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Abstract.

In this study, we construct the fuzzy soft rectangular b-metric space first, and then define the fuzzy soft
convergence sequence, also known as the fuzzy soft Cauchy sequence, in this space. In addition, we
defined fuzzy soft contraction mapping and proved its fixed point in fuzzy soft rectangular b-metric
space.
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1- Introduction
Fuzzy set theory, developed by Zadeh [1]as well as the theory of soft sets, developed by Molodtsov [2],
are categories of mathematical instruments that may be used to deal with uncertainties and aid with
difficulties in a variety of fields. One of the most important tools is fixed point theory in many scientific
fields, including the advancement of nonlinear analysis, engineering, computer science, and economics.
B-metric space was first presented by Back htin[3]in 1989. Czer wik [4]expanded the b-metric spaces
results in 1993. Branciari [5]first proposed the idea of a rectangle metric space in 2000, replacing the
triangle inequality of a metric space with a different inequality known as the "rectangular inequality." The
idea of rectangular b-metric space, which generalizes the concepts of metric space, rectangle metric
space, and b-metric space, was introduced in [6]by George et al.
Maji et al. [7], [8] presented a number of soft set operations, Sonam, et al. in [9] presented fixed point in
Soft Rectangular B-metric Space, while Biswas and Roy [8] came up with the term fuzzy soft sets As an
extension of soft metric space, Bea ula et al. [10] recently developed the idea of fuzzy soft metric space.
In this article, we introduce the definition of fuzzy soft rectangular b- metric space and defined some
concepts in this space After that, we established fuzzy,soft contractive mappings on fuzzy soft
rectangular b- metric.spaces and proved some fuzzy-soft contractive mapping fixed.point theorems.

2.Basic definitions
Let us begin with some basic definitions. U refers to an initial universe throughout this work, and 1Y be the
family of all fuzzy sets over U
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Definition (2.1),[1]:
The fuzzy set X under a universal setU is a set describe by function of membership ug: U —
I,wherel = [0,1] and X an ordered pair collection defined by X = { (u,ug(u)) tu €U, uz(u) €

I}, where pg(u) is namely degree membership of win X .

Definition (2.2),[2]:

Assume that U is an universal set, E is a set of parameters, and A S E. So the pair (G, A) is soft set
under U and defined as a set G, ={(e, Ga(e)):e €E, G4(e) € P(U)}, such that Ga mapping
providedas G:A — P (U) and P (U) is a power set of U.

Definition (2.3),[8]:
A set (G, A) is refer to be fuzzy soft set over U , whenever G is mapping G: A - IV and {G(e) € IV :
e € A} The collection of all fuzzy soft set , is symbolized by F_ (U) and fuzzy soft in short denoted by
F...

SS
Definition (2.4),[11]:
AF _ —set(G,A)overauniversal set U is namely .

1) A set of absolute F__ — set, represented by Cy , if 4 G(e) = 1 foreache € A.
2) Anull F__ — set, symbolized by @ ,ifforalle € A, wehave uG(e) = 0.

Definition (2.5), [9]:

Let (G1,A) and (G, B) be two F_ — sets over a common universal set U, Then
(1) (G1,A) is said to be a F — subset of (G,,B) if A € B, and G, (e) € G, (e) thatis
uG,(e) < ug,(e) foralle € A. We write (G, ,A) € (G, ,B) .
(2) The two F_ — sets (G;,A) and (G,,B) are said to be equal F_ —set , and denoted by
(G1,8) = (G2,B),if (G1,A) € (G2,B) and (G,,B) € (G, A).

Definition (2.6),[12]:
Consider the F__ — sets (G, ,B) and (G , A) over the same universal set U, then
(G, ,A)U( G,,B) = (G3,C),where B UA=Candforalle € C,u € U
UG (e)w),ife e A—B,u €U
HG s @(w) = 1 G (e),ife eB-A,u el
max[p Gy (e)(w),u G, (e)(w)],ife EANB,u €U
2)(6:,A)A(G,,B)=(G3,C),whereC = A U Bandforall€ C,
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UG (e)(w),ife eA—B,u €U
HG3@(w) = 1 G, (e)(w,ife eB—A,u €U
minf[u Gi (e)(w),u G, ()W), if e EANB,u €.

Definition(2.7), [8]:
The complement of a F__ — set (G, A) symbolized by (G,A)¢ = (G®,A),where G¢: E — IV
is a map defined by u G¢ (e) = 1 — uG(e) foralle € A € E.

Definition( 2.8),[12]:
The F_, —set (G, A) over U is called F_ — point and symbolized by U o > ife € Aandu € U,

_{ gifu = uy, € Uande = ¢, € A,
6@ T10ifu € U — {uglore € A — {e;},wherea € (0,1]

Definition (2.9), ([7],[13], [12]):

Let u! and u? are three F__— points over common universal set U and
Hg(e Hg(e2) ss

v Huge
(G1,A4) F , — setthen:

1. The F_ . — point Upecio is said to belongs to (G; ,A) if for the element e € A , we have G (e) S
G1(e) . And denoted by u . . € ( G, ,A).

2. uty iep and u?, 4(epy OVEr a common universal set U are considered equal if ul=u? e =e

and g e) = Kg (ep)-

3. The F__ — point Upge o is called complement F g3 — point of F_ — point Upg o if for e € A and

u€evu
_{1— Lgey,Lfu=1u, € Uande = ¢, € A
Hgee) 0,ifu €U — {uyJore € A — {ey}.

Definition (2.10), [14]:
Consider the set of all real integers R, where E is a parameter set,

B(R
AC Eand F 0 be the set of all non-empty bounded Fuzzy subsets of R, then (R, A) namely F . —
B(R
real set over R and is defined as a set of Ry = {(e,R,(e)):e € A,Ry(e) € F ( )} , where R is a

B(R
mapping provide as R: A - F ® . A is referred to as the support of R, .

