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Abstract 

       Various forms of boundedness in rectangular fuzzy n-normed linear spaces of type (𝑋, 𝑁,∗)  are 

examined in this work, where ∗ represents an arbitrary t-norm. Some of these highly general notions of 

boundedness have no counterpart in the traditional topological metrizable linear spaces. We list the 

properties of these bounded sets and conduct a comparative analysis of the various forms of boundedness. 

Among these are a number of ideas on the symmetrical characteristics of the objects under study that come 

from the classical context and are relevant to the issues of this magazine. We define their consequences 

and provide instances to show how different these notions are from one another.                                         

 

normed space, fuzzy bounded set, fuzzy totally -rectangular fuzzy n normed space,-fuzzy n :Keyword

bounded  

 

1. Introduction 

    In 1965, Zadeh[11] established the idea of fuzzy sets, which examined their properties and generalized 

sets. In 1984, Katsaras [5] introduced the concept of a fuzzy  norm on a vector space for the first time. 

Misiak [7] in 1989, developed the theory of n-normed space. In 1994, Cheng and Mordeson [3] given a 
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certain kind of fuzzy norm  on a linear space, causing the accompanying fuzzy metric to be of the 

Kramosil and  

Michalek kind.  Rectangular metric space was first conceptualized in 2000 by Branciari [1]. wo concepts 

of boundedness are used here; the first was presented by Bag and Samanta [10] and the second by Sadeqi 

and Kia [6] in 2009. In 2018, N. Mlaiki, K.Abudaych, T. Abdeljawad and M.Abuloha [8] generalized the 

definition of a rectangular metric space by defining rectangular metric-like space. In 2021 [9], S. J. 

Mohammed and M. J. Mohammed introduced a rectangular fuzzy normed space. 

 

2.Preliminaries 

 

[13]: .2)1Definition ( 

The 3-tuple (Ɣ ,𝒩,∗) is said to be a fuzzy 𝑛 − 𝑛𝑜𝑟𝑚𝑒𝑑 space (in short, F-n-NS), where Ɣ a vector space 

over the field 𝐹, ∗ be a continuous t-norm , 𝒩 is a fuzzy set on Ɣ 𝑛 × (0,∞)   (i.e, 𝒩:Ɣ × (0,∞) →

: 𝔰, 𝑡, ∈ ℛ, , 𝑘 ∈ Ɣ  𝓋1, 𝓋2, … , 𝓋𝑛satisfying following: for each  [0,1] 

𝔰 ≤ 0,with  𝔰 ∈ ℛ, for every   𝒩(𝓋1, 𝓋2, … , 𝓋𝑛, 𝔰) = 0(N1)  

(N2) 𝒩( 𝓋1, 𝓋2, … , 𝓋𝑛, 𝔰)  = 1  iff  𝓋1, 𝓋2, … , 𝓋𝑛 are linearly dependent.  

(N3) 𝒩(𝓋1, 𝓋2, … , 𝓋𝑛, 𝔰), is invariant under any permutation of, 𝓋1, 𝓋2, … , 𝓋𝑛. 

(N4) 𝒩 ( 𝛼𝓋1, 𝛼𝓋2, … , 𝛼𝓋𝑛, 𝔰) = 𝒩 (𝓋1, 𝓋2, … , 𝓋𝑛,
𝔰

|𝛼|
) , if 𝛼 ≠ 0, 𝛼 ∈ 𝐹 

(N5) 𝒩 ( 𝓋1, 𝓋2, … , 𝓋𝑛 + 𝑘 , 𝑡 + 𝔰) ≥ 𝒩(𝓋1, 𝓋2, … , 𝓋𝑛, 𝑡) ∗ 𝒩(𝓋1, 𝓋2, …𝓋𝑛−1, 𝑘, 𝔰) 

(N6) 𝒩 ( 𝓋1, 𝓋2, … , 𝓋𝑛, 𝔰) is non decreasing function of 𝑟 ∈ 𝑅, and  lim 
𝔰→∞

𝒩(𝓋1, 𝓋2, … , 𝓋𝑛, 𝔰) = 1, 
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 Fuzzy Bounded Sets  .3 

