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Abstract.
In this study, we construct the fuzzy soft rectangular b-metric space first, and then define the fuzzy soft

convergence sequence, also known as the fuzzy soft Cauchy sequence, in this space. In addition, we defined
fuzzy soft contraction mapping and proved its fixed point in fuzzy soft rectangular b-metric space.
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1- Introduction
Fuzzy set theory, developed by Zadeh [1]as well as the theory of soft sets, developed by Molodtsov [2], are
categories of mathematical instruments that may be used to deal with uncertainties and aid with difficulties
in a variety of fields. One of the most important tools is fixed point theory in many scientific fields,
including the advancement of nonlinear analysis, engineering, computer science, and economics. B-metric
space was first presented by Back htin[3]in 1989. Czer wik [4]expanded the b-metric spaces results in 1993.
Branciari [5]first proposed the idea of a rectangle metric space in 2000, replacing the triangle inequality of a
metric space with a different inequality known as the "rectangular inequality." The idea of rectangular b-
metric space, which generalizes the concepts of metric space, rectangle metric space, and b-metric space,
was introduced in [6]by George et al.
Maji et al. [7], [8] presented a number of soft set operations, Sonam, et al. in [9] presented fixed point in Soft
Rectangular B-metric Space, while Biswas and Roy [8] came up with the term fuzzy soft sets As an
extension of soft metric space, Bea ula et al. [10] recently developed the idea of fuzzy soft metric space.

In this article, we introduce the definition of fuzzy soft rectangular b- metric space and defined some
concepts in this space After that, we established fuzzy,soft contractive mappings on fuzzy soft rectangular
b- metric.spaces and proved some fuzzy-soft contractive mapping fixed.point theorems.

2.Basic definitions
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Let us begin with some basic definitions. U refers to an initial universe throughout this work, and IV be the
family of all fuzzy sets over U .

Definition (2.1),[1]:

The fuzzy set X under a universal set U is a set describe by function of membership ug: U - I,where | =
[0,1] and X an ordered pair collection defined by X = { (u , ﬂg(u)) tu €U ,uz(u) €1 } , Where
gz (w) is namely degree membership of uin X .

Definition (2.2),[2]:

Assume that U is an universal set, E is a set of parameters, and A € E. So the pair (G,A) is soft set
under U and defined as aset G, = { (e, G, (e)): e €E, G4(e) € P(U)}, such that G a mapping provided as
G:A - P (U)and P (U) is a power set of U.

Definition (2.3),[8]:
A set (G, A) is refer to be fuzzy soft set over U , whenever G is mapping G: A > IV and {G(e) € IV : e €
A} The collection of all fuzzy soft set , is symbolized by F_ (U) and fuzzy soft in short denoted by F .

Definition (2.4),[11]:

AF_ —set(G,A) overauniversal set U is namely .
1) A set of absolute F__ — set, represented by Cy , if u G(e) = 1 foreache € A.
2) Anull F__ — set, symbolized by @ ,ifforalle € A, wehaveu G(e) = 0.

Definition (2.5), [9]:
Let (G1,A) and (G2, B) be two F__ — sets over a common universal set U, Then
(1) (G1,A) is said to be a F_ — subset of (G,,B) if A € B, and G, (e) € G, (e) thatis uG,(e) <
uG,(e) foralle € A. Wewrite  (G;,A) € (G,,B).
(2) The two F_ — sets (G1,A) and (Gz,B) are said to be equal F_ —set , and denoted by

(gl ,A) = (QZ 'B): lf(gl 'A) g (gz ,B) and (92 ,B) § (gl 'A)

Definition (2.6),[12]:

Consider the F__ — sets (G, B) and (G , A) over the same universal set U, then
1)(6,,AU(G,,B) = (G3,C),where B UA=Candforalle € C,u € U
UG (e)(w),ife eA—B,u €U

HG3 @(w) = 1 G, (e)(w,ife eEB-—A,u €U
max[u Gy (e)(w),u G, (e)(w)],ife €eAnB,u €U
2)(6:,A)A(G,,B)=(G3,C),whereC = A U Bandforall€ C,
UG (e)w,ife eA—B,u €U
HG3 @)= tG(e)w),ife eB-—A,u €l
min[u G ()W), u G, ()W), if e EANB,u €.
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Definition(2.7), [8]:
The complement of a F__ — set (G, A) symbolized by (G,A4)¢ = (G*,A), where G¢: E — IV
is a map defined by u G¢ (e) = 1 — uG(e) foralle € A C E.

Definition( 2.8),[12]:
The F_  —set (G, A) over U is called F_ — point and symbolized by Uy, »ife € Aandu € Us

_{ oifu = uy; € Uande = ¢, € A,
Hg@ Tloifu € U — {uy}ore € A — {e,},wherea € (0,1]

Definition (2.9), ([7],[13], [12]):
Let ulﬂ 6en Y g o and uzﬂ ¢ (e ATC three F__ — points over common universal set U and (G, ,4) F_ —
set then:
1. The F  — pointu . is said to belongs to (G; , A) if for the elemente € A, wehave G (e) S Gi(e) .
And denoted by u ;. € (G,,4).
2. uty ooy and u?, 4epy OVET @ common universal set U are considered equal if ul=u? e =e,
and g ) = K (er)-
3. The ¥ — point U ge o is called complement F ;; — pointof F_. — point Upe o if for e € A and

u€evu
_{1— UGy ,ifu=uy € Uande = ¢, € A
Hgce 0,ifu € U— {uylore € A — {eg}

Definition (2.10), [14]:
Consider the set of all real integers R, where E is a parameter set,
B(R
AC Eand F @ be the set of all non-empty bounded Fuzzy subsets of R, then (R, A) namely F__ — real
B(R
set over R and is defined as a set of Ry = {(e,Rs(e)):e € A,Ry(e) € F ( )} , where R is a mapping

B(R
provideas R: A —> F ® . A is referred to as the support of R, .

