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Abstract.
In this study, we construct the fuzzy soft rectangular b-metric space first, and then define the fuzzy soft 

convergence sequence, also known as the fuzzy soft Cauchy sequence, in this space. In addition, we defined 
fuzzy soft contraction mapping and proved its fixed point in fuzzy soft rectangular b-metric space.

Keywords: fuzzy soft sets, b- metric space, fuzzy soft 
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1- Introduction
Fuzzy set theory, developed by Zadeh [1]as well as the theory of soft sets, developed by Molodtsov [2], are 
categories of mathematical instruments that may be used to deal with uncertainties and aid with difficulties 
in a variety of fields. One of the most important tools is fixed point theory in many scientific fields, 
including the advancement of nonlinear analysis, engineering, computer science, and economics. B-metric 
space was first presented by Back htin[3]in 1989. Czer wik [4]expanded the b-metric spaces results in 1993. 
Branciari [5]first proposed the idea of a rectangle metric space in 2000, replacing the triangle inequality of a 
metric space with a different inequality known as the "rectangular inequality." The idea of rectangular b-
metric space, which generalizes the concepts of metric space, rectangle metric space, and b-metric space, 
was introduced in [6]by George et al.
Maji et al. [7], [8] presented a number of soft set operations, Sonam, et al. in [9] presented fixed point in Soft 
Rectangular B-metric Space, while Biswas and Roy [8] came up with the term fuzzy soft sets As an 
extension of soft metric space, Bea ula et al. [10] recently developed the idea,of fuzzy soft metric space.
   In this article, we introduce the definition of fuzzy soft b- metric space and defined some 
concepts in this space After that, we established fuzzy,soft contractive mappings on fuzzy soft 
b- metric.spaces and proved some fuzzy-soft contractive mapping fixed.point theorems.

2.Basic definitions 
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Let us begin with some basic definitions.  refers to an initial universe throughout this work, and be the 
family of all fuzzy sets over  . 
Definition (2.1),[1]: 
The fuzzy set  under a universal set  is a set describe by function of membership 

 and  an ordered pair collection defined by , where 
is namely degree membership of in . 

 
Definition (2.2),[2]: 
Assume that  is an universal set, is a set of parameters, and . So the pair ) is soft set 
under and defined as a set , such that a mapping provided as 

 and  is a power set of   
 
Definition (2.3),[8]: 
A set  is refer to be fuzzy soft set over  , whenever is mapping  and 

 The collection of all fuzzy soft set , is symbolized by  and fuzzy soft in short denoted by . 
 
Definition (2.4),[11]:  
 A  set  over a universal set  is namely . 

1) A set of absolute  set, represented by  , if  for each . 

2) A null  set, symbolized by  , if for all , we have . 
 
Definition (2.5), [9]: 
     Let  and  be two  sets over a common universal set , Then 

(1)  is said to be a  subset of   if  , and          that is 
 for all . We write      .   

(2) The two  sets  and  are said to be equal   , and denoted by 
 if . 

 
Definition (2.6),[12]:  
Consider the  sets  and over the same universal set , then 
1)  , where  and for all  

  3 (e)( )  

2)  , where  and for all  , 

  3 (e)( )  
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Definition(2.7), [8]:  
The complement of a  set  symbolized by  , where  
is a map defined by . 
 
Definition( 2.8),[12]: 
The  set  over  is called  point and symbolized by  , if  and  ،  

 

 
Definition (2.9), ([7],[13], [12]):  

Let   are three  points over common universal set  and  
set then: 
1. The  point  is said to belongs to  if for the element  , we have  . 

And denoted by  
2.  and  over a common universal set  are considered equal if ,  
and . 
3. The  point is called complement of  point if for  and 

 

   

 
Definition (2.10), [14]:  
Consider the set of all real integers , where  is a parameter set,  

and  be the set of all non-empty bounded Fuzzy subsets of , then  namely  real 

set over  and is defined as a set of  , where  is a mapping 

provide as  .  is referred to as the support of  . 
 
Definition (2.11), [14]:  
Let  is namely a  real number in , with describe as  (shortly ) , whenever is a singleton 

 real set, such as  represent the set of each  real values and  represents the collection 

of all  real values that are not negative. 
 
Definition (2.12), [15]: 
Let  be  the family of all a nonempty  set over , a   metric space is a pair  

where  (A) be a function satisfy the following statements for all 
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 (1)

(2)

(3)

(4)   

. 
 
Definition (2.13),[16]: 
Let and be two , respectively. If  
are both mappings, where  and  are the parameter sets for the over a universal sets  and , 
respectively. then the mapping 
 is Known as  mapping. 
 