Definition (2.11), [14]:
Let(R,A) is namely a F_  — real number in R, with describe as (r,A) (shortly 7) , whenever is a

+
singleton F__ — real set, such as R (A) represent the set of each F__ — real values and R (A) represents

the collection of all F__ — real values that are not negative.
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Definition (2.12), [15]:
Let Fis(U) be the family of all a nonempty F _— set over U, a F_ — metric space is a pair

(Fss(U), d ), where d:F. ss(U) X Fes(U) = R (A) be a function satisfy the following statements for all
ul“Q (en) ’ u? HG (e2)’ u3ug (e3 ) € ss(U)
T (1
(1)d (u Hg (e1) Ju? Hg (e3)

)
@d (ulﬂg(eﬂ U e ) =
)

M
Ol

0 ifand only if ulug(el) = uzﬂg(ez),
3 d (ulﬂg(eﬂ Wy ) = d ( uzﬂg(ezwulﬂg(el)) and
@ d (ulﬂg(el) g o) ) =
d (u bgen) *Wohgep ) T d W ey Whg ey )-

Definition (2.13),[16]:

Let (F,s(U,),E; ) and (F(U,),E, ) be two F,s — sets, respectively. If T: U, » U,andy : E; -
E, are both mappings, where E; and E, are the parameter sets for the over a universal sets U; and U,,
respectively. then the mapping

Ty = (T,9): (Fss(Uy) ,Ey ) » (Fss(Uz) , E; ) is Known as Fg; — mapping.

Definition (2.14), [16]:

Let the two Fys — set (G; ,4;) € F,s(U; ) and (G, ,A,) € F, (U, ) when A; € Eq, A, € E, and let

Ty = (T,¥): (Fs(Uy) ,E1) » (Fs(Uy) LE; ) be Fyy — mapping.

(1) The image of ( G; ,A;) under a F;; — mapping T denoted by T(( Gy ,4,)), is the Fys — set on U,

for all y € U, , B € Y(E;) € E,and x € Uy, e € E; defined by
UxET 1(y) ( ecyP Y (P)NA; gl(e) )(x)
9 ((6 A1) (BB = FT0) £ 0.971(8) %0,

0, otherwise .

-1 G(¥(e) )T(x)), for(e) € A, < Ez
O TY (G2, 40) @) o o)
3.1 F,; — Rectangle b-Metric Space.
In this section, we will present some definitions and lemmas in F,; — rectangle b-metric space, such
as convergent sequences, Cauchy sequence and F;s — open ball.

Take a non-null set U and non-null collection of parameters E. Consider C4 as an absolute F, — set
and a group of a F —points of C, be signified as F(Ca). Also, the collection of non-negative
F,s —real-numbers is signified as R*(E) and [0, ©)E indicates all F,; — real numbers in the interval
[0, ). Then the F,; —Rectangular b-Metric space using the Fys —points is defined as below :

Any map D ¢ Fis(Ca) X Fis(Cp) — RY(E) to be claimed as a  F,y —Rectangular b-
Metric over F, — set C, with coefficient S > 1 condition to the following are fulfilled:
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1 2 I N
(1 Dfsrb( U ey » U ug(ez))z 0 for all

2 =
1 , u € Fs(Ch).
u Hg (eq) Hg (ep) ss( A)

(2) Db ( TR U g ey ) = 0ifand only if
W, T U? o,y fOrall 1 oo U s ) € Fys(Ca)
(3) Dgsrp ( ul Mg (o) u? Hg (eq) ) = Dfsrp ( u? Mg (ep) UT Hg (el))
forall 1 b ep) u? Mg () € Fis(Ca)
(4) Dgs ( ul b ten) u? g (ey) ) [Dfs rb ( ul i (epy ud g (e3)> + Dfstp ( ud g en) u? e (en ) =+
Des rb ( u? MG (eq) u’ HG (e2) )]
forall 1 o en ” U2 e e € Fys(Ca)

and each different F;3 —points
3 4 € F.(C 1 u? ,
u g (es) > u HG (eq) ss( A) \{ u g (ep) ’ Hg (eq) }

The F;; —Rectangular b-Metric  (F;5(Cp) , Dgs rp) sometimes called Fyg —b-
generalized metric space with the § > 1
(in short, F5¢ — Rbms).

To illustrate this definition , one can see the following example .

Example(3.1.1) :
Let X ={x,y,z} a finite set and E = {ei, ey} .,a set of parameters. Then, Fs(Cy) =

{ X gy Y g (e Zugen t Xbgey Y g (e 2246 (o) }. Consider a mapping Dfsrp ¢ Fss(Cy). X

TSS(CA) - R+(E) by
Dfs rp (uug(e.), vy (e })) = Despp (v o) uug(ei)) for all distinct

vy ETSS(CA) for i,j € {1,2}.

G(ej)
Df”b(wﬂg(ei)’wﬂg(ei)) =0 for all Wﬂg(ei) g Fss(Cy).

u ’
Hg(ey)

Drsro( X ugieyyr Xugien) = Prsrv( X ugieyyr ¥ g0y ) = Prsmv (¥ g0 Zger)

Drs o ( X g (ep) ? y#g(el))z Dfsrb ( y#g(ez)'zﬂg(el))z
D
fsrb ( yﬂg(ez) “Q(€1))

Drs 1o C ¥ g e 1 Zg ey ) = Dfsrb(zﬂg(ez)'zﬂg(el)) = Drsro (Y g g o) = 63

Dysri( Y g ey’ Xugen ) = Drsro( Xugey) s yug(ez))z 109,

DpsvvC X g oy 1 Zug ey ) = 1543,

Dfsrb(yllg( o’ #g(ez)) = 120, ngrb( x”Q(Ez) , ”Q(EZ)) 19
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» Drsrb g ey ¥ g ey ) = 259
Here, Dfsrb(zﬂg(ez), x#g(el)) = 1543 and

) + DfSTb(xﬂg(ez) ’ y

[UnN
O
)
+

DfSTb(Z[Lg(EZ) » X ) + DfSTb(yug(el)’ xﬂg(el)) =

Hg (e) #6 (en)
40 + 43 = 279

Then, (Fss(Ca),Dfsrp) is a Fgg — Rbms with  coefficient § = 5.54.

