to an adjoin table operator equation
system. [5] in 2007 given the general positive and common Hermation In 2005, Bounded linear operator
equation solutions AX = C and XB = D were also provided. Zhang Xian, [13] introduced general
common Hermation nonnegative matrix equation solutions, in this work, we introduce the generalized to
matrix equation appear in [13] and give the general common solutions for the operator equation.

In this paper, we give the general solution for operator equation for the formula

BXB* + PX*P* = A.......(L1)

In the section when introduce the equation(1.1), where A and B bounded linear operators define on
Hilbert spaces H.but X unknown operator we must to find

Where exists Xsubstation the most equation that set to be X is a solution of dis equation moreover
X = X" in this case we set X is Hermation solution.

Definition (1.1), [3]:An operator B: H — K is called bounded operator if for each M € X is a bounded
set then PB(M) is a bounded set in Y, otherwise B is unbounded.

In general we denoted as B(H,K) is a set of all bounded and linear operators, also B(H) is set of all
operators with bounds onHm another face of definition of bounded linear operator which is given in the
following proposition.

Proportion (1.2), [6]:The operator B: H — K is called bounded operator if there is positive real m then
BN < mllx|l.

Special kinds of invertible operator, one can have from the down definition

Definition (1.3),[7]: Let Bbe a Hilbert space H bounded linear operator into a Hilbert space K, an
operator B* on K into H is called pseudo inverse some time Moore-Penrose inverse of B if satisfies

B = PPTB, Pt = PTBPP* and PP*, PP are self-adjoint.

Remark (1.4), [7]:Let B: H — K be a bounded linear operator so we have

1) If B has pseudo inverse then it is unique.

2) B has pseudo inverse if and only if A has a close range

3)P* = PPP*

Definition (1.5), [7]:Let B: H — K be a bounded linear operator, and H and K be two Hilbert spaces.
The operator f*: K — H, with the condition < Px,y >=< x,P*y >, foreachx € H, y € K.

Definition (1.6), [7]:The operator P: H — K is called Hermationif satisfy § = *.
2- Solution of operator equation

In this pace of article, we introduce the solution and Hermation solution for bounded linear operator
equation (1.1).
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Theorem (2.1):Let!3 € B(H, K)be closed range operators, then X, = %‘Bﬂfl(‘B*)J’ € B(H)is a practical

solution of the operator equation(1.1) if and only if PP+ APP* = A and A € B(H) is a self-adjoint
operator.

Proof:Let A is a self-adjoint operator and we want to prove X, = %‘BJ’JZ(EB*)J' € B(H) be a solution of
(1.1),to do this replaces the bounded operator equation(1.1) left sidethen we can have;
* * Ok 1 + *\ + * 1 + *\ + " *

BB +BX,F = B2PrA®) |9+ B A v
= ~PPHA(B) P + BB A (B*)* B and by using the condition [(BP*)* = PP*] from definition
of pseudo inverse of operator, thus can get,
PBXyB* + PX,"PB* = %%%J'A‘B‘B* + %EB‘BJ“CA*EBEB‘* = PP+ Eo‘l + %a‘l*] PP+, also from hypothesis
A is a self-adjoint operator, so get BX,B* + BX, " B* = PPTABP* = A, one can have PX,P* +
PBX, P* = A,therefore; X, = %‘Bﬂfl(%‘*)ﬂs a bounded solution of(1.1).
Conversely, suppose X, = %‘BJ’JZ(‘B*)J’ is a bounded operator equation solution (1.1), thenwe
getPX, " PB* + PX,P* = A, at first [BXP* + PX*P*]* = A%, this implies to BX, P* + PX,B* = A*,
thus A is self adjoint operator that is A = A”, also, one can have

* * 1 * * * 1 % . - .
PXD + BXB* = B [ZBHAP)| B+ B [ZPA®)*| B, implies that
1 * * * 1 * *

—IPPHAT (PP + T BBFA(P) P = A
and by using the condition [(BB)* = PP*] from definition of pseudo inverse of operator, thus can get,

PXo"PB* + PXoP = 5 PBTA PP + S PP APT = PP+ 24" + 5 A| PP,

But A = A*, thus, PX, " B* + PX,B* = PBrAPP*, also PX,"B* + PX,B* = A, then we obtain
PPTAPPT = A.