Definition (3.1): 

 suppose  Ɣ  be a linear space with dimension 𝑑 ≥ 𝑛,  𝑛 ∈ ℕ . A rectangular 𝑛 − 𝑛𝑜𝑟𝑚 on Ɣ is a 

mapping ∥∙, … ,∙∥ on Ɣ × ⋯× Ɣ ⏟      
𝑛

, satisfying the following, for 𝓋1, 𝓋2, … , 𝓋𝑛 , , 𝑢, 𝑘 ∈ Ɣ 

(1) ∥∥𝓋1, 𝓋2, … , 𝓋𝑛 ∥∥ = 0  iff  𝓋1, 𝓋2, … , 𝓋𝑛  are linearly dependent,  

(2) ∥∥𝓋1, 𝓋2, … , 𝓋𝑛 ∥∥ is invariant under any permutation of 𝓋1, 𝓋2, … , 𝓋𝑛, 

(3) ∥∥𝛼𝓋1, 𝛼𝓋2, … , 𝛼𝓋𝑛∥∥ = |𝛼|∥∥𝓋1, 𝓋2, … , 𝓋𝑛 ∥∥ for any 𝛼 ∈ ℝ, 

(4) ∥∥𝓋1, 𝓋2, … , 𝓋𝑛−1 , 𝓋𝑛 + 𝑢 + 𝑘∥∥ ≤ ∥∥𝓋1, 𝓋2, … , 𝓋𝑛−1 , 𝓋𝑛∥∥ + ∥∥𝓋1, 𝓋2, … , 𝓋𝑛−1 , 𝑢∥∥  

+ ∥∥𝓋1, 𝓋2, … , 𝓋𝑛−1, 𝑘∥∥  

the pair (Ɣ , ∥∙, … ,∙∥) is called a rectangular 𝑛 − 𝑛𝑜𝑟𝑚𝑒𝑑 space. 

 

:)23.( Definition 

The 3-tuple  (Ɣ ,𝒩,∗) is said to be a rectangular fuzzy 𝑛 − 𝑛𝑜𝑟𝑚𝑒𝑑 space, (in short, RF-n- 

NS); where Ɣ a linear space over the field 𝐹,∗ be a continuous t-norm , 𝒩 is a fuzzy set on  

Ɣ 𝑛 × (0,∞)   (i.e 𝒩:Ɣ 𝑛 × (0,∞) → [0,1] satisfies the following condition: for all  

𝓋1, 𝓋2, … , 𝓋𝑛 , 𝑢, 𝑘 ∈ Ɣ  and 𝑠, 𝑡, 𝑛 ∈ 𝑅 : 

 (N1) 𝒩(𝓋1, 𝓋2, … , 𝓋𝑛, 𝑡) = 0, for every 𝑡 ∈ 𝑅 with 𝑡 ≤ 0, 

(N2) 𝒩 (𝓋1, 𝓋2, … , 𝓋𝑛, 𝑡) = 1  iff  𝓋1, 𝓋2, … , 𝓋𝑛 are linearly dependent. 

(N3) 𝒩(𝓋1, 𝓋2, … , 𝓋𝑛, 𝑡), is invariant under any permutation of, 𝓋1, 𝓋2, … , 𝓋𝑛. 

(N4) 𝒩(𝛼𝓋1, 𝛼𝓋2, … , 𝛼𝓋𝑛, 𝑡) = 𝒩 (𝓋1, 𝓋2, … , 𝓋𝑛,
𝑡

|𝛼|
) , if 𝛼 ≠ 0, 𝛼 ∈ 𝐹 
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(N5) 𝒩(𝓋1, 𝓋2, … , 𝓋𝑛−1, 𝓋𝑛 + 𝑢 + 𝑘 , 𝑠 + 𝑡 + 𝑛) ≥ 𝒩(𝓋1, 𝓋2, … , 𝓋𝑛−1, 𝓋𝑛, 𝑠) ∗

𝒩(𝓋1, 𝓋2, … , 𝓋𝑛−1, 𝑢, 𝑡) ∗ 𝒩(𝓋1, 𝓋2, … , 𝓋𝑛−1, 𝑘, 𝑛) 

(N6) 𝒩(𝓋1, 𝓋2, … , 𝓋𝑛, 𝑡) is no decreasing function of 𝑡 ∈ 𝑅 and 

lim 
𝑡→∞

 𝒩(𝓋1, 𝓋2, … , 𝓋𝑛, 𝑡) = 1 

:)3Definition (3. 

suppose (Ɣ ,𝒩,∗) be a RF-n-NS, then: 