Definition (3.1.2):

Let (Fg5(Cy) » Dps rp) be Fsg — Rbms , then for all Fsg —point U g (o gCA , FeR (A) the Fyq —
open ball define by

Tgvr—( u#g(eo)) = { U g o € Cy : Dfsrb( U g oy u#g(%)) <1} and the F,s— Closed ball in
F,s — Rbms defined as

B rl wpge] = (tyge, € G Df”b( Y iig ey uﬂg(ew) =7}

Definition (3.1.3):
Let ( u™ g (en)) be a Fys — sequence in a Fgs — Rbms (Fg5(Cp) , Dysrp) , we say

(1) ( u™ l‘g(en)) converges to Ut (o) g?SS(CA) if there exists 0 < 8§ € R+(A) and a positive

integer N = N(€) such that Dy ( u" U ey Y ig (eo)) < § whenever n > N. Equivalently,

, n =
llmn—mo Dfsrb( u K (en) ’ u#g (eo)) =0

2){u™, G (En)) Cauchy sequence if there exists 0 < § € R (4) and a positive integer N = N(€) such

that Dy yp ( u" g (e u™ ug (Em)) <é whenever n,m=>= N equivalently,

i n m — 0
lim, e Dfsrb( U oy U Hg(em)) =0 for m>n.

Definition (3.1.4):
A Fss — Rbms (Fys(C4) ,Dpgrp) is  called Fyg—  complete if eachFgs —  Cauchy

sequence { u™ g (en)) in Fys(Cy) converges in Fys(Cy).

Remarks(3.1.5)

(1) the sequence limit in Fg¢ — Rbms It doesn't have to be unique,

(2) nor does every convergent sequence in Fy; — Rbms have to be Cauchy sequence.

(3) An open ball is not an open set in Fs — Rbms and Fg; — Rbms is not Hausdorff . To illustrate this
Remarks , one can see the following example.

Example(3.1.6) :
Let D = {1/z,z € N}\{1} and F = {1,2,3}.LetU = D U F and E < R. define the a map
Dfsrb : ‘T.‘SS(CA)' X ?:s‘s(CA) - [0' OO)E by

1 2 _ 2 1
Df”b( Uohgep » ¥ #g<ez>) = Df”b( U g egy U ﬂg(el))

1 2 €
for evere ub . ., ut . € Fos(Ca).
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r_ : 1 — 2
0 gy = U g
i 1 2 = 1 2
68 I U pgieyy » Wigey € Fss(DE) Wy # Wy
Drers (W gy ) = _
U ’ U _ ; 1 2
G (en) G (e2) . if U oy € Fss(Dp) s u® g, ) & Fss(Dr)
t
> if otherwise

when t > 0 denotes a constant F,; — real number
~ N\ Z
The sequence {(;1 )/1 }Z € N converges to each of the Fgx — point Fgs (Fg ) . Therefore , limit is not
zZ

unique.

1

— ~. zZ
Because Dfsrb(i , p) = 6t+#0 wherez,p € Nandp > z, then {(;1 )AZ }Z €N is not Fys —

Cauchy sequence in (F;3 — Rbms)

B ((l) ) = {(l) :S € EUF,(Fg) There isn't an open ball ?;((2)5) the around Fy — point
2/6 2/s

(2)5 contained in Bg ((%)6) for just a fuzzy soft point (2)s in Fes(Cy), . As a result, Ié:g ((%)6) is not
open in

(Fss(Ca), Dfsrp ) - Because there are no 11, T, values greater than zero such that I}:r—l 2 n EVT—Z 3)
-3

» (Fss(Ca), Dfsyp ) is not Hausdorff.

In the above example, it was shown that the point of convergence of a sequence cannot be unique in

general. The following Lemma shows the condition to get the point of convergence is unique with the
same space if the sequence is Cauchy.

Lemma (3.1.7):
Let (Fs5(Ca), Dfsrp) be an (Fgs — Rbms) and ( u™ g (En)) represent a F;q — Cauchy sequence

; n m n
in Fss(Cq)  such that u boem & U g em whenever m # n. then u Ug (e CAN CONVerge to only

one point.

. n _ . n j—
Proof. Assume iMoo U™ o () = Upg oy WMnoeo W pg o) = Upgyand — Upg s # Uy,

) n m ) .. o . .
Since u Ug (en and u g ey T addition to U g o) and U g oy @€ distinct elements, It is obvious

)
. . n
that k exists such that U g o) and U g (o) different from u U (en) for any n > k. The rectangular

m)’

inequality indicates that for  m,n > k,

Dfs”’( Whg ey Yhg ey )S

P~ n n m m
o [Df”b( Upg ey ¥ ﬂg(en>)+ Df”b( UWigen ” Y 1 em) )+Df”b( U g em) * Y itg (ep) )]

Now

IA

n,lnl171>100 (Df”b( UG ey’ uﬂg(ez>)
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o 1 n n m
§ Um [Df”b( Upgepr U #g(en>)+ Df”b( UWkgeny” ¥ Hg e )

n,m—oo
m
+Df”b( Uk em)  Yhig ey )]

= <3 = = ] cti
Dfsrp ( Uy o) u#g(ez)) <35[0+0+0]=0 so0 Uy o) Uye o, - this a contradiction  ®.