Now, from above theorem we can get the following remark.

Remark (2.2):X, = %BJ“CA(B*)J“ € B(H), be a solution of equationBXP* — PX*P* = Aif and only

ifBPrAPP* = Aand A € B(K)is a skew-adjoint operator.
Next, the following theorem shows the formula of bounded general solution of (1.1).

Theorem (2.3):Let B € B(H,K)be closed range operator and z € B(K) is a skew-adjoint then A €
B(K) is a selfadjoint operator if and only if BPTAPP* = A and X € B(H)is an operator equation

(1.1).

Proof: Let X = Xy + P z(P*)*is a solution of equation (1.1), to do this replaces the bounded operator
equation(1.1) left side also by using z is a skew - adjoint then we get;

PXP* + PX*P* = B[Xy + BTz(P)TIP* + B[Xy + BTz(P*)T]*P*, and substation by A, this lead to
next step

1 1 *
BAB + PP =B [SPrACP)T + B 2P| B+ B[S A®) + Pra®)| 9
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So one can have; PXP™ + PX™P* = %(EB?B+c/l(5I‘*)+‘-B*) + PPFz(P) TP
+ % (PPTA"(P)TP) + PPFz"(P) TP
and by using the condition [(PB*)* = PP*] from definition of pseudo inverse of operator, thus can get
PXP™ + PXPT = %(‘B‘B*cﬂ‘B‘BJ’) + PPTZPP* + % (BPTA"PPT) + PPz PP+
Since Z € B(K) is a skew-adjoint, thus,
PXP” + PXP” = %‘B‘BJ’A‘B‘-B* + PPT(—z)PPT + %‘13‘-B+cﬂ-*?B‘B+ + PPz PP,
so one can havePXP* + PX P* = - PP APP* + - PP+ A PP+

= PP+ Eo‘l + %Jl*] PP+, also from hypothesis A is a self-adjoint operator, so getBXP* + PX*P* =

PPTAPPT = A, one can have PXP* + PX*P* = A ,therefore; X = X, + BTz(P*)* is bounded
solution of equation(1.1).

Conversely; assume that X = X, + Btz(PB*)? is a solution of (1.1),then we getBX*P* + PXP* = A, at
first [PXP* + PX*P*]* = A, this implies to PX*P* + PXP* = A*, thus A is self adjoint operator
that is A = A", also since PX*P* + PXP* = A, and by using theorem (2.1) implies that the next step

PLXo + B 2(P) B + B[Xo + Pz(B)P" = A
= B [LBTACE)T + B2 B+ BEBAGE) T+ BIZB)| B = A =
S AT ()P + PP (PP + SPBACP)P + BBTZ(B) P = A,

and by using the condition [(BPP*)* = PP*] from definition of pseudo inverse of operator, which
means PP+ is self-adjoint, so can get,

~(BPFAPPY) + PPz PP + - PPTAPP* + PP 2PP+ = A , Since z € B(K) is a skew-
adjoint,Thus,

1 1
E‘B‘BJ'«:H*‘B‘BJ“ + PPz PP+ + E‘B‘B%‘Z‘B‘BJ’ + PPH(=z)PP*T = A
1 1
EEB‘B*u‘l*iBiB* + E‘B‘BJ'CA‘B‘B’“ =A
BB+ Edq* + %Jl] PPt = A, but A = A, thus, A = PP+ AP+

Remark(2.4): It easy to check that X = %%‘%‘l(‘B*)‘lis a solution of equation (1.1), when P is

invertible operator.
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Now, we introduce the bounded general solution for bounded operator equation (1.1), when 8 has pseudo
inverse operator.

Theorem(2.5):Let B € B(H) and Fhas closed range operator,whereF = PTB,M = B+ A(P*)TandW €
B(H)be arbitrary operator,then the bounded operator equation (1.1),has a solution; X = MF — %F M +
W(I — FF*) € B(H) if and only if A € B(K)is a self-adjoint operator and(I — F*TF)M(I — F*F) = 0.

