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Abstract

This study describes the statistical characteristics of new probability distribution called Double
Weighted Exponentiated Rayleigh Distribution, including probability, cumulative, reliability, hazard and
reverse hazard functions, moments and the moment generating function, some important coefficients and
others. The unknown scale parameter for this distribution estimated using two different styles which are
the moments and the maximum likelihood estimation methods. Later, a simulation study employing the
mean square errors criteria is carried out in order to determine which of these two estimators is the most
accurate. The moment estimator has been determined to be the most effective for all sample sizes.

1.Introduction

Fisher (1934) [5] in his study on how determining methods could change the form of the distribution of
observed data, put out the concept of weighted distributions. Rao (1965) [12] produced a common
understanding of weighted distribution and defined the scenarios that it can be used to represent. When
recorded observations cannot be interpreted as a random sampling from the underlying distributions,
weighted distributions are typically employed to characterize data. Later, Patil and Rao (1978) [11]
researched how weighted distributions can be formed through truncated distributions and damaged
observations. Weighted distribution was used as a stochastic model to study predation and harvesting.
Gupta and Kirmani (1990) [6] explored how the original distribution and the weighted distribution are
related. Patil (2006) [9] provided the theory of weighted distribution as an all-encompassing solution to a
number of problems. Using the concept of Azzalini, Gupta and Kundu (2009) [7] added a shape
parameter to an exponential model, producing a new class of weighted distributions. The probability
density function-of the new weighted model is quite similar to the Weibull, gamma, or generalized
exponential distributions in terms of shape. Priyadarshani (2011) [10] introduced a brand-new class of
weighted generalized gamma distributions and related distributions. Ye (2012) [13] introduced the second
type of weighted generalized beta distribution. Hantoosh (2013) [8] used both the exponential distribution
and theinverse Weibull distribution, both of which have two weight functions, to define the term "double
weighted distribution”. Al-Dubaicy and Nahdel (2016) [1] focused on the weighted and double weighted
distributions of the generalized exponential distribution. Al-Kadim,and Fadhil, (2018) [3] proposed the
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double weighted Lomax distribution and established its statistical characteristics Al-Saffar and Naemah
2022) [4] established an innovative exponential double-weighted Pareto distribution and derives its
statistical properties.

Suppose that x is a continuous random variable with probability density function (pdf), f(x) , and
cumulative distribution function (cdf), F(x), w(x) is a non-negative weight function which takes different
models, then the pdf of weighted distribution denoted by £, (x) given as :

(0]

fw(x) = M ,Where Z = E[w(x)] = fo w(x) - f(x)dx
And, the double weighted distribution given by [8]:

(x)-f (x)-F(cx)
g () = 2L ®

Where  Z), = Elwp(0)] = [, wp () f (x)F (cx) dx
and wp (x) is double weight function, c is constant .

2. Exponentiated Rayleigh Distribution

The Exponentiated Rayleigh Distribution with parameter y and g is denoted by ERD (8, y), with pdf and
cdf define as respectively:[2]

flx,B,y) = 2yBxe=F** (1 - e‘ﬁxz)y_1 x,a,f>0 (2)
Where y shape parameter and g scale parameter.

F(x) = (1—eF")" (3)
3. Double Weighted Exponentiated Rayleigh Distribution

In this section, we will present the pdf and cdf for Double Weighted Exponentiated Rayleigh
Distribution (DWERD).

Here, assume that the shape parameter is known as: y = 2 and suppose the double weight function is

W,(0) = X (4)
Then by substituting eq.’s (2), (3) and (4) in eq. (1) we get:

4 x2e=B* (1-e=B%)(1-e~B?)”
Zp

fWD(X; ﬂf C) =
Where
Zp = [ 4Bx? e P (1 — eF¥") (1 — e F™x*)” dx

= 4f fooo xze_ﬂxz(l - e_ﬁxz) ' (1 —2eFetx 4 e‘zﬁczxz) dx
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=4p [ x2e F¥ (1 — 20 P 4 72PN _omFx 4 20~ Bx*(c?+1) _ e~Bx*(1+2¢)) gy