4.Fixed Point in F,;, — Rbms.
In this part, we will discuss the fixed point theorem for some types of mappings in
Fss — Rbms.

Definition (4.1.1): Let (Fss(Ca), Dysrp) be  a F,s —RbMS .Then the Fsx —mapping

T: (Fss(Cy), Dy ) = (Fes(Ca), Dy rp) is called a Fss —contraction mapping if there exist, X € R 4),
0 < A < 1 such that for each

2
1 , U € F,;(Cq) we have
u Hg (e1) Hg (e3) SS( A)

2 7 2
Brers <T(u1 “9(91)) 'T( “ ”9(92))> = ADf”b<“1 Hoen " “9(32))' (1)

The fixed point in a contraction mapping in a Fs; —RbMS is discussed in the following theorem .

Theorem(4.1.2): Let (ZFSS(CA),DfS rb) be a complete F;; —RbMS with coefficients S >1 and
T: Fy(Cy) = Fis(Cy) be a Fyg — mapping satisfying

2 7 2
DfSTb <T<u1#g(e1)) 'T( u #g(ez))>S ADfS”’(ul#g(el) U ”g(ez))

= = =1 . . ,
U oy u? g ey E Fes(Cy) where A € [0, E]’ Then T has a unique Fy; — fixed pint .

proof: Let € F..(Cy) be arbitrary. We define aF,s—  sequence { u™ K (en)) by

u Hg (eo)

n — n+1 ; n ; n —
T( u #g(en)) = U e - We will prove that ( u g (en)) is a Cauchy sequence. If u™ . = =

ntl then u™ g (e 15 @ Fss — fixed point of the Fy;s — mapping T. Now let's assume that for

u Hg(en+1) 7

anyn>= 0, u" n+1 = D,, it follows from

n+1 . n
U g ey SEHINE Df”b( Uik eny » U ﬂg(en+1))

Hg (en)
equation (4.1) that

n+1

Hg (en+1))

n—-1 n 7 n-1 n
<
Dfs o (T( U ug(en-l)) ’T( u ug(en))) < ADys ”’( L T “g(em)

D, < AD,,_; . We obtain by repeating this process D,, < (/T)n D, (4.2)

We can also assume that u , 6oy S 1O A F,s — periodic point of T. Indeed, if u Ho o) = U

n
Df”b( Uk ey » U

n
Hg(en)
then using (4.2), we have for any n = 2,
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— n n
Dfsrb( ”Hg(e())'T( ”Hg(eo))) N Dfs”’( v “g(en)’T( u “Wn)))

= n n+1
Df”b( kg Geo uﬂg(el)) - Df”b( Yikgen » U ug(en+1))
=\n
Dy, =D, < (/1) Dy . a contradiction. As a result, we must have Dy = 0, implying that UG ey =
U kg en) and thus U g (o) 15 @ Fss — fixed point of T.

Assume  that  for all distinct n,meN, *+ um g (em)’ Again, consider
m

n
u Hg (en)

nt2 = D*,, and use equation (4.1) for any n € N, we obtain

#g (en+2))

Df”b( U kg ey » ¥ #g<en+z)) = Drsro (T( u #s;(en_l)) ’T( u ﬂg(en+1)))

< /TDfsrb( un- n+1

n
Dysro (" g+

1 )
~ Hg (en-1) ’ Hg (en+1)
D*, < AD*,,_, . We obtain by repeating this process
~n
Dfsrb( U g ey U <S(A) D'y e (4.3)

n+2 )
Hg (en+2)

n+p

In the following Two cases, we consider Dy rp, ( u for the sequence u™ G (en’

Kg (€n+p))

(i) If p is an odd number, such that. p = 2m + 1, then for some m € N,by use equation (4.2) we have
n

Df””( Yikgen » U #g(en+zm+1))

< n n+1 ) ( n+1 n+2 )
=S [Dfs b ( u HG (en) ’ u Hg (en+1) + Dfs b\ U Hg (en+1) ’ u Hg (en+2)

n+2 n+2m+1
+ Dfsrb( u HG (en+2) ’ u “g(en+2m+1))]

n
u Hg (en) ’

n+z2m+1

<

2 n+2 n+3 n+3 n+4
S[Dp+ Dnia] +S [Df”b( U g epyny 7 Y #g<en+3>) +Df””( U g enyn) » Y #g(en+4)) *

n+4 n+2m+1
Dfs rb( u HG (enya) ’ u “Q(en+2m+1))]

— 2 +4 +2m+1
=S[Dp + Dnyal +S [D"+2 + Dnis + Dy ( u” HG (ensa) ’ wre Kg (€n+2m+1))]

<S [Dn + Dn+1] + SZ [Dn+2 + Dn+3] + SS [Dn+4 + Dn+5] + ot SmDn+2m
< S [(D)" Do+ (D)™ Do| +57 [(D)"™* Dy + (1)™ Do + 53 [(1)"" Do + (D)™ Do +
+ Sm(;{)n+2m DO
<S. ()" [T+8. (D) +52.(D)" + .| Dy +5.(D)"™ [T+5. (1) +52.(D)" + .| Dy
142
T 1-s(2)

Therefore Dfg rpy (

S. (D" Dy (asS.()° <1

T4+2

n+2m+1 )
UG (entam+1)) I_S_(j)z

U o S(N)" Dy oo (4.4)

(ii) Ifp is even ,such thatp = 2m, we can use (4.2) and (4.3) to get.

un+p n+2m

n — n
Dfsrb( u HG (en) ’ #§(€n+p)) - Dfsrb( u Hg (en) ’ u #9(3n+2m))
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< n n+1 ) ( n+1 n+2 )
—S[Df”b( U g ey » W igensn) TP LU g tenen 0 W B ensa)

