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Abstract:

The primary purpose of this research is to work out a new action of Lie group through
dual representation. In our paper we mention the basic definitions, we'll discuss the study
of activity for Lie group upon Hom-space utilizing equivalence relationship between
tensor product and Hom. Their measures will be studied on a structure consisting of four
and five vector spaces. In the end we obtain new generalizations using action of dual
representation for Lie group G.
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1. Introduction:

Define G to be Lie group. It is finite dimensional manifold which being as well a group,
the structure will be the multiplication G X G — G and a ttaching of an inverse function
G- G, g— g !are smooth maps. [6]. In [1] Hall B.C. composed a book of Lie group
and explained the algebras. And we will use double representation for Lie group, because
it works the group’s action on some vector space. Schu'r, Lemma presented the concept of
action for Lie algebra upon the linear maps, from Z, into Z;, referred via Hom(Z,, Z,),
such that Hom(Z,,Z,) = Z; @ Z; [1]. Also, the interest in the present work is to give
representations by inter wine dual of these actions, and explain the action’s structure via a
diagram. And then generalizing them. In this paper we symbolize for drawings
quadrilaterals and pentagons by (QTA) and (PTA), respectively, see [8]. and pentagons by
(QTA) and (PTA), respectively. see [8]. In 2016 , H.l.Lefta and T.H.Majeed " Action of
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Reductive Lie Groups on Hom-Space and Tensor Product of Five Representation™" , 2018,
A.K.Radhi and T.H.Majeed " Certain Types of Complex Lie Group Action " 2021,
W.S.Gan " Lie Groups and Lie Algebra” .And M. is field . And M. is field

2. Basic Concepts:
In this section gives the main definitions of group action and group representation.
Lemma (2.1): [3]

Assume that wy & w, are representations for Lie algebra g affects the finite dimensional
spaces Z, & Z;, correspondingly. It defines the T-action of g upon Homg(Z,,Z,),w: g —
gl (Homg(Z,,Z,)) forallve g h € Homg(Z,,Z,),

wy(v)h — hw;(v) and Hom(Z,,Z,) = Z5 @ Z; as the equivalence of rep.
Definition (2.2): [9]

Let Lie group G, be finite dim. real (complex) representations of G being a
homomorphism of Lie group, w: G = GL(n,R) = (n = 1). In general, a homomorphism
for the Lie group is w: G —» GL(Z) where Z has the characteristics of a real (complex)
vector space and has a finite number of dimensionsa Z > 1.

w; and w, being the representation on (w; @ wy)(v,r) =w;(v) @ wy(r) forall v € G
andr € H.

Definition (2.3): [8]

Letw;,i = 1,2,...,m are representations of Lie group G affects the vector spaces Z;,i =
1,2, ..., m then the direct sum of w;, bring the representation defined by: { w,® w, ... ®
Wm(v)}( Zl’ Zz, ,Zm) == Wl(v)Zl ) Wz (U)Zz, e Wm(S)Zm fOI’ a”

T €G ,Zy,Zy, e Ly € Zy X Zy X o X L.

Definition (2.4): [2]

Let both G and H groups of liars, let w, is a rendition of G effects the space Z; and let w,
is a rendition of H effects the space Z,, then the tensor product of (w; @ w, )(Vv,r) =
w;(v) ® w,(r).Forallve GandreH.

Definition (2.5): [5]

Let Z, & Z, being space of real (complex) vectors of finite dimensions, after that, a tensor
product of Z; & Z, is a vector space Z , together with a bilinear map
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1:Z, X Z, - Z(Z; Q Z,) having this quality: if ¢ is every bilinear map of Z; X Z, into a
vector space Z, then there exists a sole linear map ¢ of Z into Z, the next diagram
commutes, and so forth.

I
Zy X Z Z(Z1 Q@ Z,)

%
3!

Sl

N

Figure(1)
Definition (2.6): [4]

Assume G is Lie group as well as w is representation of G effects the vector space Z.
After that, the model of dual w to w is an expression of G effects the Z provided via :
w*(v) = [w(v™1)]* Dual representation is also known as the contragredient
representation.

