Journal of Education for Pure Science- University of Thi-Qar
Vol.10, No.1 (March., 2020)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq

DOI: http://doi.org/10.32792/utq.jceps.10.01.011

On Fuzzy SBA-Ideal of AB-Algebra

Lecture Showq Mohammed.E !, Lecture Alaa Saleh Abed 2

12Faculty of Education for Girls, Department of Mathematics, University of kufa, Najaf, Iraq

Received 1/7/2019  Accepted 27/8/2019 Published 20/1/2020

—G)
@ B This work is licensed under a Creative Commons Attribution 4.0 International
License.

Abstract:
In this paper, we introduce and study ideal in AB- Algebra, it is called SBA-ideal, we give some

examples, properties and theorems about it .Also,we study the direct product of SBA-ideals finaly, we
introduce and study fuzzy SBA —ideal of AB-Algebra.
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Introducing:

The notion of fuzzy subsets was defined by Zadeh in 1965 [7]. Then Y. Imai and K. Iseki introduced
two classes of abstract algebras were BCK-algebras and BCI-algebras [5,6]. After that several papers have
been published by mathematicians to defined the classical mathematical concepts and fuzzy mathematical
concepts. In 2018 A.T. Hameed introduced a new notion, called a AB- algebra [1,2].

In this paper we itemized the ideas as we talk about in the abstract.

1-Preliminaries;
Definition (1.1) [7];
Let ¢ be anon- empty set a mapping u: ¢ — [0,1] is named a fuzzy subset of (.

Definition (1.2) [7];
Let V be a fuzzy subset of o . If V (y)=0 forevery Yyegp then V isnamed empty fuzzy set .

Definition (1.3) [3];
Let V,0 be two fuzzy sets of set AB-Algebra (¢;e,0) Then :

1-(V[)&)(x) = min {V(X),8(X)} , Vx € p 2~ (V| JO)(x) =max {V(x),0(X)}, Vx € .
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Definition (1.4) [2];

An AB-algebra is a nonempty set o with a constant 0 and a binary operation e satisfying three axioms:
1-((xey)e(zey))e(xez)=0,VX,y,z€p

2—0ex=0 ,VX €

3—xe0=X

Definition (1.5) [1];
A non-empty subset I of an AB-algebra (;e,0)is named an AB-ideal of ¢ if the following two

conditions are hold :
1-0el

2—(xey)ezel andyel—>xezel,VX,y,Zep.

Proposition (1.6) [1];
Let { I, |, bea family of AB-ideals of AB-algebra ((;e,0) then ﬂIj is an AB-ideal of .

jeh

Proposition (1.7) [2]:
Let { I, },, beafamily of AB-idealsof AB-algebra (;,0) where I, I

Vjeh then [JI,

jeh

j+12

is AB-ideal of .

Definition (1.8) [2]:
Let (g;9,0)and (G;e',0") be two AB-algebras .A homomorphism from g into G is a mapping

f :(0,0) > (G;o',0") such that f(xey)=f(x)e' f(y) Vx,yep. The set ker ( f )= {xe X [f(x)=0}
is called the kernel of f .

Definition (1.9) [1]:
Let I be an AB-ideal of AB-algebra o .Given X € ,the equivalence calss [X], of  is defined as

the set of all element of g that are quivalent to x that [X], ={y€ @: x~y},we define the set 5% ={

[X]; : X € o} and a binary operation () on % by[X], ¢ [Y] =[X-Y]

Definition (1.10) [1]:
Let f :(;0,0)— (50/ ;0',0") be an outo homomorphism, I be an AB-ideal of AB-algebra ¢o. Then f

is named the natural AB- homomorphism of ¢ onto 5% if f(x)=[x],, VX € gp.