+ Drsrp ( unt? Hg (en+2) ’ e Kg (€n+2m))]
< S [Dy + Dyyq]
+5* [Dfs b ( unt? HG (ens2) unt? Hg (8n+3)) + Drsry ( W G (en+s) urr kg (en+4))
+ DfS rb ( untt HG (en+a) ’ e kg (€n+2m))]
=S [Dy + Dpyql + 52 [Dn+2 + Dpys + DfS rb ( unt HG (en+a) ’ mram kg (en+2m))]

<S [Dn + Dn+1] + 52 [Dn+2 + Dn+3] + 53[Dn+4 + Dn+5] + et Sm_l[Dn+2m—4 + Dn+2m—3]
+ s [Dfs rb ( e HG (en+2m-2) ’ ram Hg (en+2m))]
<5 [(D)" Do+ (1) Do +57 [(A)™ Do + (D)™ o] + 53 [()"™* Dy + ()" Do| + -+
n Sm'l[(i)n+2m_4 Do " (}—L)n+2m—3 Do] 4 ogm-1, (/T)n+2m—2 Do
<S. ()" [T+5. (D) +52.(D)" +..] Dy + 8. (D) [T+5.(D)" +52 ()" +--..] D,

+Sm_1. ()—L)n+2m—2 DO

u

142 n+2m-2
1-5.(7)°
T+

— —\ 2

1-5.(2)
T+1

— —\ 2

1-5.(2)

So we have

T+A

n
Dy rb( U hg ey » U #g(en+zm)) 1-5.(2)°

Since A € [0, %) from (4.4) and (4.5) we have

S.(D)" Dy + 5™ (1) Do (asS. (D)’ <1)

n+2m-2

< S.(D)" Dy + 52m.(7) Dy (as S >1)

<

S. ()" Do+ (D" Dy (as s ()™ <1)

n+2m

S. (D" Do+ ()" "Dy oo (4.5)

n+p

. n — ~

limy_eo Dy rb( U™ ey 0+ U #g(en+p)) =0 forallp=>1 ... (4.6)

So, the F,s — sequence { u™ g (En)) in (TSS(CA),DfS ) is aFes — Cauchy sequence. By the fact that
(TSS(CA),DfS rb) is complete, there is . € F..(C,) such that

i n =
lim,,, u o emy = Yitg (@ SRR £/ A7)

We will prove that u g (@ is a Fys — fixed point of T. Again, for anyn € N, we have.

DfSTb( Upgay o T ( ul‘g(a)))

n n n+1
SS[Df””( Ungay » U #g<en>)+Df”b( Uhg ey » U ”9(9n+1))

n+1
+ Dfsrb( u MG (ens1) T ( u#g(a)))]
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- S[Df”b( Y g @ ”n#g(en>)+Dn+Df”b (T( ”n#g(en)) T ( uﬂg(a)))]

<S[Drsrn (Upgy + W o)+ Pn+ Apsrn (W gy igio)]
By using (4.6)and (4.7)we have Dy ( Upg i + T ( u“g(a)» =0

ie., =T ( U g (a)). As a result, U ) 18 a fixed point of T.

Y g @
Now, we will prove U g (o is unique Fyg — fixed point of T.

Let U g ) be another Fg; — fixed point in T. Then, from (4.1), it follows that

Df”b( Yug @ u#g(b)) = Drsrp (T( uﬂg(a)) 'T( uﬂg(b))) S’“)f”b( Yug@ - u#g(b))

< Dfs rp ( Upe iy » Upg (b)) (as A < 1) which is not possible. Therefore

We must have Df rp, ( Upo iy + Upg (b)) = 0, implying that Upe iy = As a result, Fgx — fixed

Y kg @y
point is unique. [ |

Theorem(4.1.3): Let (.‘FSS(CA),DfS ) be a complete Fss —RbMS with coefficients S >1 and
T: Fs(Cy) = Fis(Cy) be a Fyg — mapping satisfying

2 ) 2 2
Dy (T (u1 ,,g(el)> 'T( u ﬂg(ez))) < 2 [Dfsrb (ul g ey T (u1 l‘g(el))) + Dfsrb( W kg (e) ’T( W kg ey ))] - (48)

, u? € F.o(Cy) where 1 € [0, 5_11)' Then T has a unique Fys — fixed pint .

for each Hg (ey)

1
U g ey

proof Let € F..(Cy) be arbitrary. We define aFes— sequence { u™ g (eny) Y

u Hg (ep)

n — n+1 ; n ; n —
T( u #g(en)) = U ey - e will prove that { u g (en)) is a Cauchy sequence. If u™ . = =

n+1 n : _ ; _ . '
U e ) then u UG (e 5 @ Fss —fixed point of the Fg, — mapping T. Now let's assume that for
> n n+1 ; ( n n+1 ) —
anyn= 0, u g (e F U e oy SEHING Disrp| u Botem * W Mg (eney) D, So from (4.8)

we have

n n+1 — n-1 n
Df”b( U kg ey + ¥ #g(en+1)) = Drsro (T( u ﬂg(en-l)) 'T( u #g(en))>

7 n-1 n-1 n n
=4 [Df”b< U g epoy) 'T( u #g(en-l))> +Df”b< U ug en 'T( u ﬂg(en)))]

— 7 n-1 n n n+1 Y
=2 Do (4" g s W ugien) F Drsrn (W gy o W g )| = ADnoy Dy ] SO

D, < A[D,_, +D, ] We obtain D, < 1_4 D,_, =pBD,_, where f§ = 1% <

0 |~

(as 1 <—). We

1
S+1°

|

obtain by repeating this process D, < (ﬁ_’ )nDO ....... (4.9)

. . o : _ .n
We can also assume that u , 6oy S 1O A F,s — periodic point of T. Indeed, if u Hg (eo) U ey

then using (4.9), we have for any n = 2,
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— n n
Dfsrb( ”Hg(e())'T( ”Hg(eo))) N Dfs”’( v “g(en)’T( u “Wn)))

= n n+1
Df”b( kg Geo uﬂg(el)) - Df”b( Yikgen » U ug(en+1))
=\Nn
Dy, =D, < (,3) Do . a contradiction. As a result, we must have Do = 0, implying that u () —
U g e and thus U g (o) isa Fsg — fixed point of T.