(i) A sequence {Ᵹ𝑛} in Ɣ  is called convergent to Ᵹ ∈ Ɣ  if for every 𝜕 ∈ (0,1) , 𝑡 > 0, there  

is 𝑛∘ ∈ 𝑧
+such that 𝒩 (Ᵹ1,Ᵹ2, … ,Ᵹ𝑛−1,Ᵹ𝑛 − Ᵹ, 𝑡) > 1 − 𝜕 for all 𝑛 ≥ 𝑛0. (or equivalently,  

lim𝑡→∞  𝒩 ( Ᵹ1,Ᵹ2, … ,Ᵹ𝑛−1,Ᵹ𝑛 − Ᵹ, 𝑡) = 1) 

(ii) A sequence {Ᵹ𝑛} in Ɣ  is called Cauchy if for every 𝜕 ∈ (0,1) , 𝑡 > 0, there is  

 𝑛∘ ∈ 𝑧
+such that, 𝒩(Ᵹ1,Ᵹ2, … ,Ᵹ𝑛−1,Ᵹ𝑛 − Ᵹ𝑚, 𝑡) > 1 − 𝜕 for all 𝑛,𝑚 ≥ 𝑛∘. (or  

equivalently, lim𝑡→∞  𝒩 ( Ᵹ1,Ᵹ2, … ,Ᵹ𝑛−1,Ᵹ𝑛 − Ᵹ𝑚, 𝑡) = 1) 

(iii) A rectangular fuzzy 𝑛 − 𝑛𝑜𝑟𝑚𝑒𝑑 space (Ɣ ,𝒩,∗) is called a complete, if every Cauchy  

sequence is convergent  

 

:)4Definition (3. 

Let (Ɣ ,𝒩,∗) be a RF-n-NS. The closed ball 𝐵[𝓋1, 𝓋2, … , 𝓋𝑛, 𝑟, 𝑡]and the open ball l 

𝐵(𝓋1, 𝓋2, … , 𝓋𝑛, 𝑟, 𝑡) with center 𝓋1, 𝓋2, … , 𝓋𝑛 ∈ Ɣ  and radius 𝑟,  0 < 𝑟 < 1, 𝑡 > 0 are defined as 

follows : 

𝐵(𝓋1, 𝓋2, … , 𝓋𝑛, 𝑟, 𝑡) = { 𝑘 ∈ Ɣ ∶ 𝑁(𝓋1, 𝓋2, … , 𝓋𝑛 − 𝑘 , 𝑡) > 1 − 𝑟} 

𝐵[𝓋1, 𝓋2, … , 𝓋𝑛, 𝑟, 𝑡] = { 𝑘 ∈ Ɣ ∶ 𝑁(𝓋1, 𝓋2, … , 𝓋𝑛 − 𝑘 , 𝑡) ≥ 1 − 𝑟}. 

 

http://jceps.utq.edu.iq/
mailto:jceps@eps.utq.edu.iq


Journal of Education for Pure Science- University of Thi-Qar 
Vol.14, No. 2 (2024) 

Website: jceps.utq.edu.iq                                                                                                      Email: jceps@eps.utq.edu.iq 

   153 

:)5Definition (3. 

suppose  (Ɣ ,𝒩,∗) be a RF-n-NS, 𝐸 ⊆ Ɣ , then: 

(1) 𝐸 is called open set, if for each 𝓋 ∈ 𝐸, there is 𝑡 > 0 , 0 < 𝑟 < 1, such that 𝐵(𝓋1, 𝓋2, … , 𝓋𝑛, 𝑟, 𝑡) ⊆

𝐸. 

(2) 𝐸 is called closed if any sequence {𝓋𝑛} in 𝐸 such that is convergent to 𝓋 then 𝓋 ∈ 𝐸. 

:)6Proposition (3. 