Proof:we multiply the bounded operator equation (1.1) thus, by (B*) from the left and ((B*)*) from the
right,; BYPXP* (P + PTVPX*P*(P)T = BTA(P*)tand we claimX = MF — %F*M +W(I — FF%),

is solution of bounded operator equation (1.1) . To do this substitute in the left side of operator
equationFXF + FX*F = M then we get;

= F[MF = 2F"M + W(I = FF")|F + F [MF = 2F*"M + W(I = FF*)| F so one get= FMFF —
%FF*MF +FW(I — FF*)F + FF*M*F — %FM*FF +F(I - F*F)W*F

= FMFF — %FF*MF + FW(F — FF*F) + FF*M*F — %FM*FF + (F —FF*F)W*F and by using the
condition [FF*F = F] from definition of pseudo inverse of operator, thus can get,
FXF + FX*F = FMFF —~FF*MF + FF*M*F — ~FM"FF,
This leadto the following equations have from substation
1
FXF + FX'F = PTPPTA(P) T BTPPP — §?B+5B(‘13+5B)*‘13+cﬂ(‘13*)+$+‘3
1
+PTPEBTP) (BFAP) ) BFP — E‘B“B (PTAB)T) BPTPPP

But from definition of Moore-Penrose inverse exactly have[(BTB)* = BTB], thus we can rewrite the
equations as formula

FXF + FX'F = BTA(P)TBHP — %%*ﬂ(iB*)*iB*‘—B
1

+PTA(PHTPTP — 5ﬂ3+c/l*(iB*)+‘.B+iB, via some properties, we will have

FXF + FXF = B AGE) B ()" — 2 B ACB) 5 (5"
+PrA(BHTB (BT — %ﬂ3+ﬂ*($*)+$*($*)+, and from definition of pseudo inverse
of operator, we have the condition[(P*)* = (B*)TP*(PB*)*], so get next equation
FXF 4 FX'F = ' ACE)* — 3B ACE)* A" (B — 3B A" (B’
= STA) 4 BrA (B
= Pt [%o‘l + %o‘l*](‘B*)ﬂalso from hypothesis A is a self-adjoint operator, so get,B*A(P*)" = Mthus,
X = MF — %F*M + W(I — FF*) is general solution of equation(1.1)
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Conversely, let X be a solution of equation (1.1), then its satisfy the equation (1.1), we get PX*P* +
PXP* = A, at first [ PXP* + PX*P*|* = A*, this implies to PX*P* + PXP* = A*, so A is self-
adjoint operator, and by substation in the right side of equation(1.1), one get the following

PXP* + PXP”
1 *
_ [MF — S FM+W(I - FF+)] P
1 1

+p [MF —SF'MAW( - FF+)] B = PFM'P* — - BM P’

+ B — FrF)W*p*
+PMFP* — %‘BF*M‘B* + PW( — FFH)P*, now multiple by (B*)*from right and B from left, then
get the equation form

1
PrA (P = PTPF M P (P)* — EWEBM*F‘B*(%*)* + PHPU — FTF)w P (P)*
1
+PTPMEP (P T — E‘BHBF*MSB*(‘B*)J' + PrPw(I — FF)P (BT
1
= PTAP)TPP - ESB+U‘1(‘B*)+‘J3+‘B+$+U‘1*(EB*)+$+$
1
—§$+v‘1*($*)+$+$

= PTA(PH* —%%*A(EB*)J'#B*A*(EB*)" —%‘B‘”Jl*(‘B*)*, this lead to the next reduces equation
PrAT (P = SBHAB) +5BHAT (B, lead to,
BrA* (Pt = PTAPB*)*, Then A* = A, therefore; A is self-adjoint operator
Also; to show that the condition (I — F*F)M( — F*F) =0,
at first (I — F*F)(FXF + FX*F)(I — F*F) so one can have,
(I — F*F)M(I — F*F) = (I — F*F)[FXF + FX*F — FXFF*F — FX*FF*F],
but we known this [FF*F = F] by this condition, one can see
(I — F*F)M(I — F*F) = (I — F*F)[FXF + FX*F — FXF — FX*F] = 0

Remark(2.6): In caseB~1A*(P*) ! is a solution of equation (1.1), when 9B is invertible operator, We
get the solution be the same and only we need a condition self-adjoint.

Now, The following theorem shows the general solution of bounded operator equation (1.1) , when B3 has
pseudo inverse operator.