= 4B fow(x e Bx? _ 2x20=Bx?(c?+1) 4 4 2,-Bx?(142¢7) _ 42,2827 4 2x2e—Bx*(c?+2) _

xze—zﬁxz(czﬂ)) dx

Now, to find the value of integration as: f0°°x e B dx

2 1
Lety=Bx2=x2=2 =x=(2) dx= dy
B () 2(8y)2
co co l
Then, foze_y 11d_’yzi3f0 :yze_yd:yzi3]"§:£n3
B ay2 262 262 2 ap?
In the same technique the other integrations are:
- 2 [ xPe P gy = S —
2(B(c2+1))?
. f0°° x2e—Bx*(2¢2+1) gy = Vr 5
4(B(2c2+1))2
- J x%e 2 dx = v
8v2p2
- 2fx e Fx*(e?+2) gy = — VT
2(,8(c2+2))E
- J x2e 2B+ gy = VT 3
8v2(B(c2+1))?
Consequently,
Zp = 4P Lﬂz_ x i r ER ﬁi"‘ i 3 - 5)
4Bz 2(B(c2+1))Z  4(B(2c2+1))2  8V2BZ  2(B(c2+2))Z  8V2(B(c2+1))2
2vm (1 1 1 1 1 1
Zp =% (-- + -—+ -
b ﬁ% <2 (c2+1)% 2(2c2+1)% w2 (c2+2)% 4\/§(c2+1)%>
Zn=i?<2ﬁ\/:l— 4x/7+13+ 1 -+ 1 3)
gz \ Y2 4y3(c2+1)Z  202c2+1)7  (c2+2)Z
Then the pdf of DWERD is given by:
2 2
) __2p2 —Bx2 —Bx2 —Bc2x2
fWD(x,ﬁ,c)—\/_TQ-xze Fri(1—e P¥") . (1 — e Fe*) (5)
Where Xx,B andc >0 ,and, Q=2ﬁ_1— e 1 e —

w2 4\/§(c2+1)% 2(2¢2+1)2  (c2+2)2
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The figure below shows the pdf of DWERD with fixed ¢=3 and different values of 3.
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FIGURE (1): f,,,of DWERD with fixed ¢ = 3 and different values of f

The figure show that pdf of DWERD increases when value of the scale parameter 8 increases.

Consequently, the cdf of DWERD is given by:
Fy,(x;B,¢c) = foxfWD(t; B,c) dt

— (2 %tze—ﬁtz 1_e—ﬁt2 1_e_ﬁC2t2 zdt
0 el

Now solving:

fox t2 (e—ﬁtz — 1)9—31:2 . (e—ﬁcztz _ 1)2 dt

Put terms over a common denominator:
S T (R S
- fox t* e_zﬁtz(eﬁtz - 1)(e_ﬁczt2 - 1)2 dt

[las s
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Now solving:

[T 62 em2P (P — 1) (eFet —1)" d
:foxe—ZBtz . (tZeﬁtz . (e_BCZtZ _ 1)2 _ tz . (e_BCZtZ _ 1)2) dt
x( 2 ,—pt2 —Bc2t? 2 2, -2pt? —Bct? 2
= te -(e —1) —t%e -(e —1))dt
0
= [((—2t2e PP 4 (2e72BI B 4 420 -BEE 4 op2e BT 2ALE . p2o2FettE2fLY
t2e~26t%)dt
=2 J‘OX tze—ﬁcztz_ﬁtzdt n f: tze—zﬁcztz_ﬁtz " fox tze_ﬁtzdt N Zfox tze_ﬁcztz_zﬁtzdt _
Jy t2em2h 2B gy — [¥i2e-2Pt gy
So, fox tZe—ﬁCth_ﬁtzdt
Integrate by parts:
u*=t, dv* = te=P’t*~Bt*

e—Bc?t?—pt?

du* =dt, v* = —

2Bc2+2PB
—t —BCZtZ—BtZ X X —BCztz—Btz
-t " _f —e—dt
2Bc2+28 |0 0 2Bc2+2p
—Bc2t%-pt?
. X e
Now solving: f; gz Ot

Substituteu=\/E-\/c2+1t=>du=\/E-\/cz+1-dt

c2uZ 2

_ J.x e C2+1 c2+1 d R - J-xZe_uZd
—Jo o /BVeZ+1(2Bc2+2p) u 2\/BVc2+1(2Bc2+2B) 70 Vr