Definition (2.11), [14]:

Let(R, A) is namely a F__ — real number in R, with describe as (7, A) (shortly 7) , whenever is a singleton

F — real set, such as R (A) represent the set of each F__ — real values and ]R+ (A) represents the collection

of all F__ — real values that are not negative.

Definition (2.12), [15]:
Let Fgs(U) be the family of all a nonempty F__ — set over U, a F__ — metric space is a pair (Fss(U), d),

where d : Fes(U) X Fes(U) - R (A) be a function satisfy the following statements for all
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1 2 3 =
u MG (e1) »u Hg (e3)’ u Hg (e3) € :}:;S(U)

5 (.1 2
(l)d (u Hg (e1) U “9(52))

M

0,

@d (ulugwl) U g (e ) =0 ifandonlyif uly ., = u’y .,
3 d (ull‘g(el) 'uzﬂg(ez))E d ( uz#Q(@z)'ul‘ug(el)) and

4 d (ulug(el) 'ugﬂg(ey ) =

d Wy Wogey) + d (S 'ugug@g))'

Definition (2.13),[16]:

Let (F,s(U,),E;) and (F;(U, ) ,E, ) be two Fys — sets, respectively. If T: U; » U,andp : E; - E,
are both mappings, where E; and E, are the parameter sets for the over a universal sets U; and U,,
respectively. then the mapping

Ty = (T,9): (Fss(Uy) ,Ey ) = (Fs(Uz ), E; ) is Known as Fyg — mapping.

Definition (2.14), [16]:

Let the two Fys — set (G, ,4;) € Fi(U; ) and (G, ,A,) € F,o(U, ) when A; € E4, A, € E, and let

Ty = (T,): (Fs(Uy) ,E1) » (Fs(Uy) ,E; ) be Fyy — mapping.

(1) The image of ( G1 ,Al) under a F;; — mapping Ty denoted by Tl/)(( G1 ,Al)) , is the Fgg — set on U, for

all y € U, , B € Y(E;) € E,and x € Uy, e € E; defined by
GxeT‘l(y) ( Ge eEY (BN A, Gi1(e) ) x)
Ty (( 91 'Al)) B = iFT~1(y) £0,v"1(B) =0,

0, otherwise .

-1 G:(¥(e) )T (x)), for(e) € A; S E,
@ TP7((G2, A2))(e) (x){ 0, otherwise . '
3.1 F,, — Rectangle b-Metric Space.
In this section, we will present some definitions and lemmas in F;; — rectangle b-metric space, such as
convergent sequences, Cauchy sequence and Fss — open ball.

Take a non-null set U and non-null collection of parameters E. Consider C, as an absolute Fy; — set and
a group of a Fy —points of C, be signified as Fy(Cp). Also, the collection of non-negative
Fys —real-numbers is signified as RT(E) and [0, ©)E indicates all F,; — real numbers in the interval
[0, ). Then the F;; —Rectangular b-Metric space using the F;; —points is defined as below :

Any map D ¢ Fis(Ca) X Fi(Cp) — RY(E) to be claimed as a  Fyg —Rectangular b-Metric
over F.,, —set C, with coefficient S > 1 condition to the following are fulfilled:

(1) Dg rb( W e U g ey ) = 0forall

P =
1
u MG (eq) 4 Hg (e2) € :FSS(CA)'
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(2) Dtsrp ( ul o ey u? g (ey) > = Oifand only if

W = % o, forall 1 oo U2 e ey € Fas(Ca)
(3) Dtsrb ( u? T u’ HG (e2) ) = Drsrp ( u® Mg (ep) U' Hg (e1)>
forall o U ey € Fas(Ca)
(4) Dfs vy ( ey U g ey ) [Dfs rb ( U g ey W g (93)) * Drswo ( U g ey U g e ) *
Dfs b ( U e U g ey )]
forall 1 hoep u? Mg (ey) € Fys(Ca)

and each different Fys —points
3 4 € Fis(C 1 u2 '
Wi en " U Mg ew ss(Ca) My MG () g (e 3

The F;s —Rectangular b-Metric  (Fs5(Cp) , Dgs 1) sometimes called Fyg —b-
generalized metric space with the § > 1
(in short, F;¢ — Rbms).

To illustrate this definition , one can see the following example .

Example(3.1.1) :

Let X =1{x,y,z}a finite set and E = {ej, e, },a set of parameters. Then, Fex(Cy) = { X g (1) ?

1 ) : -
Y tgen e+ Xhgen Y gy e ten }. Consider a mapping Dsrp ¢ Fes(Cq). X Fos(Cy)

R*(E) by
Dfs rp (uug(e g( )) = Disrp ( v#g(ej), u#g(ei)) for all distinct
u#g(ei), v“g(ej) T;S(CA) for i,j € {1,2}.

D bWy, Witgp1) = 0 for all wy, € Fis(Cy).

) = Drsrp( y

Dysra( X g ep) ? x#g<e2>) = Drsr( X hger” Y g ey g () TG (e2)

Dysrn ( x“g(eﬂ’yﬂg(el)): Df”b ( y#g(ez)’zﬂg(eﬁ)_
Dfsrb(y )

Drs o C X g e 1 Zg ey ) = Df”b(zﬂg(ez)'zﬂg(el)) = Drs o (Y gy Bugen)) = 63

Hg (ez) “g (e1)

Drsvv (¥ sy Xtgen) = Prsmo( Xugiyyr ¥ g,y ) = 109
Drsrv( X ug ey Zug ey ) = 1543,

Drsrv (¥ g oy Zugen ) = 120 Drsrv( X ug ey Zug ) ) =19

o Drsrv(Zug oy X pgepy ) = 259

Here, Dggrp (Zug e 1543 and

07 Xhgepn) =
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Dfsrp (Z#g(ez) , X ) + Dfsrb( X g o)+ Y ) + Df”b(yug(el)‘ x#g(el)) = 196 + 40 +

Hg (e) Ko (en)
43 = 279

Then, (Fss(Ca),Drsrp) is a Fss — Rbms with  coefficient § = 5.54.