Theorem (2.7):Let B € B(H,K) and F have closed range operators. such that F = B*P,M =
PrA(P*) T also, P*(PP*) = (BTP)PB*where Z,y, W € B(H) ,arearbitraryoperators Then The bounded

operator equation(1.1)has explicit general solution of the form X = MF — %F M+ (I — FFH)wBB +
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I —=BPHB) AP +Z(I —PP*)if and only ifA € B(K) is a self-adjoint operator and (I —
F*F)M(I — F*F) = 0

Proof:let be any solution of equation (1.1) Then it's satisfy it so,

PXP* + PX*P* = A, thus [PXP* + PX*P* = A", thenA = A" and

(I—-F*F)M(I—F*F) = 0,s0 one have (I — F*F)(FXF + FX*F)(1 — F*F), this lead to

= (I — F*F)[FXF + FX*F — FXF — FX*F] = 0, Therefore,(I — F*F)M(I — F*F) = 0

Conversely; since R($) is closed we get; K = R(B*) @ N(B) and H = R(B) @ N(B*),we have,P =
?v(gs)) 15((%?)]% the matrix form P = [g;l 8 ], and , P* = [gl(;); 8]

Where,B; = R(B*) —» R(P) is an invertible, BT = [9331 8], also we known

(I —BP)AU — B*P) = 0, this lead to the down equation of matrices
[P L || R [ e R
lo 1=l Sl Il -6 olf=16 ¢

8 ?] ﬁ; ﬁﬂ [8 ? = [g 8],and this implies [8 344] = [8 8]

: _ _[Ar A _[As ] 1 d‘lz]_[v‘q d‘lz]
Therefore ; A, =0 and hence A = [0‘13 044] [ but A 0 |7l o thus

A= o s e = e

550 00 Ol =8 ol Sl[3s of]soonecomve [B5 O] = %5

0
Let X has the form ;X = [ ], and since the equation PXP* + PX*P* = A can be written
B 07[X1 ]‘310 B 07[X1 Xs]‘-BIO:‘Al Az
as’[o o] X; X, [0 o]+[o o] X5 X, [o 0] A, 0 > 80

B X1 P71 0 (’131X1*SB§ 07 _ Ay A $1X1$;+$1X1*$I 07 _ Ay “AZ] ;
[ 0 ]+[ 0]— A5 0 ,thus[ 0 0]— A5 0 , and this

implies that B, X, P; + B, X; B = A, since B, is closed range operator and Ais a self-adjoint then by
using theorem(2.5) this equation have a solutions these solutions have the form :
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_ 1 s _[B*B 0O _ [BrAM®BDT 0
X = MF—2F"M +W(I — FF*), where F = | ’ O],M_[O o]

_1lpx _FF+
Hence X — [MF “F™M +W(I - FF*) XZ]
0 X,

Let W: [I]?V(g)) ] — I;V(g)) 1s of the form W = [](/)Vl xﬂ

S [REBO] _ [REB)

— V1
LNCB) N(B)

] where w;, ysare arbitrary then,
vz X4l’

; 1s of the form = [

X = MF — 2 FM 4 (1~ FFWBE* + (1~ BB () ABY) + Z( — BB*)

o< {0 IS g e g

And = 2p = —H[(BTB) O [BRAE) 0] _ 1 [(FRBA)T

(I—FF+)W‘.B‘.B+:[[ ] [‘B"L‘B 0”(1& B+ 0]] W1 Wz 1;1 8”%6_1 8]

:[[wl 0] _ [B* BB H) w, 0]]:[w1(1—ﬂ3+‘~13(‘13+‘1%)+) 0]
0 0 0 0 0 0

me-vwras-[g 0 G e g S

3

=[o A6 =6l

Next, Z(I — pp*) = |2 ﬁi][[ ] [‘131 0 [‘Bll o]]

V3
_ |y 210 01 _[0 X,
s X4“0 I]_ 0 X4]
Therefore; MF — %F*M + (I = FFOWBP* + (I — PBH((BH*ABH) + Z(I — PBH)

[513+cﬂ(ﬂ3*)+$+?13 0] _1[(513+513)*?B+cﬂ($*)+ 0] n [W1(1—5B+‘B(‘~B+‘—B)+) 0]
0 ol 210 0 0 0

+lo o+ o ]
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_1lp- — FF*
= 1(\)/1F R FTMA W(I = FF") iz = X, so we get the unknown operator X, form
4

X = MF — %F*M + (I = FFOWBPT + (I — PBH(BH ABY) + Z(I — PBY), is  general a
boundedsolution of (1.1).