: 2¢~u .
Now solving: f% du = (Gauss error function)

Plug in solved integrals:

—r fx 2e~u U = —Vmerf(u)
2\/BVcZ+1(2Bc2+28) "0 Vm T 2BV 1(2Bc2+2B)

Undo substitution ~ u=/B-Vc2 +1t:

_ —Vmerf(yB-Vc2+1¢t) |x
T 2/BVeEr12Bc2+2p) 10
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Plug in solved integrals:

—te~BPtP-pt? x x e-BPt?-pt? _ Nmerf(JBVcZ+1t) te~BCPt?=Bt? | x
2Bc2+28 0_f0 T 2Bc2+28 T 2/BVer+i(2pc2+2p8)  2Bc2+28 |0

_ merf(/BVcZ+1x) _xe‘ﬁcz"z‘ﬁx2
T 2/BVeZ+1(2Bc2+2p) (2Bc2+2B)

In the same technique the other integrations are:

[Ft2e-2Be? =B gy = Vierf(JBV2cZ+ix)  xe~2Bc’x?-px?
ot € T 2/BV2c2+1(4Bc?+2p) (4Bc2+2pB)

—Bx2
i fox tze_ﬁtzdt _ \/ﬁerf(\!ﬁx) _xe
47 2p

- J-x tze—ﬁcztz—zﬁtzdt _ Vrerf(,/BVcZ+2 x) B co—Bix?=2px?

- J‘x tZe—ZﬁCZtZ_zﬁtZdt _ ﬁerf(ﬁ\/?,/cz_i_lx) B xe_zlchxZ_szz
’ 2 BVCZF1(4Bc2+4p) (4Bc?+4pB)
_23x2
- fx tze—zﬁtzdt _ \/Eerf(;/is\/Ex) _ xe
’ 22B2 4B

So, the cdf of DWERD is given by:

FWD (x; ﬁ' C) =
Berf(\/BV2c2+1x) 2Berf(/BVcZ+2x) _ B erf(v2\/BVc2+1x) _ 2B erf(y/BVcZ+1x) _
V2cZ+1(4Bc2+2B)Q  Vc2+2(2Bc2+48)Q z%m(wczﬂﬁ)o Vc2+1(28c2+26)Q
erf(ﬁ\/ﬁx) + erf(\/ﬁx) 4B%xe—ﬁczx2_ﬁx2 B 4B%xe—ﬁczx2_2ﬁx2 B zﬁ%xe—zﬁczxz_ﬁxz
230 2Q Vr(2Bc2+2)Q VE(2Bc2+44)Q Vr(4Bc?+26)Q

zﬁ%xe—z/zczxz—z/zxz JBxeBx? +\/Exe—23x2

Vr(4Bc?+4B)Q VmQ 2VmQ
(6)

The figure below shows the cdf of DWERD with fixed c=3 and different values of 5.
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FIGURE (2): E,, of DWERD with fixed ¢ = 3 and different values of

The figure show that cdf of DWERD is non-creasing with increasing x.

4. Limits and mode of the function

The pdf in equation (5) is tested to see what happens when the variable x reaches 0 and infinite. as a
result, 1“‘% and lim can be obtained in the following formats:

X—>00

3

2
limy,_,o fw, (x; B, ¢) = 11m \éQ x2eB*? (1 —ﬁxz) . (1 _e—Bczxz)

=2 llrr})x e =B (1— —Bx? ) (1—e‘ﬁczx2)

_ 232 2 B2 _p2..272
limy o fiv,(x; B,¢) = llm\/_Qx e px (1—e px )-(1—9 ﬁcx)

X—00

3

2
= L i e (1) (11— )

3

\/— xlglgox e hx’ (1 — e—ﬁxz)(l —2e—Bc?x? 4 e—2ﬁc2x2)
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3
\/_ llm X e_,Bx (1 _ ze—ﬂczxz + e—Z,BCZxZ _ e—ﬁxz + Ze_ﬁxZ(CZ_l_l) . e—ﬂx2(1+2cz))
x—)OO

jf; lim (xze—ﬁxz —2x e—ﬁx2(62+1) + xze—ﬁx2(1+262) — x2e72Bx" 4 oy e—/?xz(cz+2) _
X—00

x2e—2Bx*(c? +1))

2[)’ lim x? 2x? x? x? 2x? x?