Definition (3.1.2):

Let (Fss(Ca) , Dfs1p) be Fgg — Rbms , then for all Fgs —point U g o gCA , FeR’ (4) the Fy —
open ball define by

B f( uﬂg(eo)) = { U g (o g C,y : Df”b( U g oy uug(eO)) <1} and the Fs;— Closed ball in
Fs¢ — Rbms defined as

B f[ uﬂg(eo)] = {u#g(e) € CA : DfSTb( uﬂg(e)' uﬂg(eo)) ST}'

Definition (3.1.3):
Let ( u™ g (en)) be a Fgs — sequence ina Fgs — Rbms (Fes(Cn) , Dysrp) » we say

(1) ( u™ ug (en)) converges to € F.s(Ca) if there exists 0 < 8§ € ]R+(A) and a positive integer

u Hg (eo)
— n S ;
N = N(€&) suchthat Dfgp ( U ooy s Ung (eo)) < & whenever n = N. Equivalently,

: n —_
lim,_ e Dfsrb( U s e ? u“g(eo)) =0.

(2)( u™ ug (en)) Cauchy sequence if there exists 0 < 8 € IR+ (A) and a positive integer N = N(€) such

n m ;.
that Dgg rp ( U ey W kg (em)) <é whenever n,m= N equivalently,

i n m — 0
lim,_ e Dfsrb( U ey U #g(em)) =0 for m>n.

Definition (3.1.4):
A Fgg — Rbms (Fss(Ca) , Drorp) is called Fog — complete if each Fsg — Cauchy sequence { u™ ug (En)) in

Fis(Cy) converges in Fys(Cp).

Remarks(3.1.5)

(1) the sequence limit in Fs — Rbms It doesn't have to be unique,

(2) nor does every convergent sequence in Fy; — Rbms have to be Cauchy sequence.

(3) An open ball is not an open set in Fys — Rbms and Fy; — Rbms is not Hausdorff' . To illustrate this
Remarks , one can see the following example.

Example(3.1.6) :
Let D = {1/z,z € N)\\{1} and F = {1,2,3}.LetU = D U F and E € R. define the a map Dfs,) :
Fss(Ca). X Fss(Ca) = [0, ©)E by
1 2 _ 2 1
Df””( Yingep » ¥ #g<ez)) - Df”b( Wokg ey U #g<e1>)

1 2 =
for evere u oep * U Hg ey € Fs(Cy) .

287



Journal of Education for Pure Science- University of Thi-Qar
Vol.13, No.3 (Sept.2023)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq
(_ . 1 — 2
0 U ey = U igey
T o 1 2 = 1 2
68 Uf W pgiey » Whgiey) € FssDE) Wopgy U gy
Dfs b ( ul u? ) ={t ~
HGep) * 7 Hg(ex) — if ul 2
G (eq G (e2 3, lf u K (ep) € S%S(DE) , u K (e5) o2 j::SS(DE)
t . .
Y if otherwise

when t > 0 denotes a constant F,; — real number
~ \Z
The sequence {(;1 )/1 }Z € N converges to each of the Fys — point Fsg (Fg) . Therefore , limit is not
VA
unique.
Because D (l l) = 6t+#0 wherez,p€ Nandp > z, then {(—1 )Z }Z EN is notFy —
fsrb z’ p P p ’ z )y Ss

Cauchy sequence in (F; — Rbms)

Ef ((l) ) = {(l) 1S € EUF(Fg) There isn't an open ball ?;((2)5) the around  Fz — point
2/6 2/s

3

(2)s contained in Bt (G)e) for just a fuzzy soft point (2)s in Fys(Cy), . As a result, §VE (G) ) is not
3 3

open in

6

(Fss(Ca), Dfgyp ) . Because there are no 1y, T, values greater than zero such that B ~(2) n B 7 (3)
=

» (Fss(Ca), Dfsyp ) is not Hausdorff.

In the above example, it was shown that the point of convergence of a sequence cannot be unique in
general. The following Lemma shows the condition to get the point of convergence is unique with the same
space if the sequence is Cauchy.

Lemma (3.1.7):
Let (Fe5(Ca), Dfsrp) be an (Fss — Rbms) and ( u™ #g(en)> represent a Fss — Cauchy sequence

in Fes(Cy) such that u™ U (o) T u™, ¢ ey Whenever m # m. then u", ¢ ey Can converge to only one

)
point.

. n _ ] n j—
Proof. Assume iy o U™ e, = Upg ey WMnooo U g = Uy, and Ugep T Uhgep

. n m . .. . ) .
Since u U6 e and u g ey 1 addition to U g o) and U g o, @€ distinct elements, It is obvious that

m)’

. . n
k exists such that and U g o) different from u U6 (e for any n > k. The rectangular

u Hg (e
inequality indicates that for  m,n > k,

Df”b( Wi ey Yhg ey )S

P~ n n m m
o [Df”b( Ungepyr U #g<en))+ Df”b( UWig ey W 1g em) )+Df”b( U g em) + Wttg ey )]

Now

IA

n'l#lT_T)loo (Dfs b ( uﬂg (e1)’ uug (e2) )
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o n n m
S lim [Dfsrb( Upg oy U #g(en))+ Dfsrb( U s oy’ Wl e )

m
+Df”b( YW tig em) 7 Whtgep )]

= <3 = = / cti
Dfsrp ( U 0 uﬂg(ez)) <§[0+0+0]=0 s0 U g o Ui (o - this a contradiction M.