Definition (1.11) [2]:
A fuzzy subset V of AB-algebra g is known fuzzy AB- ideal of g if satifies the following:
1-V(0)=V(X), Vxegp
2-V(xez)>min{V((Xxey)ez),V(Yy)},VX,Y,Z € .
Theorem (1.12) [2]:
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Let V be a fuzzy subset of AB-algebra ¢ . Then V is a fuzzy AB- ideal of ¢ if and only if ,
Vi1e[0,1],V, then either empty or an AB-ideal of (o .
Definition (1.13) [4]:
Let V be a fuzzy subset of a set g . For any te[0,1], the set
V.=U(V,1)={ Xep : V(X)=t } is called a level set (upper level cut) of V.
Theorem (1.14) [2]:
Let (;0,0) and (G;e',0") be two AB-algebras and @ : (g;e,0) — (G;#',0") be an onto homomorphism .
Then if Visa fuzzy AB -ideal of @, then @(V)is a fuzzy AB -ideal of G.
Definition (1.15) [9]:
Let V be a fuzzy ideal of o and f :(g;,0) > (G;e',0") then we called V is f-invariant if and only if
forall z,yegp , f(z)=f(y) implies V (z)=V (y).
Definition (1.16) [ 8]:
Let {V,, ¢ €@} be a family of fuzzy subsets of a set ¢ . Define the fuzzy subset of ¢ (intersection)

by: ﬂVE(X)=£r€1£{V€(X)},Vxego ,define the fuzzy subset of (union) by

cew

V. () =sup{V,(x),vx € p.

cem cem

2-Mean Results:
In this section we introduce the notion SBA-ideal of AB- algebra @. We will discuse proposition about

the image of it under onto homomorphism.
Definition (2.1):
An AB- ideal S of AB- algebra g is named SBA-ideal if it satisfies two conditions : for all a,m e g
1-0e8S,
2—aeSnAnaemeS —>ae(mea)ecS.
Example (2.2):
Consider AB-algebra =1{0,1,2,3,4,5} thatis defined by following table:

. 0 1 2 3 4 5
0 0 1 2 3 4 5
1 1 0 0 0 0 1
2 2 2 0 0 1 1
3 3 2 1 0 1 1
4 4 4 4 4 0 1
5 5 5 5 5 5 0

Let S={0,1,2}, then S is SBA-ideal of (.
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Theorem (2.3):

Let{s, : j en }beafamily of SBA-ideals of AB-algebra ¢ , then ﬂ S; isan SBA-ideal of AB-algebra
ieh
.
Proof
Since S; Vjeh is SBA-ideal —S; Vjeh is an ideal that means ﬂ S; is an ideal by using

jeh
Proposition (1.7) and 0 € ﬂ S; .
jen

Let a,meg such thataeﬂ S, aomeﬂ S; this implies a,meac$;, Vjehn .amd we have

jen jen

S, Vjeh is SBA-ideal of gthen ae(mea)eS; Vjen,we get aO(moa)eﬂ S Thusﬂ S

jeh jeh

j
is SBA-ideal.

Theorem (2.4):
Let { s; },., beachian of SBA-ideals of @ where S, =S, ,, Vjen ,then USj is SBA-ideal ¢

jeh

Proof

Let { s; },_, beachain of SBA-ideal of o — US i is anideal of @by using Proposition (1.7)and

ieh
Oe USJ-.

jeh

Let a,mego,anSj /\aomeUSj, then there exists, e { S, }jeh such that

jen jeh

aeS, raemeS, = ae(mea)eS,.Since ideal of -is SBA S,

—ae(mea)e USj = USJ- is SBA-ideal of

ieh ieh

Theorem (2.5):
Let ¢ : (¢,,2,0) > (¢,,9',0") be an AB- onto homomorphism , S be SBA-ideal of g, then is {(S)
SBA —ideal of g, .

Proof

Let S be a SBA-ideal of ¢, we have {(S)={({(i1):1 €S} is an ideal of 2. To prove —is SBA £'(S)
ideal .
let 0'ed(S) ,{(a)ed(S) ,{(a)ed(m)ed(S) then £(a) e (S) nf(aem)ed(S)=
aeS and aemeS— ae(mea)eSsince S is SBA-ideal of g,
thus {(ae(mea))e(S)
g(a)e'(g(mye'd(a)) e (S)
Then £(S) is SBA —ideal of g, .
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Proposition (2.6):
Let £ :(,,8,0) = (§,,0',0") be an AB- outo homomorphism, £ be SBA-ideal of g, ,then ¢™'(X)

ker& < ¢7(£) ,where ¢, 1deal of —is SBA
Proof

Let Zisa SBA —ideal of ¢, and (L) =1{aep, :£(a)e L} is an ideal of §, ,since
0" e £, we have

£0)=0ed ().

Letael (L raemel (L)

—>{(a),{(aem)e L
Since £ is SBA-ideal of @,

f@e'g(me'f(ae L

f(as(mea))e £ ¢ '(S(ae(mea))ed (L)

—ae(mea)el (L)

¢'(£)is SBA —ideal of g, .