\/—Q x—>oo(eﬁx2 - eﬁx2(62+1) + eBx2(1+2c2) - e2Bx? eﬁxz(c2+2) - ezﬁxz(cz+1))

x2 x2 x2 2 2 2
\/—Q X 00 eﬁxz x—o0 eB¥2(c?+1) T Lo eﬁx2(1+202) e2Bx? eBx%(c?+2) e2Bx%(c?+1)
X—00 X—00 X— 00
ZB 2x . 4x . 2x , 4x
lim ———=— lim + —-lim——=+ lim -
T VmQ (x—wo 2BxeB**  x So0 2B(c2+1)xeB¥P (P +1) 4Bxe2Bx? 2B(c2+2)xeBx*(c?+2)
X—00 X—00

2x
m 4ﬁ(cz+1)xezﬁx2(cz+1)>

X—00
By Lhopital-rule, get: lim,_,c, fy,(x; 8,¢) =0

Consequently, the model most surely has a unique mode. Equation (5) provides the following results:
3

fWD(x B,c) = =x* e F* (1 _‘sz) . (1 — e‘ﬁczxz)z

3

lanD(x f,c) =In (\/TQXZG_BX (1 - e‘ﬁxz) . (1 — e—ﬁczx2)2>

=In (\/E > + 2lnx — Bx? + ln(l — e hx* ) + 2ln(1 - e‘Bszz)

2Bxe” P Bx? _|_4,8c2xe_'3”2"2
(1me=p%) © (1-emfex?)

2 2,2
2Bxe”Bx 4Bc2xeBcx

-2 _
== 20x + (1_e—ﬁ’x2) + (1_e—ﬁczx2)

6lanD(x;ﬁ,c) 2
T T x o A

=0

The mode of DWERD is gained by solving the above nonlinear equation with respect to x.
5. The statistical properties

In this section, drive some important statistical properties of DWERD as :

5.1 The r*®*moment

Theorem 1. The r** Moment for DWERD with w,(x) = x as follows
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~ 2 r+1 1 1 1 1 1 1
E(X") = 7 F(T+1) - — 773 T 773~ s T =i ——=3
BZ\mQ (c2+1) 2 2(14+2¢2) 2 2z (c242)2 2(2(c?2+1)) 2
r=1,2, ...
Where 0= 2V2-1  4VZ+1 n 1 4 1 i

w2 4\/§(c2+1)% 2(2c241)2  (c2+2)2
Proof:
Using eq.(5) , The r* Moment as:

E(X") = fooo x" fw, (x; B, c)dx

3

= [ xr% x2e P (1—eF¥) (1 - e‘ﬁczxz)zdx

3
= £fooo x"+2 e=FX* (1 — e=F¥*) . (1 - e‘ﬁczxz)zdx

)
E
22 poo — B2 —Ry2 _Rr242 _ 2,.2
=\/‘qu0 x"t2e P (1 — e Fx) (1 — 2e7FC°" 4 7 2B )y
3
_ 282 (® r42,-Bx? (1 _ 5,—Bc2x? —-2Bc?x% _ ,—Bx? —px?(c?+1) _ —px?(1+2c?
—\/EQfOx e (1-2e +e e + 2¢~Bx*(c*+1) e~ Bx*( ))dx

3
ﬂfw(xrne—ﬁxz oy H2o—Bx2(c241) | 42— Br2(142c2) | ,r42,-2Bx% 4
VmQ -0

Zxr+ze—ﬁx2(c2+2) _ xr+26_2[3x2(cz+1)) dx

Now,
[oe} _ 2
_ fo xr+Ze Bx dx

Let y=px* =x?=7% :>x=(—)2 = dx=—— dy

2(By)z

r+2

©(y\ 2 5 1 _ 1 e M1 1 T+1
—>f0 () e z(ﬁy)%dy ——zﬁrzﬁfo yzeVdy - —Zﬁr;ﬁr(z +1)