Let (Ɣ , ∥∙, … ,∙∥)𝑏𝑒 𝑎 RF − n − NS 𝑎𝑛𝑑 𝑙𝑒𝑡 𝑥 ∗ 𝑦 = 𝑥. 𝑦. Let N be a  

fuzzy set on Ɣ 𝑛 × (0,∞) defined as follows 𝒩 (ⱱ1, ⱱ2, … , ⱱ𝑛 , 𝑟) =
𝑟

𝑟+∥ⱱ1,ⱱ2,…,ⱱ𝑛∥
. Then 𝑁 is a rectangular 

fuzzy n- norm induced by a rectangular n- normed space (Ɣ , ∥∙, … ,∙∥) called (𝒩 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑  standard 

rectangular fuzzy n-norm on X ) 

roof:P 

(N1)  for every 𝑟 ∈ ℝ with 𝑟 ≤ 0;  

𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟) = 0 

(N2) for every 𝑟 ∈ ℝ with 𝑟 > 0, we get 𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟)  = 1 

(i) iff    
𝑟

𝑟+∥ⱱ1,ⱱ2,…,ⱱ𝑛∥
= 1, 

 (ii) iff   𝑟 = 𝑟 + ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥, 

 (iii) iff   ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥ = 0, 

 (iv) iff   ⱱ1, ⱱ2, … , ⱱ𝑛are linearly dependent. 

  (N3)   

𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟) =
𝑟

𝑟 + ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥

 =
𝑟

𝑟 + ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛, ⱱ𝑛−1∥∥
= 𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛, ⱱ𝑛−1, 𝑟) = ⋯
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(N4) for every 𝜂 ∈ ℝ with > 0 , 𝜃 ∈ 𝐹, 𝜃 ≠ 0; 

𝒩(𝜃ⱱ1, 𝜃ⱱ2, … , 𝜃ⱱ𝑛,
𝜂

|𝜃|
) =

𝜂 /|𝜃|

(𝜂 / |𝜃|) + ||ⱱ1, ⱱ2, … , ⱱ𝑛 ∥

 =
𝜂/|𝜃|

(𝜂 + |𝜃| ||ⱱ1, ⱱ2, … , ⱱ𝑛||)/|𝜃|

 =
𝜂

𝜂 + |𝜃|||ⱱ1, ⱱ2, … , ⱱ𝑛 ∥

 =
𝜂

𝜂 + ||𝜃ⱱ1, 𝜃ⱱ2, … , 𝜃ⱱ𝑛||
= 𝑁 ( 𝜃c1, 𝜃c2, … , 𝜃c𝑛, 𝜂).

 

 

(N5) for,  ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑢, 𝑘 ∈ Ɣ , 𝑟,𝑚, 𝑛 > 0 

 

𝒩 (ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟) ∗ 𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑢,𝑚) ∗ 𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑘, 𝑛) 

=
𝑟

𝑟+∥ ⱱ1, ⱱ2, … , ⱱ𝑛 ∥
⋅

𝑚

𝑚+∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑢 ∥
⋅

𝑛

𝑛+∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑘 ∥
 

=
1

1 + 
∥ ⱱ1, ⱱ2, … , ⱱ𝑛 ∥

𝑟

⋅
1

1 +
∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑢 ∥

𝑚

 ⋅  
1

1 +
∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑘 ∥

𝑛

 

≤
1

1 +
∥ ⱱ1, ⱱ2, … , ⱱ𝑛 ∥
𝑟 + 𝑚 + 𝑛

⋅
1

1 +
∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑢 ∥

𝑟 + 𝑚 + 𝑛

⋅
1

1 + 
∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑘 ∥

𝑟 + 𝑚 + 𝑛

 

≤
1

1 +
∥ ⱱ1, ⱱ2, … , ⱱ𝑛 ∥ +∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑢 ∥ +∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑘 ∥

𝑟 + 𝑚 + 𝑛

 

=
𝑟 +𝑚 + 𝑛

𝑟 +𝑚 + 𝑛 + ∥ ⱱ1, ⱱ2, … , ⱱ𝑛 ∥  + ∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑢 ∥  + ∥ ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑘 ∥
 

≤
𝑟 +𝑚 + 𝑛

𝑟 +  𝑚 +  𝑛+ ∥ ⱱ1, ⱱ2, … , ⱱ𝑛, +𝑢 + 𝑘 ∥
 

= 𝒩 (ⱱ1, ⱱ2, … , ⱱ𝑛, +𝑢 + 𝑘, 𝑟 + 𝑚 + 𝑛) 

𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟) ∗ 𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑢,𝑚) ∗ 𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛−1, 𝑘, 𝑛) 
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≤ 𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛 + 𝑢 + 𝑘, 𝑟 + 𝑚 + 𝑛) 

(N6)  For all 𝑟1, 𝑟2 ∈ ℝ, if  𝑟1 < 𝑟2 ≤ 0,  

𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟1) = 𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟2) = 0 

Suppose 𝑟2 > 𝑟1 > 0, then 

𝑟2
𝑟2  +  ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥

 − 
𝑟1

𝑟1  +  ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥

 =
∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥(𝑟2 − 𝑟1)

(𝑟2 + ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥)(𝑟1 + ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥)
 ≥  0

 

for all (ⱱ1, ⱱ2, … , ⱱ𝑛) ∈ 𝑋
𝑛, implies 

𝑟2
𝑟2  +  ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥

 ≥  
𝑟1

𝑟1  + ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥
 

which in turn implies 𝒩 (ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟2) ≥ 𝒩 (ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟1). 