As a result, we suppose that , u = um Hs (emy) for all distinct n,m € N. Using (4.8) and (4.9)

n
Hg (en)
again for eachn € N, we get

n n+2 — n-1 n+1 <
Df”b( YWikgen » U #g<en+z)) Drsro (T( u #gten_1>) ’T( u #g(enm)) =

Z Dfs rb ( T Hg (en-1) T ( ur ”g(en—l))) + Dfs b ( umt Hg (en+1) T <( ut #g(en+1))>)] -
A :Dfs rb ( u HG (en—1) ’ u” Hg (en)) + Drsro ( ut G (ent1) ’ Ut Hg (€n+2))] = A [Dn-14Dns1/<
1 (E )n_l D0+(ﬁ_ )n+1 DO] =1 (ﬁ)n_l[ 1+ (/)7)2] Dy therefore  Dys ( u" g (e unt? g (en+2)) <y

~\n-1
(B)"" Dy woooee o (4.10)
wherey = 1[1+ (ﬁ_)z] . We consider D ( U g oy 0 WP

in two cases for
Hg (en+p)) f

the Fys — sequence u™ . . then using (4.9) we get
n

n n+2m+1
Dfs Tb( u HG (en) ’ u Hg (en+2m+1))

< n n+1 ) ( n+1 n+2 )
—S[Df”b( U g ey » W igensn) TP LU g tenen 0 W B tensa)
n+2 n+2m+1

+Df”b( U g enyn) » 8

Hg (9n+2m+1))]
<

2 n+2 n+3 n+3 n+4
Sy + Dpa] + S [Df”b( U g enyny 7 Y #g(en+3)) +Df5”’( U g enys) 7 Y #g(En+4)) +

n+2m+1

n+4
Dfs Tb( u Hg (enta) ’ u “9(€n+2m+1))]

.S S [Dn + Dn+1] + S2 [Dn+2 + Dn+3] + 53[Dn+4 + Dn+5] + ot SmDn+2m
<5 [(B) Do+ ()" Do| +5% [(B)™* Do+ ()" Do| +5 [(B)"" Do+ (B)""" Do| +
n+2m

+S5™(B) Do
<S.(B) [T+5.(B) +52(B) +~..| Do+S5.(B)" [T+5.(8) +5%(8) +-..] Do

1+8 =\N _\2 -
= S. D S. 1
G (B) Dy (asS.(B) <)
+2m+1 1+B 7\
Therefore Dfsrb( U ey » W #g(en+2m+1>) S TSGY (B) Do oo (4.11)

The second case Ifp is eveniep = 2m, we can use (4.9) and (4.10) to get.

n+p n+2m

n — n
Df”b( Ukg ey » ¥ ﬂg(en+p)) _Df”b( UWokg ey » ¥ ﬂg(en+2m>)
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< n n+1 ) ( n+1 n+2 )
—S[Df”b( U g ey » W igensn) TP LU g tenen 0 W B ensa)

+ Drsrp ( unt? Hg (en+2) ’ e Kg (€n+2m))]

< S [Dn + Dn+1]
+ S [Dfs rb ( unt? Hg (en+2) ’ Ut Ug (en+3)) + Dfs rh ( Ut Kg (en+3) ’ umt Hg (en+4))
+ DfS rb ( unt Kg(en+a) ’ e kg (€n+2m))]

=S [Dy + Dpyql + 52 [Dn+2 + Dpys + DfS rb ( unt HG (en+a) ’ unrem kg (en+2m))]

.S S [Dn + Dn+1] + 52 [Dn+2 + Dn+3] + 53[Dn+4 + Dn+5] +-t+ Sm_l[Dn+2m—4 + Dn+2m—3]
+sm [Dfs b ( e Hg (en+2m-2) ’ Hg (en+2m))]
~\N ~\n+1 2 ~\Nn+2 ~\Nn+3 3 ~\n+4 ~\N+5
<5 [(B)" Do+ ()" Do|+5% [(B)" Do+ (B)"" Do|+5% [(B)"" Do+ (B)"" Do| + -
N Sm'l[(ﬁ_ )n+2m—4 D, + (,8_ )n+2m—3 D] + 5™, (ﬁ_ )n+2m—2 D,
<S.(B) [1+5.(B) +5%(B) 4| Do+S.(B)" [T+5.(8) +5%(B) +-..] o
+ Sm_l. (B— )n+2m—2 DO

un+2m

== 22’;)2 S.(B) Do +5™L ()" Dy (asS.(B) <T)
“(’;) S.(B)" D + S?™. (ﬁ)"“m‘2 Dy (as S >71)
< S () po+ () (as 527 (B < 1)
So we have
Dpsrt (4" g ey + W™ g ) < o S-(B) Do+ (B)" Dy (4.12)

Since f € [0, g) from (4.11) and (4.12) we have

n+p -0
#g(en+p)) 0 forallp>1 ...... (4.13)

So, the F,s — sequence { u™ g (En)) in (TSS(CA),DfS ) is aFes — Cauchy sequence. By the fact that

4 n
limy, e Dfsrb( U™ ey 0+ U

(TSS(CA), D rb) is complete, there is . € F..(C,) such that

i n =
lim,,, u o emy = Yitg (@ ettt et et e e aeeaenaeeaeeana (4.14)

We will prove that u g (@ is a Fys — fixed point of T. Again, for anyn € N, we have.