Example (2.7) :
Letw = ST — So(2, (), where ST = e =cos cos9 + i sinsin9 such that
St ={(cos¥,sin?),0 <9 < 2m}, and

w(cos cos9 ,sinsin9) = (cos cos9 —sin sind sinSinY cos coSI ) , W(e“9) =
(cos cos9 —sinsing sinSinY cos cosvY ),

w is representation of Lie group S*. Then

I =coscos9 —i

v=e” w(e”) = (coscos® —sinsind sinsing coscosd),v”
sin sind9
w()™! = (cos cos9 —sinsind sinsind coscosd ), then [w(w) 1] = (cos cosv —
sin sin9 sin SinY cos oS ).
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3. The equivalence between the Lie group (QAT) and the Hom-space, Tensor
product:

The action (QAT) , (PTA) of G upon Hom-space and upon tensor product will be studied
in the present section.

Proposition (3.1):

Let wy, w,, wg, w, being the four representations for the Lie group affects the vector
spaces Z,,Z,, Zs, Z,4, correspondingly, put Hom,,(Hom (Z3,Z,) ,Hom(Z5,Z}) be M-
vector space of all linear mappings from Z, to Z7 and from Hom (Z;,Z,) to Hom(Z3,Z}).
Then the (QAT) of the Lie group on

Hom,,(Hom (Z{,Z,) ,Hom(Z3,Z3)).

Proof:

Define Y: G = GL (Hom,,(Hom (Z1,Z,) ,Hom(Z5,Z})) such that:
YpWh=wi(v)ohyowy(v), forallv e G,k € Hom(Z,,Z,).

The following diagram can be used to show that the action of Lie group G on

Hom(Z,,Z,) is as follows y(v)k = wy(v) o hy o w3 (V).

. h
Zq Z,
Wy (V) w3 (V)
Z3 Z;

=

Figure (2)

Where ¥: G = GL (Hom,,,(Hom (Z;,Z,) ,Hom(Z3,Z3)) induced by representation, such
that y()it = [(Wa(¥) ™1 0 by o w3 (V) © Hiz 0o wy(v)~1)], for all

v € Gand k;: Z; = M thus w* is representation from G to Hom-space
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- hl = hz Z h3

* *
Z, Z3 2 VA

-1
(‘}4(”)/’7 L I I T sl I
Tk = h, - hy °
1 3

Z 4 Z 3 Z 2 Z 1
Figure (3)

Since (Hom,,(Hom (Z1,Z,) ,Hom(Z3,Z3)) = ((Z1,Z3)* ® (Z5,Z3)") = ((Z: ®
AN (Z;,Z4)), since Hom,,(Z,,Z;) = (Z; ® Z;), so we construct the action of G on

the product. It is the bilinear map, therefore via utilizing By virtue of the tensor product
and the universal quality of this tensor product, one obtains a special linear map:

(Z1 X Z3) X (Z3 X Z4) —canianical (Z1 ® Z3) ® (Z3 ® Z4)

bilinear map Linear map

Hom,,(Hom (Z5,Z,) ,Hom(Z3,Z})
Figure (4)

And we will explain related between the (QTA) of the Lie group on
Hom,,(Hom (Z{,Z,) ,Hom(Z5,Z;)) and (QTA) of the Lie group on
((Zl ®Z3)® (22,24)) up to the representation given:

155


http://jceps.utq.edu.iq/
http://jceps.utq.edu.iq/
mailto:jceps@eps.utq.edu.iq
mailto:jceps@eps.utq.edu.iq

Journal of Education for Pure Science- University of Thi-Qar
Vol.13, No.4 (Dec.2023)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq
hy h, hs
< > I3 < > 4y < >
Hom (Zs,Z}) Zas ’ ’

/| / /J / Hom 23,2,

VA 4
h, JZE J / Z,
Figure(5)

Proposition (3.2):

Let wy, w,, wg, w, being the four representations for the Lie group effects the vector
spaces Z4,Z,, Zs, Z,4, correspondingly, put Hom,,,((Z,, Hom (Z,Z3)) ,Z7) be M- vector
space of all linear mappings from Z; to Z; and from Hom(Z5,Z5) to Z; and Z, to Hom
(Hom (Z3,Z3)),Z7) Then the (QAT) of the Lie group on

Homy, ((Zy, Hom (Z3,23)) , Z1).