Now, the following theorem introduces the Hermation solution of operator equation (1.1) .

Theorem (2.8):LetB € B(H, K) be closed range If PPt APP* = A is Hermation operator, Then the
equation (1.1) has a Hermation solution X, € B(H). Where A € B(K) is Hermation operator.

Proof:suppose A € B(K) is Hermation operator then,

1

Xo = E[(‘BJ’C/Z(‘.B*)“L)* + (I = PBP)(PtA(P*)*')] is aHermation and to do this replaces the left the

operator equation's side(1.1). then we get;

PXoP" + PX, " P
1
= B3 (BFAPI + U = BB APIN| B
1 *
+ P ABID + U~ PR AGIN| B
So, one can have
PXPB™ + BX, " P
1 1 1
= §$‘B+d‘l*($*)+‘3* + E‘BU — PEPYEBTABHIP" + E‘B‘BJ’J[(‘B*)“B*
1
+ E‘B‘BJrv‘l*(‘B*)Jr(l — PTP)P*
Since [(BB)* = PP*L[B* = BTPPB~] and [PP+P = PB]
= %‘B*B*JZ*EBEB*' + %%ﬂﬁo‘l‘B‘B‘” , also from hypothesis A € B(K) is Hermation operatorthen, so

get PXoP* + PXyPB* = S PPAPP + - PP+ APP*

thus, BX,B* + BX,"B* = PBTABPB*, alsoPX,PB* + PX, " B* = A, Therefore ;
X, is Hermation solution of equation(1.1) .

Now, we show that is X, is Hermation solution of equation (1.1) .

1 *
Xo = [Z((BTAPBID + (I =P B(BTAE))

1

= [BrABH + BTA* (BT — PB*B)]so one can have,

2
Xo = S [BFA(B)* + BrA (B = BFA (B BB since[(B)* = (BB ()]
1 1 1
= SBFA (B + S BHACE)T 5 BAE)*
= §(€B+cﬂ(‘B*)+)* + %‘-B“Lc/‘l(‘l?*)+ - %‘BJ’JZ*(‘B*)“L, A € B(K) is Hermation operatorthen,
so get;
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1 1 1
Xo =5 (BHACBY) + 5 BrACE)* -5 BHAR)*
and by using the condition [P+ PP+ = P*] from definition of pseudo inverse of operator, thus can get,
R Ny 1 Lot Nt Lkt )+
Xo=§(‘l3 AB)T) +§‘B A(PB) —E‘B PPTA(P")

1
=S [BTAB))" + (U = BTPBTAB) ]
= XO
ThenX, = X;, so X, is Hermation solution equation (1.1)

Conversely; assume that X, is Hermation solution of equation (1.1) Then we get

PBXy " P* + PX,P* = A, at first [BXP* + PX*P*]* = A*, this implies to BX, P* + PX,B* = A",
thus A is Hermation operator that is A = A*, also

PAP + AP =
1 *
B[S(BABY )+ (= FREAPIN] B
1
B [SUBABY) + (= FRPTAR) | = A
1 1
= 5 PBRAP) P +5 BPA B U - FDP
1 1
+3 PR BIP 4 5BU — BBAR)) = A

Since [(PB)" = PBLIH = PP and [P+ = ]
= IPPADDT + 3 PBTA BB = A, but A = A,
thus, BX,*PB* + PX,B* = PBTABP*, alsoPX, " B* + PX,PB* = A,then we obtain

PPTAPP*T = A, and since X, is a solution of (1.1) then satisfy it, so PX*P* + PXP* = A this
implies that PX,PB* + PX, " B* = A*, but from hypothesis, we get PX,"B* + PX,PB* = A*, thus
A = A", Therefore; A € B(H) is Hermation .

Now, the following theorem gives the general Hermation solution of operator equation (1.1) .