Proposition (2.7):
Let { o, },., a family of AB- algebras and S; be a SBA —ideal of ; vjen then JS,be SBA -

jen

ideal of direct product [ ¢, .WhereHng ={(X;):X; € ;,Vjehj.

jen jen
Proof
Leta;,m e]]e,

jeh
Ifajel_[Sj ,ajomjeHSj
jeh jeh
Then a; €S; ,a;em; €S,
S; isSBA-idealof o, Vjeh

J
—>a; e(m; oaj)eSJ—
a;e(meae]] s,
jen

] [, 1deal of -is SBA thus [ ] S;

jeh jen

Proposition (2.8):
Assume 3 be a normal subalgebra of AB —algebra . If S isa SBA —ideal of J , then % is SBA-ideal

of%.

Proof

Let Sisa SBA —ideal, that means S is an ideal of o = S/S is an ideal of % .
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Then [0], €S = since 0 € S

§ S
Let[a],[m], 4 ,So[aly,[al, o [m], e 54
S
Then [a],.[a e m], € $/4
Thus [a]; e%/\ [meal, ES/S:>a€SAaOmES ,but Sis SBA -ideal _
thenae(mea) e S.It followes [ae(mea)], =[a]; e([m]; e[a];) e S/S

S . s
Hence A; 1s SBA -1ideal of

Theorem (2.9):
If ¢ :(,,9,0) > (§¢,,9,0))be a hommorphism from commutative AB-algebra ¢, into AB-algebra
0, .then ker (&) is a SBA-ideal of #1 .
Proof
¢0)=0
Letaeker({)Aaemeker(d) ,Va,me p,
then(a)=0"A {(aom) =0
f(a)el(mea)=0"e (mea)=0" byusingdef AB - Algebra(2)
So {(ae(mea))=0
ae(mea)eker(d)
Thus ker (&) is a SBA-ideal of #1 .

3-Fuzzy SBA-Ideal:
In this section, we introduce the concept of a fuzzy SBA-ideal of AB- algebra 0. We will discuse

proposition about its the image of it under onto homomorphism.
Definition (3.1):
A fuzzy ideal V of AB-algebra ¢ is named a fuzzy SBA —ideal and denoted it by F-SBA -ideal of

g if Yamep V(ae(mea))=>min{V(a),V(aem)}

Example (3.2):
Let o =1{0,&,7,0} be a set with the accompanying table:
e 0 ¢ 1 0
0 0 0 0 O
E ¢ 0 0 O
T 7 ¢ 0 0
o o0 1t 1 0

Then (,,0)is an AB-algebra and defined fuzzy set V: o —[0,1] ,when

1 ,x=0
V= is F-SBA -ideal of
{0.5 ,X =1&,7,0} ' ideal ot @
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Theorem (3.3):

Let S be a SBA —ideal on g, V be a fuzzy subset of AB-algebra g .For 7€ (0,1), there exists a F-SBA
-ideal of g such that V, =S

Proof

Let 1€(0,]) , defined V:ip—[0,1] by V@)=t if aeS andV(a)=0whenag$S
,V,={aep:V(@)2i} =V, ={aep:V(@)=1}=S ,suppose V is not F-SBA -ideal of @
aeS,aemeS >ae(mea)eS

—>V(a)=1 and ,V(aem) =1 then we have

V(ae(mea))<min{V(a),V(aem)

—1<min {51}

ideal-Since S is SBA, V(ae(mea))<min{V(a),V(aem)

—>1=51
This is contradiction V is F-SBA -ideal of g

Theorem (3.4):
Let V be a fuzzy subset of an AB-algebra ¢ ,and V is a F-SBA -ideal of ¢ Then V.is SBA -ideal

of @ .where V. ={x e g|V(x)=V(0)}.
Proof

Let a,me g such that a,aemeV,,V(a)=V(0),V(aem)=V(0)
sinceV is F-SBA -ideal of ¢
V(ae(mea))>min{V(a),V(aem)}
V(ae(mea))=V(0)=ae(mea)eV.
Then V., SBA -ideal of g@.

