Journal of Education for Pure Science- University ot Thi-Qar
Vol14, No. 2 (2024)
Website: jceps.utq.edu.iq Email: jceps @eps.utq.edu.iq

DOI: https://doi.org/10.32792/jeps.v14i2.434

Solving Biological Population Model by Using FADM within Atangana-
Baleanu fractional derivative

Ghazusan Ali Abdul Hussein®, Djelloul Ziane?,
1Department of Mathematics, College of Education for Pure Science, University of Thi-Qar,
Nasiriyah, Iraq.
2Laboratory of mathematics and its applications (LAMAP), University of Oran1,
Oran, Algeria.
* Corresponding email: ghazwanali84@gmail.com

Received 10/4/2024 Accepted 12/5/2024, Published 1/6/2024

—G)
@ B This work is licensed under a Creative Commons Attribution 4.0 International License.

Abstract

In this paper, we are concerned with finding approximate solutions to biological population model by
using fractional Adomian decomposition method (FADM). The presented method is considered in the
Atangana-Baleanu fractional derivative operator (ABFDO). By using an initial value, the explicit solution
of the equation has been presented in the closed form and then its numerical solution has been represented

graphically. The present method performs extremely well in terms of efficiency and simplicity.

Keywords: Fractional biological population model; Atangana-Baleanu fractional operator; Adomian

decomposition method.

1. Introduction
Fractional calculus has attracted significant interests in the field of engineering and applied

sciences in the last few years. The elementary knowledge of fractional calculus can be found in [1,2].
Fractional differential equations contain derivatives of any complex or real order, being considered as
general form of differential equations. The comprehensive applications in real world problems are
described by fractional partial differential equation and it is found to be an effective tool in interpretation

and modeling of numerous problems appear in physics and applied mathematics [3-5].
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Recently, a great effort has been expended to develop the exact and approximate behavior of
fractional partial differential equations (PDEs). In this effort several enthusiastic methods have been
applied for the solution of fractional PDEs such as homotopy analysis method, expansion methods,
homotopy analysis transform method, fractional difference method, operational method, variational
iteration method, homotopy perturbation method, direct approach, Lie symmetry analysis, differential
transform method, reproducing kernel method, extended differential transform, method, mesh less
methods, Sumudu variational iteration method, Sumudu decomposition method, Laplace homotopy

perturbation method, and Laplace variational iteration method and another methods [5-82].
2. Preliminaries

Definition 1. Suppose that the function U € H*(&,,&,),E; > &,, then the Atangana-Baleanu
operator in Caputo sense of U at 0 < a < 1 s,

t
ABpaq(T) = %f E, <— %)u'(&)da, T >0, 2.1)
0

where 3(a) is a function such that 3(0) = 3(1) = 1 and U’ (&) is the derivative of U.

Definition 2. The Atangana-Baleanu fractional integral (ABFI) of order a defined as follows

1-—
AIEuU@) =

W O

a
M (a )F(a) f(fr x)* T Uu(x) dx (2.2)

The properties of ABFI is defined as follows:
1. 481 ¢ A7 U(T) = UT) - U@).

c Té

AB1 — _
2. aITC_M(a)(l a+r(a)).

aBja gk _ T g _ o4 arCk1) 7
3. %17 T —M(a)(l a+ rarke D) ).

3. Analysis of FADM
Let us consider the following fractional partial differential equation:
ABDEUX,Y,T)+RUX,Y,T)+NUX,Y,T)=9g (X, Y,T), 0<a<1, T>0, (3.1
with respect to the initial condition
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UX,Y,0) =f(X,Y), (3.2)

where 48D% U (X, Y, T) Atangana-Baleanu fractional operator.
The technique is based on using the operator 421 % , and operator's inverse 42D on both sides of Eq.
(3.1) to have
AAIF (ADF U, Y, T} =48 1F1g(0,Y, T = “Z1F[RUX,Y,T) + NUKX,Y,T)],
or equivalent
UXCY,T) =UX,Y, 0+ 4715 [g00Y, ] - FIFIRUX,Y,T)+NUX,Y,T)] (3.4