In the same technique the other integrations are:

i f0°° 25T +20=Bx*(c?+1) gy = ;mr (rzLl + 1)
(B(c2+1)) 2

i f0°° X T+2p=Bx2(1+2¢%) g, — ;ﬁr (T;_l + 1)
2(B(1+2c2)) 2
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- fooo xTt2e 2Bx gy = — 2 T (11 + 1)
2282 2
) fooo 2xr+ze—'8x2(c2+2)dx — ;ﬂr (TZLl + 1)
(B(c?2+2)) 2
i f0°° xT+2=2B%%(c2+1) gy — L T (“2'_1 + 1)

2(2B(c%2+1)) 2

So, the r**moment define as:

2 r+1 1 1 1 1 1 1
EX") =— F(T"‘l)[g_ 73 + 73~ s T 3 1
BzVmQ (c2+1)2 2(142c2) 2 )2 (c242)2 2(2(c?2+1)) 2
Where: Q = 221 4z + ! =+ ! 5

+2 4\/7(c2+1)% 2(2c2+1)z2 (c242)2
The prove is verified.

Now, when r = 1, we get the mean of the distribution as:

2 3 1 1 1 1

E(x) = B%\/EQ [5 T(c2+1)? | 2(142¢2)2 | (c2+2)2 2(2(02+1))2] )
when r=2

3 |1 1 1 1 1 1

(c?2+1)2 2(1+2c?)2 (2)2 (c2+42)2  2(2(c?+1))2
when r=3
3y 4 7 1 1 1 _ 1

E(X ) - B%\/FQ [16 (c2+1)3  2(142c¢2)3  (c%2+2)3 2(2(c2+1))3] (9)
when r=4

15 |1 1 1 1 1 1

p=eQ (c?2+1)2  2(1+42c¢2)z2 (2)2  (c?242)2  2(2(c?+1))2

5.2 Moment Generating Function

Theorem 2. The moment generating function of (DWERD) with w(x) = x is given by:

Mx(t) =
o t 2 i+1 1 1 1 1 1 1
Zi:lF L—F(T-I_l) 2 l'+_3+ 3 l'+_5+ 3 N
"\pzVmQ (c2+1)2 2(14+2c2) 2 )2 (c2+2)2 2(2(c%2+1)) 2
Where 0= 2\/7\/:1 4241 4 1 -+ 1 i
W2 422417 22¢24+1)2 (c2+2)Z
Proof
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Using eq. (5):

My = E(e™) = [ e™ fy, (x; B, ¢) dx
3

= fooo ptx . 2B2, x2e P (1—e P"). (1 - e‘ﬁczxz)z

VrQ
by Taylor series
0 tx | t2x? thm o tLEXYH
My = Jy (1+Z+ 54+ ) fy (B0 dx = 52202 then,
Mx(t) =
w t 2 i+1 1 1 1 1 1 1

Ziz1y; L—F(T+1) 2 mt m o ms T T —

" \BzVrQ (c2+1)2 2(1+2c2) 2 )2 (c2+2)2 2(2(c?2+1)) 2

5.3 Variance v(X)
The variance for (DWERD) defines as: v(X) = uy — (ug)?

Then by eq.’s (7) and (8) is given by:

3 |1 1 1 1 1 1
”(X)=2,TQ[;— s+ 5Tt s zl—
(c2+1)z  2(1+2c2)z  (2)2 (c?242)2  2(2(c2+1))2
4 [g 1 1 1 1 ]2 (11)
BQZ 8  (c2+1)2 = 2(1+2c2)Z2 = (c2+2)2  2(2(c2+1))2

5.4 Reliability Function R(x)
The Reliability function for DWERD defines as:
R(x) =1— Fy,(x; B, c) , then by eq. (6) we get:

Berf(y/BV2cZ+1x) | 2Berf(\/BVcZ+2x) _ B erf(v2,/BVc2Z+1x) 2B erf(\/B-Vc2+1x) _

R(x)=1-
(x) [\/262+1(4BCZ+Zﬁ)Q Vc2+2(2Bc2+4B)Q z%m(wczﬂﬁ)() Vc2+1(2Bc2+2B)Q
3 2.2 5.2 3 2,2 2 3 2.2 5.2 3 2.2 2
erf(ﬁ\/ﬁx) n erf(\/fx) 432xe—[3c x“—Bx _ 452xe—ﬁc x“=-2PBx _ 2ﬁ2xe—2,8c x“—-PBx Zﬁer_ZBC x“=2Bx _
220 2Q Vr(2Bc?+2B)Q Vr(2Bc2+4B)Q Vr(4Bc2+2p)Q Vr(4Bc2+4p)Q
—Bx2 —2,6’x2
\/Exe + \/fxe ] (12)

VrQ 2VmQ

5.5 Hazard Function H(x)

Hazard function for DWERD is defines as:
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_ f Wp (x ;B 'C)
H(x) = T

Then by eq.’s (5) and (12) we get:

H(x) = 262 | 2p=Pa? (1- e~ Bx* ) (1- e‘ﬁcz"z)2

N
1— Berf(\/BV2cZ+1x) 2B erf(\/BVcZ+2x) _ B erf(vV2y/BVc2+1x) _ 2B erf(\/[BVcZ+1x) _
[VZc2+1(4ﬂc2+2ﬁ)Q VeZ+2(2Bc?+46)Q z%m(4ﬁc2+4mg Ve2+1(2Bc%+2B)Q
3 5,22 n02 3 522 n2 3 2.2 .2
erf(v2,/Bx) | erf(Bx) . 4Bzxe B x"-Bx _ 4B2xeBeTx"—2Bx"  ypaxe=2BCTx"-px
230 2Q Vr(2Bc2+2p)Q Vr(2Bc2+4p)Q Vr(4pc?+2p)Q
-1
Zﬁgxe—zﬁczxz—zﬁxz \/Exe—ﬁxz \/Exe—zﬁxz
waprape | vme T 2V7Q
5.6 Reverse Hazard Function ¢(x)
Reverse Hazard function for DWERD is defines as:
_ fWD(X;ﬁJC)
o) = s
Then by eq.’s (5) and (6) is given by:
3
p(x) = x2 —,Bx (1 _ —,Bx )(1 _ e—ﬁczxz)
Berf(\/[B-V2cZ+1x) n 2Berf(/BVc2+2 %) _ B erf(v2,/BVc2+1x) _ 2B erf(\/BVcZ+1x) _
V2cZ+1(4Bc?2+26)Q  Vc2+2(2Bc2+48)Q z%m(ztﬁczﬂﬁ)q Ve2+1(2Bc2+28)Q
3 _s2.2_p.2 3 2.2 ,p.2 3 h2.2_p.2
erf(v2y/Bx) | erf(JBx) | 4B2xe B x"—hx" 4p2xe P X"-2Bx"  gpaxe-2hcTx"—px
230 2Q Vr(2Bc?+2)Q VE(2Bc?+46)Q Vr(4Bc?+2[)Q
-1
Zﬁ%xe—zﬁczxz—zﬁxz 3 \/Exe—ﬁxz 4 \/er—zﬁxz
Vr(4fc?+4p)Q VrQ 2VmQ
5.7 The Coefficients

- The Coefficient of Variation

The Coefficient of VVariation for DWERD defines as: CV = E

Then by eq.’s (7) and (11) is given by:

3 1 1 1 1 1 1 4 3 1
CVZ<_[__ s+ s ——% t 5 sl_ [__

2pQ (2+1)z  2(1+2¢2)2 ()2 (c2+2)z  2(2(c?+1))z) P I8 (c2+1)?

1

1 1 1 ]2 z
2(1+2c2)2  (c2+2)2  2(2(c2+1))2
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-1
2 [3 1 1 1 1
<ﬁ%\/EQ [E T (c2+1)? + 2(1+42c2)2 + (c2+2)2 2(2(c2+1))2]>