Proposition (3.5):

Let Vbe F-SBA -ideal of AB- algebrao,then V, is SBA -ideal for :<[0,V(0)]
Proof

By using definition V,we have V, ={rep:V(r)=2i},Vamep,aecV, ,aemeV,
V(a)>:V(aem) =1 since V is F-SBA -ideal of g that mean
V(ae(mea))>min{V(a),V(aem)} >t
thenae(mea)eV,
V,is SBA -ideal of .

proposition (3.6):
Let ¢ :(¢,,9,0) > (¢,.9,0) be an onto homomorphism,let V be a fuzzy ideal of a
¢, .For 1€[0,V(0)]if V, is SBA -ideal of ¢, ,then {(V,)is SBA -ideal of g, .

Proof
By using Theorem (2.5) we can prove that ¢ (V,) is SBA -ideal of g, obviously .
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Proposition (3.7):

Let ¢ :(g,,2,0) > (¢,,%',0))be an onto homomorphism, it is f-invaiant , then V is F- SBA -ideal of
¢, if and only if ¢ '(V) is F- SBA -ideal of g, .
Proof —

Suppose that V is a F- SBA -ideal of g,
¢ (V)@ =V({(a))and
g (V)@em)=V({ (aem))
=V({(ae(mea)))>min{V({(a)),V({(aem))}
then ¢~'(V)(@ae(mea))>min{¢ ' (V)(@),d '(V)(@aem)}
So ¢, ideal of -SBA -isF ¢
_Proof <
Assume that ¢ ' (V)is F- SBA -ideal of o, Hlet

{(a),d(@aesmep,, Va, a,mep,

V(d(a)e' (g(m)e'{(a)))=V(4(ae(m ea)))
=¢(V)(@e(mea))> min{d " (V)@),d '(V)(@aem)}
Since ¢ (V) is F- SBA -ideal of ¢,

V(g (@) ({(m)e'd(a)))=min{V({(a)),V({(aem))}

So ¢ is SBA -ideal of p,.

Theorem (3.8):

Let {V,},., be a family of F- SBA —ideals of ¢ ,then (|V, is F-SBA —ideal g .
Proof
Let a,me g,

ﬂvg(a e(mea)))=inf{V_(ae(mea))}by Definition(1.16)

inf{V, (ae(mea))}=>inf{min{V_(a),V (aem)}},sinceV, isF-SBA -ideal

=min{inf{V(a)},inf {V,(@aem)}}=min{("|V,(a),(|V,(@em)}

€W €W

then |V, (ae(mea))>min{[|V,(a),[ |V,(aem)}

Eew cew cew

Hence [V, F-SBA —ideal of g

g€

Theorem (3.9):
Let {V,},.,bea chain of F- SBA —ideal o ,then  JV, is F- SBA —ideal ¢ .

cew

EEW

Proof
Let a,m e g, such that
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V. (@e(mea)))=sup{V, (ae(mea))by Definition(1.16)

cew EEW

sup{V_ (ae(mea))=sup{min{V (a),V (aem)}},sinceV, is F-SBA -ideal

Eew E€wW

= min{sup{V,(a)},sup{V,(@aem)}}=min{| JV (a), JV,(@em)}

cew scwm cew cew

= | JV.(@ae(mea))>min{ JV,(a),[ JV,(@em)}.

cew cew cew

So UVE is F-SBA -ideal.

E€ew

Theorem (3.10):
Let V be a fuzzy subset of AB-ideal of @ ,then Vis a F-SBA-ideal iff V" is a F-SBA-ideal of .

Proof
Let a,me g,
%

Vi(ae(mea))=V(ae(mea))—V(0)+1

sinceVis F-SBA -ideal we have
=V(ae(mea))>min{V(a),V(aem)}
=V'(ae(mea))>min{V(a),V(aem)}—-V(0)+1
=min{V(a) - V(0)+1,V(aem)—V(0)+1}

=min{V (a),V (aem)}

V’is F-SBA-ideal.

« by using deafination V"
Vi(ae(mea))=V(ae(mea))—V(0)+1

since V" is F - SBA -ideal we have
Vi(ae(mea))>min{V (a),V (aem)}
V(ae(mea))—V(0)+1=min{V(a)—V(0)+1,V(aem)—V(0)+1}
V(ae(mea))—V(0)+1=min{V(a),V(aem)}—V(0)+1
V(ae(mea))>min{V(a),V(aem)}

=min{V'(a),V (aem)}

V is F-SBA- ideal.
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