4.Fixed Point in 3, — Rbms.
In this part, we will discuss the fixed point theorem for some types of mappings in Fy;3 — Rbms.

Definition (4.1.1): Let (Fss(Ca), Dysrp) be  a F,s —RbMS  .Then the F,; —mapping

T: (TSS(CA),DfS rb) - (?SS(CA),DfS rb) is called a Fss —contraction mapping if there exist, A € R 4 ,
0 < A < 1 such that for each

1 , € Fes(Ca) we have

2
, u
u Hg (e1) Hg (ez
2 7 2
Prory <T<u1 ug(e1)> 'T( “ MWZ))> = ADgsrv (u1 B T ”Wﬁ)' (+.1)

The fixed point in a contraction mapping in a Fgs —RbMS is discussed in the following theorem .

Theorem(4.1.2): Let (SE'SS(CA),DfS rb) be a complete Fy; —RbMS with coefficients S > 1 and T:Fy(Cy) —
Fes(Cy) be a Fyg — mapping satisfying

2 < 1 2
Dfs”’(T(ulug(el)) ’T( “ “g(”))>_ ADf”b(ulﬂg(el) o “9("2)>

for each € F.s(C)) where 1 € [0, %] Then T has a unique Fys — fixed pint .

2
1 u
UWgep Hg (e2)

proof: Let u ¢ teo) € F..(C,) be arbitrary. We define a Fys — sequence { u" g (en)) by T( u" g (en)) =

n+1 ; n : n — n+1
U s enen) We will prove that { u Hg (En)) is a Cauchy sequence. If u Hoem = W g onsy) then
u” g (en) is a Fyg — fixed point of the Fys — mapping T. Now let's assume that for anyn > 0, u™ g (e *
n n
n+1 ; n n+1 — : ;
UM g ey SEUING D rb( U ooy U g (en+1)) = D,, it follows from equation (4.1) that
n n+1 —
Df”b( U kg eny » U H9(9n+1)) -

n-1 n 7 n—-1 n
<
Drsro (T( u “g(en_l)) 'T( u #g(en))) = ’wf”b( U gy » ¥ Mg(en))

D, < AD,_, . We obtain by repeating this process D,, < (i)n D, (4.2)
We can also assume that u , 5 (eo) is not a Fgs — periodic point of T. Indeed, if u g ey = u™ oo

then using (4.2), we have for any n = 2,

— n n
Dfsrb( uug(eo),T( uﬂg(eo)» = ngrb( u Iig(en)'T( u ug(en)))
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Drsro ( Y kg (egy’ u#g(el)) = Drsm ( U™ g ey U™ g (€n+1))

Dy =D, < (i)n Dy . a contradiction. As a result, we must have Dy = 0, implying that Ustg o) = Yitg (en)
and thus u Hg (eo) isa Fgs — fixed point of T.

Assume  that  for all  distinct n,m €N, u™, e T u™, ¢ Cem)” Again,  consider

n+2

n — * . .
Dfs rp ( U ey W g (en+2)) = D*,, and use equation (4.1) for any n € N, we obtain

n n+2 — n—1 n+1
Df””( Utg ey » U #g(en+z)) = Dpsrp (T( u #g(en_l)) ’T( u ﬂg(en+1)))

< 7 n—-1 n+1 )
- ADf“”( u HGen_p) * Y Hg (ens1)

D*,, < AD*,_, . We obtain by repeating this process
2 N\
Drsrs (W ooy W VS ()" D% i (43)

n+p

In the following Two cases, we consider Dy ( for the sequence u™ Hg (en)’
n

Hg (€n+p))

(i) If p is an odd number, such that. p = 2m + 1, then for some m € N,by use equation (4.2) we have
n

Dfs rb ( u Kg(en) ’ u Hg (€n+2m+1))

< n n+1 ) ( n+1 n+2 )
—S[Df”b( UYitgen » Y Bglensn + Dpsvp ( U Hoensn) * & Hg(ensn)

n+2 n+2m+1
+ DfS Tb( u Mg (ent2) ’ u ”§(€n+2m+1))]

< 2 [ ( n+2 n+3 ) ( n+3 n+4 )
=S [Dn + Dn+1] +S Dfs o U Hg(ent2) 7 u Hg (en+3) + Dfs rp\ U Hg (en+3) ’ u HG (en+a) +

n+2m+1

n
u #g(en) o U

n+2m+1

n+4
Dfs Tb ( u HG (enta) ’ u Hg (en+2m+1))]

— 2 n+4 n+2m+1
=S [Dp+ Dyl 45 [D”+2 + Drvs + Dpsrp ( U g enyg) » ¥ #g(en+2m+1>)]

< S [Dn + D41l + S? [Dpsz + Dnysl + S*[Dysa + Dpasl + =+ S™Dysom
< S [(D)" Do+ (D)™ Do +57 [(1)™ Do + (D)™ Do] + 5 [()"™ Do + ()™ Do| + -+
+sm(D)"" b,
<S. ()" [T+5.(D)° +52 ()" +..| Do+ 8. (D) [T+5.(D)" + 5% (D) +--..] D,
1+

=& (D" Dy (ass.(D)* <1

T+2
Hg (en+2m+1)) = 1-5.(7)
(ii) Ifp is even ,such thatp = 2m, we can use (4.2) and (4.3) to get.