- The Coefficient of Skewness

The Coefficient of Skewness for DWERD defines as:

cS=E (X;u)3 _EG-p?® _ps

o3 o3

Hs = E(X®) = 3u E(X?) + 3u”E(X) — ii®

Then by eq.’s (7), (8), (9), and (11) the CS is given by:

cs = 2 [l_ 1 1 1 1 ] B
- B%\/EQ 16 (c24+1)3  2(1+2¢2)3  (c242)3  2(2(c2+1))3
9 [i 1 1 1 1 ] _
B%\/EQZ 8  (c2+1)2 ' 2(1+2¢2)2 ' (c2+2)2  2(2(c2+1))2
1 1 1 1 1 1
ARSI
(c2+1)z  2(1+2c¢2)z  (2)2  (c?2+42)z  2(2(c?2+1))z
16 [i 1 1 1 1 ]3 _
B%T%Qg, 8  (c2+1)2  2(1+2¢2)2  (c2+2)2  2(2(c2+1))?
3 |1 1 1 1 1 1 4 I3 1 1
— [-- + - —+ — — [— — + —+
<ZBQ lz (c2+1)g 2(1+2c2)§ (2)% (c2+2)% z(z(czﬂ))%l BnQZ 18  (c2+1)2 2(1+2c2)2

-3

1 1 2\2
(c2+2)2 2(2(c2+1))2]
- The Coefficient of Kurtosis
The Coefficient of Kurtosis for DWERD is given by:

CK =t _3

T (02)2

1= E(X*) — 4p E(X®) + 6p*E(X?) — 4p°E(X) + p*

Then by eq.’s (7), (8), (9), (10) and (11) the CK is given by:

15 |1 1 1 1 1 1
CK =7 [5‘ 7+ 7=t 7~ zl
Bse (c2+1)2  2(1+2¢3)z (22  (c?+2)2  2(2(c%2+1))2
32 [i 1 1 1 1 ] _
B?mQ2 18  (c?2+1)2 = 2(142c2)?2  (c2+2)2  2(2(c%+1))?
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[l 1 1 1 1 ] n

16  (c2+1)3  2(1+2c2)3 (c2+2)3  2(2(c2+1))3

36 [g 1 1 1 1 ]2 _
B2npQ3 18  (c?2+1)2 = 2(1+2c?%)2 (c2+2)2  2(2(c%2+1))?
ll - : 5 + : 5 L7 + : 5 : 5] —

(c2+1)z  2(1+42c¢2)z  (2)2  (c?2+2)z  2(2(c%+1)2

48 [3 1 1 1 1 ]4 _
B2m2Q4 18  (c2+1)2 * 2(1+2c?)2  (c2+42)2  2(2(c2+1))2

3 |1 1 1 1 1 4 [3 1

— |=— + —-—+ — - [— — +
<ZBQ [2 (c2+1); 2(1+2c2)§ (2)% (c2+2)§ 2(2(c2+1))§l prQ? I8 (c?+1)2

-2
1 1 1 ]2 _3
2(142c¢2)2  (c2+2)2 2(2(c2+1))2
6. Estimation of the scale parameter
In this section, estimating the unknown scale parameter 8 of the (DWERD) by two methods as:

6.1 Method of moments (MOM)

The moments of the distribution and the moments of the samples must be equal in order to determine
the moment estimates for 5, by eq.(7) we get:

S 2 3 1 1 1 1
X = B30 [E @ T 2arzenz Y @@ 2(2(c2+1))2]

Then by solving the equation above, we get:

A 3 1 1 1

Buom = (2 [E T (c2+1)? + 2(1+2¢2)2 + (c2+2)2 2(2(c2+1))2] (X\/_Q) ) (13)
Where c is constant.

6.2. Maximum Likelihood Method (MLE)

Take into consideration the size n random sample, x5,..., x,,) for the DWERD with parameter g, then the
likelihood function of eq. (5) given by:

3

wa (X; 0, C) = ?:1 (jgz . Xze_BXZ(l —BX ) (1 —BCZXZ) )

= () ®F - (M) - e P B [, (1 = e P I, (1 - e P

Inl=nlin (\/E ) —lnﬁ 43 Inx - BYE xR, In(1- e—ﬁxiz) +23, In(1- e—ﬁczxiz)
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2 2.2
alnl 3n n xlze_ﬁxi n c2x;2e~BC i
aB Z 1xl +Z e‘ﬁxiz + 22[:1 1—e_BCin2
2 2,2
3n n xlze_ﬁxi n CxZePerxit
= _ Z -1 xl + Z T + 2 21':1 1_e—BC2xi2_ =0 (14)

To find B,z from non- linear equation (14) must be solved by one of the numerical methods.
7. Simulation

Because of the advantages that come from using simulation method to generate a particular distribution
of data, in order to find the best estimate of the parameter g for this distribution, is a worthwhile
approach because repeating the experiment by changing the inputs given each time provides a detailed
explanation and is essential for the nature of the mathematical process used [1].