Theorem(2.9): Let € B(H,K) be closed range If BPPTABP*T = A is Hermation operator. Then the
form of general Hermation solution of operator equation (1.1) is X = Xy, + (I — BTP)SUT — BP),
Where A € B(K) is Hermation operator and S € B(H) is arbitrary operator.

Proof : Suppose A € B(K) is Hermation operator then, X = Xy + (I — BPT*P)SUT —P*P)is a
Hermation also, to do This replaces the bounded operator equation's(1.1)left side,then we get:

BAB +BXB" = BlXo + ( — B BSU — FrRIF + B, + ([~ $SU — PP
1
= B[ (BT ABI + (= FRFAPIN + (= BT~ BB P
1 *
+ PO ABID + U= BRBAPIN + 1 = BPSU = PP
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1 1
= E‘WBJ’UQ*(;B*)J"B* + E‘BU = PEPYEBTAB))B + BU — PTP)SU — PTP)P”
1 1
+ E‘B‘BJrcﬂ(iB*)J"B* + E‘BEBJrcA*(‘B*)JrU —PTP)P* + BU — PTP)SU — PFP)P”
Since [(BB*)* = PP*[B* = BTPB*] and [PP+P = B]
= %‘B‘BJ%A*‘B‘B‘“ + %‘B*BJ'JZ‘B‘B*, A is Hermation operatorthen, so get

1 1
= SPBTAPBY + ZPBAPET = PHTAPP

So, PXP* + PX*P* = ATherefore X is general solution of equation (1.1) .

Now, we show that is X is general Hermation solution of equation (1.1)

X' =[Xo+ U =P P)SU - BP)I"

1 *
= [T + U - BREABI + U - FBSU - $P)|
1 1
= SPEA) +5BEA B U =B P) + (- FHP)SU - B*P)
1 1 1
= SPTAB) + ZBA B — S BA B BB+ (- BT~ B)
But [(B)" = (BB (P)7]
1 1 1
= SBRAB) +5BA B~ ZBA B+ (- BFPISU — BHE)
1 1 1
= S(BHAME)) +ZBHAE) — S BFA B + (- BT - FP)
But A is Hermation operatorthen, so get
1 1 1
X' = Z(BrAM)) +5 AT -3 BHAG) + (- B H)SU - B*P)
And by using the condition [P PP+ = P*] from definition of pseudo inverse of operator, thus can get,
1 1 1
X' = S (BHAGE) + S BFAPB) S BHBFAGB) + ( — FPSU - BP)
1
=S [(BTABID) + T =P BYBTAPB)ID]+ T —PP)SUT — B*P)

)
=Xo+ U —BTP)SU —PB*P)
=X
ThenX = X* so X is Hermation solution equation (1.1)

Conversely; assume that X is Hermation solution of equation (1.1) Then we get

PXP* + PXP* = A, at first [BXP* + PX*P*|* = A*, this implies to PX*P* + PXP* = A*, thus A
is Hermation operator that is A = A, also

PXP* + PXP" = B[Xo + (I = PTPISU — BTP)"P" + B[Xo + (I — PTPISU — BTP)|P”
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1 *
= 5 IBTABI) + (= BB AGII] + U - B BST - F+P)| 3
1
B BSPTAPYY + (= BRBAE) )

+ (1 - BHP)SU — ‘B*‘B)] P = A
This lead to,

1 1
= S BPTAP)TP S PPTAPB) U~ FTRPT+ BU - PTR)SU - PP

1 1
+ o BREA (BB + S BU — BB (BTACB) )P+ BU — BTB)SU — BB’
=A
= ~PPTA PP+ PPTAPB*, but A = A",

thus, BPX*P* + PXP* = PPTABPT, also PX*P* + PXP* = A,then we obtain

PPTAPP* = A, and since X is a solution of (1.1) then satisfy it, so BPX*P* + PXP* = A this
implies that PXP* + PX*P* = A", but from hypothesis, we get PX*P* + PXP* = A", thus A = A,
Therefore; A € B(H) is Hermation .

3. Conclusion

This work, presented practical and general solution of bounded operator equation(1.1), when the
operator' is noninvertible operator, so we instead of that we use the pseudo inverse of this operator,
also discovered the explicit Hermation solutions of operator equation (1.1).
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