n+2m+1

Therefore Dfsrb( u™ Hg ey » U S. (/T)n Dy woorvennn. (4.4)

n+p n+2m

n — n
Df”b( Yikgen » U "g(en+p)) B Df”b( Wokgen » ¥ ”G(en+2m))
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n n+1 n+1 n+2
= S[Df”b( U g ey » ¥ ﬂg(en+1)) +Df””( U g enyy » ¥ #g(enm)
+ Dfsrb( u HG (ent2) ’ u
< S [Dy, + Dp44]
+ SZ [Dfs b ( un+2

HG (en+2m) )]

n+3 n+3 n+4

u ﬂg(en+3>) +Df”b( U g enys) » ¥ ﬂg(en+4))

Hg (en+2) ’

n+4 n+2m
+ Dfs rb ( u #g (en+4) » U ”g (en+2m))]

= 5 [Dy + Dyl + 52 | Dz + Dy + Doy (U™, u2m, )

<S [Dn + Dn+1] + S? [Dn+2 + Dn+3] + SS[Dn+4 + Dn+5] + ot Sm_l[Dn+2m—4 + Dn+2m—3]
m-1 n+2m-2 n+2m
+S5 [Dfs b ( u HG (en+2m-2) ’ Hg (en+2m))]

< S [(D)" Do+ (D)™ Do +57 [(D)™ Do+ ()" D] + 5 [()"™ Do + (D)™ Do + -+

u

+ S Dy + (D) Dol + S (D)™ Dy
<S. ()" [T+5.(D) +52 (D) +-..| Do+ 8. ()" [T+5.(D)" +5% (1) +--..] D,
+sm=1 (D) p,
= (A) 5 S.()" Do+ 5™ L (D"" Dy (ass. (D)’ <)
<- ()2 S. ()" Dy +52m (D)™™ Dy (as S >T)
= ( )2 S.(D)" Do+ ()" D (ass?™ (1) <1)
So we have
nt2m

5. (D)" Do+ (D) Dy (4.5)

n
Df”b( Uitgeny » U #g(en+zm)) <7 5(,1)

Since A € [0, g) from (4.4) and (4.5) we have

n+p

Hg (en+p)) =0 forallp=z1 ... (4.6)

So, the Fss — sequence ( u™ #g(en)) in (TSS(CA),DfS Tb) is a Fss — Cauchy sequence. By the fact that

7 n
limy,_ e Dfsrb( U ooy » U

(TSS(CA), Dy rb) is complete, there is U g () g F,s(Cy) such that

7 n =
lim, U oo = Ynga e e e e e eeaeeeee e (4.7)

We will prove that w , 5@ is a Fys — fixed point of T. Again, for anyn € N, we have.

Dfsrb( Upeq T ( u#gm)))

n n
ss[Dfm,( U » U Mg(en))+Dfsrb( U U

+ Dfsrb( untt G (enir) T ( uﬂg(a)))]
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= S[Dfsrb( U g o) u” ﬂg(en)) + Dy + Dfsrp (T( un#g(en)) , T ( uﬂg(a)))]

n 7 n
SS[Df”b( Ypga » ¥ “9(en))+D”+’wf”b( U g en) u#g(a))]

By using (4.6)and (4.7)we have Dfsrb( Upg o o T ( uug(a)» =0

ie., =T ( Uy (a)). As a result, u U (@) IS a fixed point of T.

% g @
Now, we will prove U g o 1 unique Fss — fixed point of T.

Let U g ) be another Fys — fixed point in T. Then, from (4.1), it follows that

Df”b( Yug @ - u#g(b)) = Drsro (T( u#g(a)) 'T( uﬂg(b))) S’lDf”b( Yug @ - u#g(b))

< Dggrp ( Upo i + Upg (b)) (as A < 1) which is not possible. Therefore

We must have Dy rb( U g oy uug(b)) = 0, implying that Upey = As a result, Fys —  fixed

Y g @y
point is unique. [ |

Theorem(4.1.3): Let (7-"SS(CA),DfS ) be a complete Fys —RDMS with coefficients S > 1 and T: Fys(Cy) -
Fes(Cy) be a Fyg — mapping satisfying

2 " 2 2
Drsro (T(ulug(el)) 'T( U ﬂg(ez))) S [Df”b<u1 K (eq) 'T(ul Mg(el))) +Dfsrb( L) ’T( U “Q(ez)))]"(4'8)

, u? € F.o(Cy) where 1 € [0, ﬁ). Then T has a unique Fys — fixed pint .

for each Hg ()

1
u Hg (e1)

proof Let € F.o(Cy) be arbitrary. We  define aFes—  sequence { u™ K (en)) by

u Hg (eo)

n — n+1 ; n ; n —
T( u #g(en)) = Uy ., - We will prove that (u #g(en)) is a Cauchy sequence. If u",. = =

n+1 n . _ : _ . ’
U e enen) then u Ug (o) 18 @ Fss —fixed point of the Fys — mapping T. Now let's assume that for any
> n n+1 ; ( n n+1 ) —
n=0,u g (e F U ey SEIING Dfsrp| u Botem * W Mg enen) D,, So from (4.8) we have

n n+1 — n-1 n
Df””( U kg ey » ¥ #g(en+1)) = Dpsrp (T( u #g(en_l)) 'T( u #g(en))>

1 n-1 n—1 n n
=4 [Df”b( U g en-p) 'T( u #g(en_l))> +Df”b< U kg ey 'T( u #g(en)»]

— 7 n-1 n n n+1 — 7
=4 [Df”b( Yo agenn 0 Y #g(en>)+Df”b( Yokg e Y #g<en+1))] =ADn-1 +Dn ] SO

<1 (as A < —). We obtain
s S+1

D, < A[D,_, +D, ] Weobtain D, < 1/_1—an_1 = fD,_, where = —

by repeating this process D,, < (ﬁ )nDO ....... (4.9)

: _ o . . . n
We can also assume that U g (o) 15 1OT @ Fss periodic point of T. Indeed, if Uit o) = U big e

then using (4.9), we have for any n > 2,
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— n n
Dfsrb< u#g(eo)’T( u#g(eo))> - Df””( u ”Q(en)’T( u ”g(en)))

= n n+1
Dfs rb( uug (e0)’ u“Q (61)) - Dfs rb( u HG (en) ’ u Ug (en+1))
=\n
Dy =D, <(B) Dy . a contradiction. As a result, we must have Dy = 0, implying that Yugeq) =
U g (e and thus u Hg (o) isa Fsg — fixed point of T.