Definition (2.14), [16]: 
Let the two  set and  when and let  

 be  mapping. 
 (1) The image of under a  mapping  denoted by  is the  set on  for 
all  , defined by 

 

 

(2) . 

 
3.1  Rectangle b-Metric Space. 
     In this section, we will present some definitions and lemmas in   rectangle b-metric space, such as 
convergent sequences, Cauchy sequence  open ball. 
 
Take a non-null set   and non-null collection of parameters . Consider  as  an  absolute    set  and  
a  group  of a  points  of   be  signified  as  .   Also,  the collection of non-negative  

real-numbers is signified as  and  indicates all    real numbers in the interval 
. Then the   Rectangular b-Metric space using the  points is defined as below : 

Any  map    to  be  claimed  as  a    Rectangular  b-Metric 
over    set    with coefficient condition to the following are fulfilled:  

(1)      

 .  
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( 2)     

 

 (3)     

 

(4)

 

and each different  points 
 . 

The Rectangular b-Metric    sometimes called  b- 
generalized metric space with the   
(in short, ). 
 
To illustrate this definition , one can see the following example . 
 
Example(3.1.1)  :   
   Let     a  finite  set  and   ,a  set  of  parameters.    Then, 

.  Consider a mapping 

  by 
  for  all  distinct  

. 

, 

 

 

  

 , 

  , =  

,  

Here,    and   
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Then,    is  a    with    coefficient  . 
Definition (3.1.2):  

Let  be  , then for all point  ,        (A)   the   
open ball define by 

 and the   Closed ball in  

 defined as 

 . 
 
Definition (3.1.3): 
  Let be a  sequence in a     , we say 

(1) converges to    if there exists  and a positive integer 

  such that     whenever . Equivalently,  

.  

(2)  Cauchy sequence if there exists  and a positive integer  such 

that  whenever  equivalently, 

  for   .  
 
Definition (3.1.4):  
 A    is called  complete if each  Cauchy sequence in 

 converges in . 
 
Remarks(3.1.5) 
 (1) the sequence limit in It doesn't have to be unique, 
 (2)  nor does every convergent sequence in  have to be Cauchy sequence.    
 (3) An open ball  is not an open set in  and  is not  Hausdorff . To illustrate this 
Remarks , one can see the following example. 
 
Example(3.1.6)  :   
 Let  and  and E  R. define the  a  map  

 by 

 

 . 
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when  denotes a constant    real number 

The sequence   converges to each of the   point  . Therefore   ,  limit is not 

unique. 

 Because      , then   is not   

Cauchy sequence in ( )  

  There isn't an open ball    the around    point 

 contained in for just a  fuzzy  soft point in , . As a result, is not 

open in 
 ( , . Because there are no ,   values greater than zero such that       
=  
, ( , is  not  Hausdorff. 
In the above example, it was shown that the  point of convergence of a sequence cannot be unique in 
general. The following Lemma shows the condition to get the point of convergence  is unique with the same 
space if the  sequence is Cauchy. 
 
Lemma (3.1.7):  
      Let  be an ( )  and represent a   Cauchy sequence 
in    such that  whenever .  can converge to only one 
point. 
 
Proof. Assume ,  and     
Since  and , in addition to  and , are distinct elements, It is obvious that 

 exists such that  and   different from  for any . The rectangular 
inequality indicates that for       , 

 

. 

  

 



Journal of Education for Pure Science- University of Thi-Qar 
Vol.13, No.3 (Sept.2023) 

jceps@eps.utq.edu.iqEmail:                                                                                                       jceps.utq.edu.iqWebsite:  

 

  
 

289 

 

    so   . this a contradiction     . 
 
 4.Fixed Point in . 
In this part, we will discuss the fixed point theorem for some types of mappings in . 
 
Definition (4.1.1): Let  be a  RbMS .Then the mapping 

 is called a contraction mapping if there exist,  , 
 such that for each 

  we have 

   

 
The fixed point in a contraction mapping in a  RbMS is discussed in the following theorem . 
 
 Theorem(4.1.2): Let be a complete RbMS with coefficients  and 

 be a  mapping satisfying 

 

for each    where . Then  has a unique  . 

 

proof: Let be arbitrary. We define a   sequence  by  

 . We will prove that  is a Cauchy sequence. If   , then 

 is a   fixed point of the  mapping . Now let's assume that for any  

  setting   it follows from equation (4.1)  that  
 

 

 

 .  We obtain by repeating this process                 (4.2)       
We can also assume that  is not a    periodic point of  . Indeed, if    , 
then using (4.2), we have for any  
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  . a contradiction. As a result, we must have , implying that  
and thus  is a    fixed point of . 