DfSTb( Upgay o T ( ul‘g(a)))

n n n+1
SS[Df””( Ungay » U #g<en>)+Df”b( Uhg ey » U ”9(9n+1))

n+1
+ Dfsrb( u MG (ens1) T ( u#g(a)))]
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= S [Drsrn (Upgrey » U ugeny) + D+ Drsro (T( o) T ( u“g(a))ﬂ
<5 {Dror ((Uuge » W igiap) + Dn +/T{Df”b( T “g(en)))
+Dfsrb( T uﬂg(a)»}]
(1 _S’T)'Dfsrb( g T ”ﬂg(a)))
<5 [Drsr ((Uuge » W ugiery) + (B) Do +1Dfsrb( T u"ug(em))]

By using (4.13) and (4.14) and the fact A < s% we have

Df”b( Uiga » T ( uﬂg(a))) =0 50 Uy =T ( uﬂg(a)) '

Then Uy 18 Fss — fixed point of T

Now, we will prove U g (o is unique Fys — fixed point of T

Let U g ) be another Fg; — fixed point in T. Then, from (4.8), it follows that

Df”b( Y g @ uﬂg(b)) = Drsro (T( u#g(a)) 'T( uﬂg(b)))
SI[DfS”’( Y g @ ’T( uﬂg(a))) +Df”b< Y g ) 'T( uﬂg(b)))]
=2 [Df”b( Y ug ) - u#g(a)) +Df”b( Yugw uﬂg(b))] =0
Therefore Dfsrb( U gy o u#g(b)) = 0, implying that Upoy = Uug gy As a result, Fos —  fixed

point is unique. [ |

Theorem(4.1.4): Let (.‘FSS(CA),DfS ») be a complete Fss —RbMS with coefficients S >1 and
T: Fs(Cy) = Fis(Cy) be a Fyg — mapping satisfying

4.15 Dporn (T (ut sy ) T (W) ) <
( ) fsrb U™ g ey H6 (e2)
D ( 1 , u? )'D ! ’T< ' ) ’
) [ Fsro \ U e Hg(ep) 7SSO\ U ey W kg (e
A max for some
2 2
) 2 (o ngrb(ul g e 'T<u1 ug(el)»“)fsrb(” H5 (e3) 7( g (e3) )>
Fsrb \ U ig ey (u ”9(6’2)) ’ 2

L€ (0,1) every two different Fsg —points ,,1 and u? in Fy(Cy). Hence, T has an
u Hg (eq) Hg (e2)

indistinctive fixed point.
= . _ n

Proof Let  uyu. ., € Fs(Cy) be arbitrary. We define a Fyg sequence ( u g (EH))

n — n+1 ; n+1 — n

T( u" g (en)) = W e enen) If an integer n > 0 such that u U enry = Wl (eny

element u™ UG ey 1S clearly a Fe — fixed point of a Feg —

)7 utl ) foranyn = 0 from (4,15) we have

n
u HG (en Hg (en+1

then the

mapping T . Now let's assume that,
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n n+1 —
Df””( UG ey » U #g(en+1)) -

n-1 n
Drsrp (T( u #g(en-l)) 'T( u #g(en)))
n—1 n n-1 n—1 1
Df”b( Y kg e ¥ Hg(e) f”b( W kg enp) 'T( u #g<en_1>)>
n
'Df”b< U g (e (u #g(en))>'

T
n-1 n n
Dfsrb( U g eney) ’T( u” #g(en 1) ) Dfsrb( U kg (e ’T( u ﬂg(m)))

< Amax

n—-1 n n-1 n-1
Df”b( U g U ﬂg(en))'Df”b< U g epmn) 'T( u #g(en_l))>

= Amax
n n
’Df”b< W bg (en) 'T( u Hg(em))
n-1 n n-1 n
_ 7 Df”b( W g epoyyr U #g(en))'DfSTb( U g epn * ¥ ug(en))
= Amax )
n n+
'Df””( Utg ey » ¥ #g(en+1))
n-1 n n+1
If DfSTb( U7 g (epy) 7 u” KG (en )) Dfsrb( U hg ey » U ”§(€n+1)) we have
n n+1 o) n n+1
<
Df”b( U g ey » U Hg(en+1)) —’wf”b( UWtgen » ¥ #g(en+1))

it is impossible. Thus,

n n+1 < ( n-1 n )
Dfs”’( Ut ey » U #g(en+1>) < Dysep v BGeny) * % Hgem)'

-+
ntl U (e +1))) is a decreasing sequence of converging tol € R (4), say ,
n

n+1

n
hence (Dfsrb( U ey U

i (en+1>) =1 and

n+1 n-1 n
#g(en+1)) ,lﬂ?o Dys (T( U #g(en-l)) 'T( U #g(en)))
[ n-1 n n-1 n-1 1
Drsro ( T ﬂg(en>)‘Df”b ( U g o) ‘T( U #g(en_o))
n n
Drsm ( U™ g (o) ‘T( U ﬂg(en)))’
limmax

—00 n-1 n-1 n n
! Drsro ( U g ) ’T( U #g(en_l))) T Drsro ( U bg e ’T( U ﬂg(enJ))
2 |

. . n
that is limy,_,, Dy rb( U pg ey » U

7 n
ill?on”b(u Bolen)

en) ’

IN
=

n-1 n n-1 n-1
= Df”b( Wt ey U #g<en))‘Df”b( U tg e 'T( u ﬂg(en_l)»
= A limmax
n—-oo n n
‘Df”b( U g (en ’T( u #g(em))

n-1 n n-1 n
Df”b( U g ey U #g(en))'Df”b( U g eny » ¥ #g(en))

= ) limmax
n n+1
'Df””( Wokg e » ¥

n—oo

Hg (€n+1))
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-1

= 2lim,_ e [Dfs b ( u" G (en_y) ’ u" tg (en))] =11 S0 [=0 ... (4.16)