As a result, we suppose that , u™ + um g (em) for all distinct n,m € N. Using (4.8) and (4.9) again

Hg (en)
foreachn € N, we get

n n+2 n—-1 n+1
= <
Df”b( U kg ey + ¥ “9(6n+2)) Dysro (T( u #g(en-1>) ’T( u #g<en+1))) =

7 n-1 n-1 n+1 n+1 —
A Dfs”’( U i teny) 'T( u #g(en_1))> +Df$”’< Wt ey T(( u #g(en+1))>>] N

> [ n-1 n n+1 n+2 — 7
A Dfs rb( u Hg(en-1) ’ u ”9(911)) + Dfs rb( u K (ens+1)’ u Hg (en+z))] =4 [Dn_l"'DnH‘]S

A (,3 )n ! Do+(B )n+1 ] A (,8) [1+ (ﬁ) | Dy therefore D rb( u" Mg (e 7 ut? g (en+z)) <y (,B_)n_l
Dy oooeeere(4.10)

where 7 = A[1+ (,B_ )2] . We consider Dy (

utp ) in two cases for

n
U kg ey 7 K5 (en+p)

the Fys — sequence u™ UG (en) then using (4.9) we get
n

n+2m+1 )
Hg (en+2m+1)

< n n+1 ) ( n+1 n+2 )
—S[Df”b( U g ey + W g enan) TOrsmo LU g eniny 0 W g enya)

n+2 n+2m+1
+ Dfsrb( u MG (en42) ’ u ”9(6n+2m+1))]

< S [Dy + D] + 52 Dyo (02

n+4 n+2m+1
Dfs rb( u HgG (enta) ’ u “Q(en+2m+1))]

n
Df”b( UG ey » ¥

n+3 n+3 n+4

u Hg (€n+3)) + Dfs b ( u Kg (en+3) ’ u Hg (€n+4—)) +

Hg (ent2) 7

.S S [Dn + Dn+1] + 52 [Dn+2 + Dn+3] + 53[Dn+4 + Dn+5] +-t SmDn+2m

<S[(B)" Do+ (B)"™" Do| +5% [(B)" Do+ ()" Do| +5% [(B)"™" Do+ (B)"™ Dy| + -
+Sm('8 )n+2m

<S.(B)"|T+5.(B) +5%(B) ++..| Do+5.(B)" [T+5.(8) +5%(B) +-..] Do

1+8 =\N =\2 =
=G S (B) Dy (asS.(B) <1)
+2m+1 1+B
Therefore Dfsrb( un”g(en) , unrem l‘g(en+zm+1)) <—— TG (,8) Dy ....... (4.11)

The second case Ifp is eveniep = 2m, we can use (4.9) and (4.10) to get.

n+p n+2m

n - n
Dfs rb( u HG (en) ’ u #g(en+p)) a Dfsrb( u K (en) ’ u “g(en+2m))
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< n n+1 ) ( n+1 n+2 )
—S[Df”b( U g ey » W igenan) TOrsmo L U tgenny 0 W g ey
+D; b( un+2 n+2m

ST

< S [Dy + Dyl

2 n+2 n+3 n+3 n+4
+S5 [Df”b( U g ensn) 7 8 Hg(en+3>)+Df”b( U hg ey » B Hg(enm)

n+4 n+2m
+ Dfs rb ( u ”g (en+4) » U I'lg (€n+2m))]

= S [Dy + Dyl + 52 | Dz + Dns + Doy (U™, u2m, )

u HG (en+2m) )]

Hg (en+2) 7

<S [Dn + Dn+1] + S? [Dn+2 + Dn+3] + SS[Dn+4 + Dn+5] + ot Sm_l[Dn+2m—4 + Dn+2m—3]

+ Sm_l[DfS Tb( yn+2m-2 un+em

HG (en+2m-2) ’ Hg (en+2m))]

<S[(B)" Do+ (B)"™" Do| +5% [(B)" Do+ (B)" Do| +5% [(B)"™" Do+ (B)"™" Dy| + -

n Sm‘l[(E )n+2m—4 D, + (E )n+2m—3 Do] 4 gm-1 (ﬁ_ )n+2m—2 D,
<s.(B)"[1+5.(8) +52.(E)4 oo | Do+ 8. (B) " [T+5.(B) + 52 (B) +..] Do
+Sm 1 ('B)n+2m 2
. S(i) S.(B) Do+S™ LB Dy (asS.(B) <T)
1+5 m (A n+2m-2 —
G S.(B)" Dy + S7™.(B) Dy (as S >1)
j(’;)z S.(B)" Do+ (B)" (ass?™ (B) " <1)
So we have
Drers (W) WP, V< %&)2 S.(B)" Do+ (B)" Dy oo (4.12)
Since f € [OE) from (4.11) and (4.12) we have
liMy e Dys Tb( U W (em)) =0 forallp=1 ... (4.13)

So, the Fss — sequence ( u™ g (en)) in (TSS(CA),DfS Tb) is a Fss — Cauchy sequence. By the fact that
(TSS(CA), Dy rb) is complete, there is U g () g F,s(Cy) such that

7 n =
lim, e U o emy = Uitg @ e e e e e aee e (4.14)

We will prove that ., 5@ is a Fys — fixed point of T. Again, for anyn € N, we have.