Assume that for all distinct , . Again, consider 

 and use equation (4.1) for any  , we obtain 

 

 . We obtain by repeating this process  

   ……………………………..(4.3) 
 

In the following Two cases, we consider for the sequence . 

(i)  If  is an odd number, such that. , then for some ,by use equation (4.2) we have 

 

     

 

 
 

 

 

 

    (as . 

Therefore      ………….(4.4) 

(ii)  If  is even ,such that , we can use (4.2) and (4.3) to get. 
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     (  as  

     

              ( as   

So we have 

    ……….(4.5) 

Since      from (4.4) and (4.5)  we have  

      ……….(4.6) 

So, the  sequence   in  is a   Cauchy sequence. By the fact that 

 is complete, there is  such that 
               ……………………………………(4.7) 

We will prove that is a  fixed point of . Again, for any , we have. 
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i.e., . As a result,  is a fixed point of  . 

Now, we will prove   is  unique  fixed point of . 
 Let  be another  fixed point in . Then, from (4.1), it follows that 

 

            ( as  )  which is not possible. Therefore 

We must have , implying that . As a result,   fixed 
point is unique.                                                           
 
Theorem(4.1.3): Let be a complete RbMS with coefficients  and 

 be a  mapping satisfying 

 

for each    where . Then  has a unique  . 

 
proof   Let  be arbitrary. We  define a   sequence by  

 . We will prove that  is a Cauchy sequence. If 

  , then  is a fixed point of the  mapping . Now let's assume that for any 

   setting    So from (4.8) we have  

 

   +    ]  SO  
 

   +    ]    We obtain      where  (as ).  We obtain 

by repeating this process  …….(4.9) 
We can also assume that  is not a    periodic point of  . Indeed, if    , 
then using (4.9), we have for any  
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  . a contradiction. As a result, we must have , implying that 
 and thus  is a    fixed point of . 

 As a result, we suppose that  for all distinct . Using  and  again 

for each , we get 

]

  therefore   

  …………(4.10) 

  where    . We consider in two cases for 

the  sequence   then using  (4.9)  we get  

 

   

 
 

 

 

    (as  

Therefore      …….(4.11) 

The second case  If  is even i.e , we can use (4.9) and (4.10) to get. 
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     (  as  

     

              ( as   

So we have 

    ……….(4.12) 

Since      from (4.11) and (4.12)  we have  

      ……….(4.13) 

So, the  sequence   in  is a   Cauchy sequence. By the fact that 

 is complete, there is  such that 
               ……………………………………(4.14) 

We will prove that is a  fixed point of . Again, for any , we have. 
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 By using (4.13) and (4.14)  and the fact     we have  

   so     .      

Then   is  fixed point of   
Now, we will prove   is  unique  fixed point of  
 Let  be another  fixed point in . Then, from , it follows that 

 

             

Therefore  , implying that . As a result,   fixed point 
is unique.                                                           
 
Theorem(4.1.4): Let be a complete RbMS with coefficients  and 

 be a  mapping satisfying 

 

    for some 

  every two different points and  in . Hence,  has an 

indistinctive fixed point. 
Proof   Let be arbitrary. We define a   sequence  by  

 . If an integer  such that , then the 

element  is clearly a   fixed point of  mapping   . Now let's assume that
   for any   from    we have  
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If      we have 

 
it is impossible. Thus, 

. 

hence    is a decreasing sequence of converging to  (A), say  , 

that is     and  
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.              so              ……..(4.16) 

 To show the Cauchyness of the   sequence, assume  is an odd number, i.e. , and apply 
the decreasing property to some . 

 

 

 

 
 

   from  we get  
 

   . Assume    is an even number, i.e , then apply the 

decreasing property to a . 

 

 

 

 
 

   also from (4.16) we have 

  . So, the  sequence    in  is 
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a   Cauchy sequence. By the fact that  is complete, there is  such 
that   
Next, we show that the    point at the limit, , is fixed at . 
For ,     

 

 

  . which results, 

 , implying that  is    fixed point of .  Assume     

point  is another fixed point of . 
By using   
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 .  This implies that , implying that 

. As a result, obtaining fixed point is is unique.            
. 

 
CONCLUSION 
We suggested a new  concept that builds on the concepts of many metric space modifications. 
fuzzy Soft set structure occupies underlying spaces, indicating a relationship between metric fixed point 
theory and fuzzy soft set theory. We established the acclaimed . Banach fixed point theorem and 
presented an example to show our findings, as well as some fixed point results in the aforementioned space. 
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