7.1. Experimentation phase of the simulation

There are three basic phases, and the following stages are used to estimate the unknown scale parameter
for DWERD: [1]

First stage: Using simulation, create a certain data distribution. The outcome of numerical experiments is
shown here, based on Monte Carlo in MATLAB (2018a ) the performance of the two estimators with
sample size (n=10, 50, 100), the parameter default values (8 = 2,3,5), as well as(c = 2, 3) with
replicated (y» =1000) time by using equations (13) and the solving of eq. (14)

Second stage: In this stage, we generated DWERD data depend on equation (6) as following:

Assume that U = F, (x) ,where U is a Uniformly distributed random variable on the interval (0,1)
. Since K, (x) is nonlinear function and by utilize Newton Raphson method to solve the following
equation by find the root of it, thenF,,  (x)-U=0

— (ﬁerf(\/ﬁ-\/2c2+1 x) | 2Berf(yBVcZ+2x)  Berf(v2yBVcZ+1x)  2Berf(yBVcZ+1x) erf(vV2y/Bx) n
V2c2+1(4fc2+2B)Q  Vc2+2(2Bc2+4B)Q 2%m(4ﬁc2+4ﬁ)0 Ve2+1(2Bc2+26)Q Z%Q
erf(\/ﬁx) 4ﬁ%xe—ﬁc2x2—ﬁx2 4-,B%xe—'8¢2x2_2'8x2 Zﬁ%xe—zﬁczxz—ﬁxz + ZB%xe—ZBczxz—zﬁxz \/Exe_ﬁxz
2Q Vr(2Bc2+2B)Q Vr(2Bc?+4p)Q Vr(aBc?+2p)Q Vr(4Bc2+4B)Q VrQ
JBxe? _
2\/_D )
Where:Q=2ﬁ\/:1— 4x/§+13+ 1 -+ 13
W2 4322 +1)Z 2(2¢241)2 (c242)2

Third stage: In this stage, two estimators for the scale parameter are compared using the Mean Square
Error (MSE) criteria as follows:

MSE(B) = 23,(8 - B)°
7.2. Simulation Results
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This section shows how the simulation estimation method works in obtaining the best estimates for scale

parameter disputes between the estimator’s values based on comparison criteria; the MSE values are
shown in tables (1) and (2).

Table (1) MSE values of scale parameter 8 when ¢ = 2 for DWERD

B=2
Method MOM MLE Best
n=10 0.197713 0.203195 MOM
n =750 0.033635 0.034021 MOM
n =100 0.016662 0.017804 MOM
B=3
Method MOM MLE Best
n=10 0.434725 0.468557 MOM
n =750 0.075436 0.081128 MOM
n =100 0.036089 0.037314 MOM
B=5
Method MOM MLE Best
n =10 1.346009 1.402081 MOM
n =750 0.213505 0.223571 MOM
n =100 0.102643 0.106105 MOM

Table (2) MSE values of scale parameter g when ¢ = 3 for DWERD

p=2
Method MOM MLE Best
n=10 0.162677 0.193154 MOM
n =750 0.030466 0.040004 MOM
n =100 0.015556 0.024821 MOM
B=3
Method MOM MLE Best
n=10 0.419124 0.491982 MOM
n =250 0.070034 0.095835 MOM
n =100 0.034874 0.051789 MOM
B=5
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Method MOM MLE Best
n=10 1.127455 1.347771 MOM
n =50 0.206806 0.288922 MOM
n =100 0.094867 0.139222 MOM

7.3. Analysis of Results

The results of simulation in tables (1) and (2) show that:

1- When the sample size is increased, the MSE values are small and positively decrease, according to the
results of using the DWERD distribution, this is consistent with the statistical theory.

2-While the results of the two methods (MOM and MLE) when compared, MOM generally produces the
best results in all sample size because it has lower MSE from the MLE method.
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