Df”b( Uig » T ( uﬂg(a)))
n n n+1
= S[Df”b( Ypgay » U ﬂg(em) +Df”b( Ug ey » U #g(en+1>)

+ Dfsrb( untt G (enir) T ( uﬂg(a)))]
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= 5Dfsm (Uugee » 4" ugiery) + D + Dpsro (T( u' )T ( uug(a)))]
<5 [Dror ((Uug » W igiay) + Dn +Z{Dmb< w7 ( unug(En)))
+Dfm,( Uy T ( uﬂg(a)))}]
(1—52).Dfsr,,( T uug(a)»
<5[Drsr ((Uug » W ugiery) + (B)"Do +/TDfm,( U oo T (U #g(en)))]

By using (4.13) and (4.14) and the fact X < % we have

Df”b( Ung »T ( u“g(a))) =0 50 Uy =T ( uﬂg<a>) '

Then U g ) is Fys — fixed point of T

Now, we will prove U g (o is unique Fgx — fixed point of T

Let U g be another Fgs — fixed point in T. Then, from (4.8), it follows that

Df”b( Yuga u#g(b)) = Dysrp (T( u#g(a)) ’T( uﬂg(b)))
S’T[Df”b< Y g @ 'T( u#g(a))) +Df”b< Y g @) 'T( uﬂg(b)))]

=4 [Df”b( Y ug@ u#g(a)) +Df”b( Yugw) u#g(b))] =0
Therefore Dy rb( U gy » u#g(b)) = 0, implying that Uy = Yig As a result, Fg — fixed point

is unique. |

Theorem(4.1.4): Let (?SS(CA),DfS ) be a complete Fys —RDMS with coefficients S > 1 and T: Fys(Cy) -
Fis(Cy) be a Fyg — mapping satisfying

2
1 <

(4.15) Dfsrp (T(u Hg(el)) (2., )> <

[ Dysr (ul ’ uzu >'Dfsrb ul ,T<u1 ) ) ]
o Hg (er) §e2) Hg (er) Hg (ep) |
X.max | | for some

2 2

| Df”b<u1 g (ey) 'T<u1 g e ))>+Df”b< ¥ g e (0 ﬂg(ez))>|

D u? T( u? ) - -

| Drsro HG(e) H5(e) ) ) 2 |

A€ (0,1) every two different Fss —points 1 and u? in Fy(Cy). Hence, T has an
u Hg (e1) Hg (e2)

indistinctive fixed point.
Proof Let  uy; ., € F..(C)) be arbitrary. We define aFss—  sequence { u™ g (en)) by

n — n+1 : n+1 — n
T( u #g(en)) = U e If an integer n > 0 such that u Uoemey = W kg ey

element u" UG ey 1S clearly a Fy — fixed point of a Fsg — mapping T . Now let's assume that,

) foranyn = 0 from (4,15) we have

then the

¢ uTl+1

n
u HG (en) Hg (en+1
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n n+1 —
Df”b( U g ey » U #g(en+1)) -

n-1 n
Dysro (T( u #g(en-l)) 'T( u ﬂg(en))>
n—-1 n n-1 n—-1 i
Df”b( U g e B #gten))’Df”b( Y b enn 'T( u #g(en_l)))
JDfST'b( u #g(en) ) ( #g(en)))’

T
n-1 n n
Df””( U g eney) 'T( u” #g<en ) ) Dfsrb( Ut (e 'T( u #g(en)»

< Amax

n-1 n n-1 n—1
- Df”b( U g ey B #g(en))'Df”b< U g enoy) 'T( u #g(en_l)))

= Amax
n n
,Dfsrb( LT ,T( u l‘g(en))>
n—1 n n—-1 n
= /'{_max DfST‘b( u HgG(en—1)’ u ﬂg(En))’DfS rb (1u Hg (ep—1) ’ u #Q(en))
n n+
’DfS rb ( u /,Lg (en) ’ u /“Lg (En+1))
n-1 n n n+1
If Dfs rb( u HG (en_1) u #g(en)) < Df”b( u U en) u Hg(en+1)) we have

n+1

n n+1 < 7 n
Df”b( Uikgeny » U #g(en+1>) —’wf”b( UG ey » U #g(enm)

it is impossible. Thus,
n n+1 < ( n-1 n )
Df””( UWitg e » U #g(en+1)) S Dpson \ W tgenyy W Hgem):

— +
n n+1 : : :
hence (Ds; Tb( U ey » W g (en+1))) is a decreasing sequence of converging to l € R (4), say ,

n+l1 =1 and

#g(en+1))
: n n+1 n-1 n
rllll?on”b( Uohgen) » ¥ ﬂg(en+1J) = lim Dysry (T( U #g(en-1>) 'T( U ﬂg(en)))
[ D un—l un D un—l T un—l |
fstb Mg len1)’ = Fglen))’ fSTD K (en-q) K (en-1)
n n

IDfSTb< u ﬂg(en) IT( u ”g(m)))'

limmax

-0 n-1 n-1 n n
b Df”b( U g o) 'T( U #g<en_1>)) * Dsmo ( U g (o) ’T( U ﬂg(en>))
2

- n
that is lim,_,« Dfsrb( U ooy U

IN
=)

n-1 n n-1 n-1
Df”b( U b ey ¥ #g(en))’Df””( U g enen) 'T( U #g(en_l))>

= 1 limmax
'Df”b< g e 'T( “ #g(en))>
n-1 n n-1 n
= illmmax DfS Tb( u ”Q(en—ﬂ ! u ﬂg(en))’DfS Tb( u ﬂg(en_l) ) u “Q(en))
n- n+l

n
’Df”b( U g ey » U #g<en+1))
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l S0 [=0 ... (4.16)

&

_ -1
= Alim,_ e [Dfs b ( u™ Hg (en—1) ’ u® Hg <en))] =
To show the Cauchyness of the Fys — sequence, assume P is an odd number, i.e. P = 2m + 1, and apply

the decreasing property to some min N.