The infinite series shown here reflects the ADM solution of U(X, Y, T )as

UX,Y,7) = Z U, (X, Y,T), (3.5)
n=0

The problem's nonlinear term may be written as an Adomian polynomial as follows:

NUQY,T) = 2 A, (3.6)
n=0

where

1] om <
An=a awnl\] Zwiu

i=0 w=0

We get Eq. (3.4) by combining Eq. (3.5) and Eqg. (3.6)

D U Y,T) = FOCY +AETE [gOCY, T - 18 [R (Z ‘un> +) Ay
n=0

We present recursive relations as a continuation of the ADM,

uO(Xry'T) = f(xry) + AC?I% [g(X,y,T)],
Uni1(X,Y,T) = —2BIE[R (Up(X,Y,T)) + A, ], n>0. (3.8)

Consequently, the solution for the series is

un(xlle) = uO(xfer) +u1(xrer) +u2(xrer) + -

4. Applications
Example 1. Consider the following population model with the Atangana-Baleanu operator
Rma 0> U?* o0*u?
ABDL U, Y, T) = 7+ 7R +U , 0<ac<l, (4.1)
subject to the initial condition U(X, 0) = /XY.
Using the operator 421 & | on both sides of Eq. (4.1), we have

2q.2 2912
ABI?- [‘ABD;fU(X,‘y,T) — - U 0% U

+

et S ul, (4.2)
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or
0% U?* 0% U?
U, Y, T) =/XY +4B1 & + +Uj. 34
Suppose that

U(x,y,:r)=iun(x,y,7), U2=i}[n
n=0 n=0

:]'[0 = uz,
:]'[1 = Z'UO'ul,
:]'[2 = Z'UO'ul + 'U%

Thus,

2

Zu y_I_AB[T[aaxzz ayzzﬂ Zu”'

(35)

By comparing both sides of the Eq.(35), the following result is obtained,

U (X, T) = UX, 0),

62 62 T
—_ A
U (X, T) =481 & axz}[ ay2 'uo,
K& 92 ‘
uZ(x:T) = ABI 7 axz *7-[1 a.yz ul )
[ 02 02 ]
U3(X,T)=ABIa axzj’[z ayz uz .
By the above algorithms,
Up(X,T) = VXY,
[ ta
U (X, T) = —aJxy + /xy + r@)
JxyVma(t®)? Jxyt®  Jxyat®

W07 = aVay =20+ Gayrarazr e TV i T 2 T@

U3 (X, T) -2 \/x—yn(t“)3a2x/§2 -3 Jxyvm(t*)?a? _

3r@r(a+3)r(a+5)27e 4“F(a)1"(l a)
JxyVr(t®)?a Jxytta el Jxyt?

Brr@razra VY3 g W - 6r(> RERESTAY
and so on.

xya®
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Therefore, the series solution U(X, T) of Eq.(3.1) is given by

U, T) = _\/x_)’a3+4\/x—y—6a\/x—y+6\/x_yta+4a2\/x—y+ \/X_Y\/E(tal) a
I'(a) (Za)zr(a)r(7+a)

8,/xyat“ i3 Jxytta? N 2 Jxym(t)3a?V3 3 Jxyvm(t?)?a?

I @ 3r@r(a+ %) r(a+ %) 27¢  49T(a)T (% +a)
3L a (36)

49T(@r(1/2 +a) =

If we puta — 1in EQq.(36) , we get the approximate

1 1
UX,T) = 5 fxyt? +g\/ﬁt3 +xy + [xyt + .

= Jxye”.

App.sol. at a=0.8

App. sol. at a=0.9
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Exact solution
App. sol. ata=1

Figure 1. The graph of approximate and exact solutions to Eq.(3.1).

w— App. sol at a=0.8

e App.sol at a=09

— App. sol. at a=1
Exact solution

i

Figure 2. Two-dimensional graph with approximate and exact solutions to Eq.(3.1).

5. CONCLUSIONS

The biological population model with Atangana-Baleanu fractional derivative has been studied. The
FADM was used to successfully achieve analytical approximation solutions. The solutions were found to
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be infinite power series that could be expressed in closed form. When a = 1, the results of FADM are in

great agreement with the precise solution, as seen in the example.
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