To show the Cauchyness of the Fgs — sequence, assume P is an odd number, i.e. P = 2m + 1, and
apply the decreasing property to some min N.

n — n
Dfs”’( Utgen » U #g(en+p)) - Dfs”’( Utgen » ¥ #g(en+2m+1))

< n n+1 ) ( n+1 n+2 )
—S[Df””( U g ey » W tgensn) TP LU g tenen 0 W B ensa)

n+2 n+2m+1
+Df”b( U g enyn) » 8

< 2.5 Dyo

n+pP n+2m+1

kg (€n+2m+1))]

n+1 )
Hg (en+1)

2 n+2 n+3 n+3 n+4
+S [Df”b( U g enyny 7 ¥ #g(en+3))+Df”b( U g engy) 7 B #g(enm)

n+4 n+2m+1
+ DfS b ( u MG (enya) ’ u Hg (€n+2m+1))]

< n n+1 ) 2 ( n+2 n+3 )
- ZISDfSTb( u HG (en) 7 u Hg (en+1) +2.5 DfSTb u HG (eny2) ’ u HG (en+3) +

m n+2m n+2m+1
+2.5 Dfs rb ( u K6 (ensa) u “9(6n+2m+1))

n
u HG (en) ’

<2S[1+S+S2+ . +S™] Dyg ( e #g(en+1)) -

from (4,16) we get

n
u HG (en) ’ u
sm-1-7

n n+1
s—1 ]Dfsrb( u HG (en) ’ u

25 [ Hg (en+1))

n+p

Dfsrp ( u™ g » W g (en+p)) =0 . Assume p is an even number, i.e.p = 2m, then apply the

decreasing property toamin N.
— n
Hg (en+p)) = Dys ”’( Utgen » ¥ Hg (€n+2m))

< n n+1 ) ( n+1 n+2 )
—S[Df”b( U g ey » W igensn) TP LU tgtenen 0 W B ensa)

n+pP n+2m

n
Df”b( Uk ey » U

n+2 n+2m
+ DfS rb ( u HG (ent2) ’ u Kg (en+2m))]
< n n+1 )
<25 Dy rb( U g ey » U HG (en+1)
2 n+2 n+3 n+3 n+4
+S [Df”b( U g e » ¥ “g(en+3)) + Dys ”’( T ”g(e”“))
n+4 n+2m
+ Dfs rb( u Mg (enta) ’ u Hg (en+2m))]
<9 n n+1 ) g2 ( n+2 n+3 )
<2 SDfsrb( u K (en) ’ u Hg (en+1) +2.5 Dfs AN HG (en+2) ’ v Hg (en+3) *
m n+2m-1 n+2m+1
+ 2.5 Dfs rb( u HG (eptom—1) ’ u “Q(en+2m+1))
<2S[T+S+ 8%+ +S™1 D (un ut )=
< fsTb Mg (en) ’ Hg (en+1)
25 [Sm—l_i] D ( un un+1 ) also from (4 ]6) we have
7| Drsrp HG (en) HG (en+1) '

n+p

Dfsrb( u” b ey U ﬂg(en+P)) =0 . So, the F,; — sequence { u" Itg(en)> in (?SS(CA),DfS rb) is
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a F,s — Cauchy sequence. By the fact that (TSS (Ca), Dy rb) is complete, there is U . € F..(C,) such

{ n jd
that lim, . u o emy = Yitg @)

Next, we show that the Fys — point at the limit, u Hg (ay is fixed at T.
Forn € N,

i n+1 I n
i%Df”b( U g epan) 'T( u#g(a))) _iﬁDf”b (T( u #g<en)) 'T( uﬂg(a)))
[ n n n ]
Df”b( U g ey ? uug(a))'Dfsrb< U g e 'T( u ug(en)»
_ ’Df”b< % g @ 'T( uﬂg(a)))’
< A limmax

—00 n n
n Dfsr,,( T ,T( u ,lg(en))>+Dfsrb< T uﬂg(a)»

| 2 |
D ( un u ) D ( un untt )
fstb Hg(en)’ “Hg@ )’ “fsTb HG (en) ’ HG (en+1)
S/léirzlomax .Dfsrb< U s (o ,T( uug(a))>'

< /Tyllil?onS Tb( U g o ,T( u”g(a))> . Which results,

éi_tgonS rb( U g o ,T( U g (a))) =0, implying that Upe iy B Fes —  fixed point of T. Assume
Fes — point u UG by IS another fixed point of T.
By using (4.15)

Df”b( Yhg @ uﬂg(b)) = Drsro (T( “Mg(a)) ‘T( uﬂg(b))>
Df”b( Y g @ uﬂg(b))'Df”b< Y ug @ 'T( uﬂg(a)))

Dfsrb( U g (a) 'T( ”#gm))) +Df”b< Y ug ) 'T( uﬂg(b)))
B 2 _

< Amax

'Df”b( WU wy uﬂg(b))’

Df”b( Ung oy 7 u#g(a))+DfSTb( WG iy 7 uﬂg(b))J
2

Df”b( U g ay 7 uﬂg(b))'Dfsrb( Upg a7 “Mg(a))]l
|
|

&)

< Amax

—_——
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< /TDfS rb( U g g u#g(b)) . This implies that Dy rb( Upg iy » Ypg (b)) =0, implying that
Upoy = Ung ey As a  result, obtaining Fes —fixed  point is is  unique.
H.
CONCLUSION

We suggested a new Fys — Rbms concept that builds on the concepts of many metric space modifications.
fuzzy Soft set structure occupies underlying spaces, indicating a relationship between metric fixed point
theory and fuzzy soft set theory. We established the acclaimed Fy;s — Rbms. Banach fixed point theorem
and presented an example to show our findings, as well as some fixed point results in the aforementioned
space.
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