Proof:

Define : G » GL Hom,,,((Z,,Hom (Z5,Z5)) ,Z1). By pro(3.1) such that:

[(Wl(v)_l oMyo (WZ(U)_l ohyo W3(17)))] oMz owy(v). Forall v € G, h;: Z; > M. Where
w™ is representation from G to Hom-space.

Since (Hom,,(Z4, Hom(Z3,23)) ,Z7)) = (Z; ® (Z3 ® Z3)* ® Z1).

The following diagram illustrates representation from G to Hom-space

NG T~
IRl SN - h, = * A

wliv)‘1 ; l 7: l < l
P A

Z4 B Z3 2 Z; > 7

Figure (6)
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Therefore, one gets a unique linear map by utilizing the tensor product and universal
property.

(Z4 X (Z3xZy)" X Z7) canianical > (Z4 ® (Z3 ® Z,) ® Z7)

ég?

%
%
()
A &
(7]
ES S
0 ~

(Hompy, (23, Hom(zs, 23Y) , 21))

Figure (7)

The following representation illustrates the relationship between (QTA) on Hom-space
and (QTA) on tensor product, given as:

Ve

i hq
Hom(Z5,7Z}) Zy< > 73 Q Z)< > 24

| ! I

P> <>
Z3QZ;

7LZg®Z %1

’

24%23@)22 % Zy

Figure (8)
Proposition (3.3) :

Let wy, wy, wg, Wy, ws, be five representations of Lie group affects the vector spaces
Z1,24,2Z5,24,Zs, correspondingly. Put Hom,,,(Zs, Hom (Hom(Z,,23),Z;, @ Z7)) be M-
vector space of all linear mappings from Z; to Z; as well as Hom(Z,,Z3) to Z; Q Z1 ,
from Zs to Hom(Hom(Z,,23),Z5; Q Z7).

Then the (QTA) of the Lie group on Hom,,,(Zs, Hom(Hom (Z4,23)) , Z3 Q@ Z3).
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Proof:
Define 0: G = GL (Hom(Zs, Hom(Hom (Z4,Z23),Z; @ Z7) induced by
Representation, such that o (v)k = [(w;(v) " ® w,(v)™1)]

o= [(wim) L @ w)71) © by o (ws) oy ows ) )]

o h3 ows(v). Forall v € Gand h;: Z; - M, where w* is representation from G to Hom-
space.

57 S =T sl
h 7k, h, T2
3 2 * 3 * *
Zs Zy Z5 ARG WA
-1
wy () < l C l C l
/,/7 \‘\\ /,/’7 \\A
-~ * Z* Z*
Zs Zy - Z3 ) 2 D Z;
) h3 hz h3
Figure (9)
Since

(Hompy,(Zs, Hom(Z4,23)) , Z; ® Z7)) = (Z5 ® (Z4 ® Z3)" ® Z, D Z1)).

Therefore , one gets a sole linear map by utilizing the tensor product and universal
property.

(Zs X (Z4 X Z3)* X Z @ Z1) canianical > (Z4 Q (Z3 @ Z,) @ Z, B Z)

S,
Z Q
2 &

> &
%2 Z
© S

(Hom,(Zs, Hom(Hom(Z,,23)) , Z5 @ Z7))
Figure (10)

The following representation illustrates the relationship between (PTA) on Hom-space and
(PTA) on tensor product, given:
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N
]j
,{;
N

W %
NN

D

N
N %
D
%

Z Z
ﬁ/ / / / Hom(Z5,2; ® Z)

Iy« ™ sz,c Mozi Mg
Figure (11)

Proposition (3.4) :
Let Z,,Z,,Z5,Z4,Z5, being the vector spaces, Z; Is the dual of vectors Z;, and i =
1,2,3,4,5, then the following assertions are:

Hom,, (Zs, Hom(Z;, Hom(Z3,Z,) @ Hom(zg,zl)))*. |

Hom,, (Hom(Z;,Z3") @ Hom((Z3,Z37), Hom(Z;",Z2))). I

Hom,,

Hom(Z;,Z3) @ Hom(Z3, (Zs, M), Hom(Z,, Z3)) ).