Dysrn ( T #g(en+P)) = Dy ( U g ey » U

== [Dfs b ( u” Kg (en) ’ umt Hg (€n+1)) + Dfs b ( urt Hgensy) * U
*+ Drsro ( U™ g ey + U

= Z'SDf”b( U g gy U #g(en+1))

2 n+2 n+3 n+3 n+4
+S5 [Df”b( U g epyn) 7 Y #g(em)) +Df””( U g tenys) » ¥ #g(enm)

n+2m+1 )
Hg (en+2m+1)

n+2 )
HG (en+2)

n+2m+1 )]
Hg (en+2m+1)

n+2m+1

n+4
+ Dfs rb( u HG (enta) ’ u Hg (en+2m+1))]

< n n+1 ) 2 ( n+2 n+3 )
< z.sz)fsrb( U oo+ W g eenan) T 25 Dpsrn (WP g o W )t
m n+2m n+2m+1
+2.5 Dfs rb ( u Hg (en+a) 7 u Kg (9n+2m+1))
<2S[1+S+S?+--.+S™ 1] D u" yntt =
< . fsrb UG (en) ’ Hg en+1) )

sm-1-1

n n+1
25 [55] Drsrs (W g+

from (4,16) we get

Hg (en+1) )

n n+pP — 0N : : —
Dy Tb( U ooy + U “Q(en+p)) =0 . Assume p is an even number, i.e.p = 2m, then apply the

decreasing property toamin N.
Dysrn ( T #g(en+P)) = Dy ( U g ey » U
=S [Dfs b ( U g oy W g (en+1>) + Drsrp ( U ey W (en+z))
+ Dfs b ( Ut Hg (en+2) 7 u
= Z'SDf”b( U g ey + U #g(enm)
+5° [Dfs b ( U ey W g (en+3>) + Drsro ( U ey 7 Y

n+4 n+2m
+ Dfs rb ( u HG (en+a) ’ u

n+2m )
Hg (en+2m)

n+2m )]
Hg (en+2m)

n+1

n+4 )
Hg (en+4)

Hg (€n+2m))]

<9 n n+1 ) g2 ( n+2 n+3 )
<2 SDfsrb( U o oy » U UG (enss) + 2.5 Dfsrb u HG (ensz) u Hg (en+3) +
m n+2m-1 n+2m+1
+ 2.5 Dfs b ( u HG (en+2m—-1) ’ u Hg (6’n+2m+1))
< 2S[T+S+ 5%+ . +S™ 1 Dpy (w0 u =
< . fsrb Mg (en) ’ BGen+))

sm-1-7 n
ZS[ 1 ]Df”b( U g ey » U #g(en+1))

Dfsrb( u” Hg (e utP #g(en”’)) =0 . So, theF; — sequence { u™ Hg(en)) in (TSS(CA),Df”b) is

n+1

also from (4.16) we have
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a F,s — Cauchy sequence. By the fact that (TSS(CA), Dy Tb) is complete, there is u g (@) € F,s(Cy) such
i n =

that lim,_. u oo = Yiga

Next, we show that the Fss — point at the limit, u e (@ is fixed at T.

Forn € N,

7 n+1 — J]q n
rllll?on”b< W g enan) 'T( uﬂg(a))) _yllll?on”b (T( u ﬂg(en)) ’T( u#g(a)))
[ n n n
Df”b( U kg em ? ”ﬂg(m)'Df”b( U g (en) 'T( u #g<en>))
_ ’Df”b< Y ug @ 'T( u#g(a)))’
< A limmax

5 n n
e Dfsrb( U g en) ’T( u “g(en))>+Df”b< Y g @ 'T( u“g(a)))

i 2 l
n n n+1
Df”b( U g en) 7 uﬂg(a))'Df”b( U g ey B #g(en+1))
< Arlli_)rgmax :Dfsrb( U e ) ,T( uﬂg(a)»,

n—oo

< ):limeS b ( U g () ,T( Uy (a))) . Which results,

rlli_tzlons b ( U g (o ,T( Uy, (a))> = 0, implying that U g (o is Fs¢ — fixed point of T. Assume Fsg —
point Uy, s another fixed point of T.
By using (4.15)

Df”b( Yug@ uﬂg(b)) = Dpsry (T( u“g(a)) 'T( u“g(w))
Df”b( Yug @ uug(b))'Dfsrb( Wng @) 'T( uug(a)))
’Df”b( Y g )y 'T( ul‘g(b)))’

Dfsrb( U s (@) ’T( u#g(a))>+Df”b< U g vy ‘T( u“g(b)))
B 2 i

< Amax

[Dfsrb( Wig oy 7 u#g(b))'DfSTb( WUng oy 7 u#g(a))
'Df”b( Yugw - u#g(b))’

Df”b( YUig ) u#g(a))+DfSTb( U g vy 7 u#g(b))
2

&)

<

]
|
|
|
I
I

|
|
max i
l
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< lDfsrb( U oy uﬂg(b)) . This implies that Dfsrb( U oy v uﬂg(b)) = 0, implying that Upey =

U g iy As a result, obtaining Fss —fixed point is is unique.

CONCLUSION
We suggested a new Fy;s — Rbms concept that builds on the concepts of many metric space modifications.

fuzzy Soft set structure occupies underlying spaces, indicating a relationship between metric fixed point
theory and fuzzy soft set theory. We established the acclaimed F;; — Rbms. Banach fixed point theorem and
presented an example to show our findings, as well as some fixed point results in the aforementioned space.
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