Hom(Z;,Z5) ® Hom((Z3, Z3), Hom(Z,, ZS,M))).
Hom,, )

Hom, (Hom(Z3,Z3) ® Hom(Z;3, (Zg,M),Hom(Z4,Z§)))- V

/N 7N 7N TN

<Homm (ZS, Hom(Z3, Hom(Z3,Z,) @ Hom (z’g,zl))> RSSO NIAYY

= {Hom,,(Zs, Hom(Z}, Hom(Z3, Z,)
@ Hom(Z3,Z,)) if nis an even number. Hom,,(Z, Hom(Z,, Hom(Z3,Z53)
@ Hom(Z;,Zs)) if nis an odd number. }
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Proof:

I = 11 to show that:

(Homy, (25, Hom(Z;, Hom(Z3, 2,) @ Hom(zg,zl)))* = Hom,, (Hom(Z;,Z3) @
Hom((zg,zg‘),Hom(zz*,zg))).

Let h, € Hom(Zs,Z;), Where hy: Zs = Z3,

And hj € (Hom(Zs, Z})';

hs € Hom(Zy, Z3), where Hs: Z, — Zs ; and h% € (Hom(Z,, Z3)) ; and

hy e (Hom(Z,, Z3))

h, X by € Hom(Z5,Z, X Z,), where h, X hy: Z3 = Z, X Z;; and

hy x hy € (Hom(Zs, Z, X Z,))

And there exists an intertwining map:

Hom,, (ZS, Hom(Z}, Hom(Zs, Z,) @® Hom(Zs, Zl)))*

— Homy,(Hom(Hom(Hom(Z3, Z,)* @ Hom(Zs,Z,)*), Z3)", (Z3))

Such that
r(w*()(a@) = w*(m(a), forall v € w* and a € Z7 X Z3, = is an invertible map.
11 = 11 to show that:
Hom,, (Zs, Hom(Z;, Hom(Z3,Z,) @ Hom(Z§,Zl)))* = Hom,,, (Hom(Z}, Z3) @
Hom(Z3, Z3), Hom(Z,, Zs, M))).
Since Z: can be written as Hom(Zs, M), by proof (1). thus:
Hom,, (Hom(Z},Z;) @ Hom(Z3,Z5), Hom(Z,, Z3)) ) = Hom,, (Hom(Z3, Z;) @
Hom(Z3,Z3), Hom(Z,, (Zs, M))) By the same method, we have the other parts.

Corollary (3.5) :

Let GL(l;, G) = GL (w; ® (w4 ® ((w; @w;) B (w3 ® W1))))
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Where i = 1,2,3,4,5 are a matrix representations, after that the (PTA) for Lie group of G
on

(2 ® (ws ® (w3 ® w3) B (wa @ W) i

w*(v) =
(ws@)" ® Wa)™)" @ (Wa(@)™HN) ® (W, (1)) ) & (W () ™) ®
(wy; ()™ D)), forall € G.

Proof:
w (@) = (ws() ™ @ (Wa(») ® Ws(v) @ w2 (1) ™)) ® (w5 () ® wy(v))) =

(ws®)” ® Wam™)" @ (Wa) ™)) ® W) @ (w3 )” ®
(Wi~ ), forall € G.

And w*(vt) = (w(wt))

= WO W™

=W H"w®HY

=w*(v)w*(t), forall € G.

Hence the T-action is a dual matrix dual representation.

4. Conclusion:

. In this paper, we have provided on overview of the Lie group, Lie algebra,
representation of the Lie group, and tensor product have been defined and associated with
dual model by new structures consisting of tetramers and pentagons vector spaces by

actions on Hom,, ((Zj;, Hom(Zg,Zg)),Zl) In the proposals. Then we generalized it.

5. The authors thank and appreciate AL-Mustansiriya University in Baghdad, Iraqg.
(www.mustansiriyah.ed.iq) for providing cooperation and support in this submitted work.
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