Thus 𝒩(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟) is a non-decreasing function. 

Also, 

lim
𝑟→∞

 𝒩 (ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑟) = lim
𝑟→∞

 
𝑟

𝑟 +  ∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥

 = lim
𝑟→∞

  
𝑟

𝑟(1 + (1/𝑟)∥∥ⱱ1, ⱱ2, … , ⱱ𝑛∥∥)
= 1

 

Therefore (Ɣ ,𝒩,∗) is a rectangular fuzzy 𝑛 − 𝑛𝑜𝑟𝑚𝑒𝑑 space . 

 

:)7.3Definition ( 

ifbounded  calledis  𝐺.  ⊆ X 𝐺and  NS-n-RFbe a  (𝑋, 𝑁,∗)Let  

∃ 𝑡 > 0 , 0 < 𝑟 < 1 such that 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡) > 1 − 𝑟 , for all  

ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺  we will denote by T(X) the collection of all bounded subset of X 
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:(3.8)Definition  

Let (𝑋, 𝑁,∗) be a RF-n-NS and A subset Z ⊆ X is called a  

closure of F if for any ⱱ ∈ 𝑍 , there exists a sequence {ⱱ𝑛} in F such that  

lim𝑛→∞  𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − ⱱ, 𝑡) = 1  ∀ 𝑡 > 0  , we denote the set Z by 𝐹‾ 

:(3.9)Proposition  

 Let (𝑋, 𝑁,∗) be a RF-n-NS and 𝐺1, 𝐺2 be two bounded subsets of 𝑋.  

Then 𝐺1 ∪ 𝐺2 is bounded. 

Proof. 

Since 𝐺1, 𝐺2 are bounded subsets of 𝑋, ∃ 𝛼1, 𝛼2 ∈ (0,1), 𝑡1, 𝑡2 > 0 such that  

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡1) > 1 − 𝛼1, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺1 and  

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡2) > 1 − 𝛼2, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺2. Let 𝑡 = max{𝑡1, 𝑡2} and 

 𝛼 = max{𝛼1, 𝛼2}. Let ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺1 ∪ 𝐺2. If ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺1, then  

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡) ≥ 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡1) > 1 − 𝛼1 ≥ 1 − 𝛼.  

Similarly, if ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺2, we obtain that 

 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡) ≥ 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡2) > 1 − 𝛼2 ≥ 1 − 𝛼. 

 Thus 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡) > 1 − 𝛼, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺1 ∪ 𝐺2. 

:(3.10)Proposition  

Let (𝑋, 𝑁,∗) be a RF-n-NS, where ∗ is almost strict. If 𝐺1, 𝐺2 are  

two bounded subsets of 𝑋, then 𝐺1 + 𝐺2 is a bounded subset of 𝑋. 

 

Proof.  
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Since 𝐺1, 𝐺2 are bounded subsets of 𝑋, ∃ 𝛼1, 𝛼2 ∈ (0,1), 𝑡1, 𝑡2 > 0 such that  

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡1) > 1 − 𝛼1, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺1 and  

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡2) > 1 − 𝛼2, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺2. Let 𝛼 ∈ (0,1) such that  

𝛼 > 1 − (1 − 𝛼1) ∗ (1 − 𝛼2) and 𝑡 = 𝑡1 + 𝑡2. Let 𝑧 ∈ 𝐺1 + 𝐺2. Then there exist  

ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺1, 𝑦 ∈ 𝐺2 such that 𝑧 = ⱱ1, ⱱ2, … , ⱱ𝑛 + 𝑦. We have that 

𝑁(𝑧, 𝑡) = 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 + 𝑦, 𝑡1 + 𝑡2) ≥ 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡1) ∗ 𝑁(ⱱ1, ⱱ2, ⋯ , 𝑦, 𝑡2) 

≥ (1 − 𝛼1) ∗ (1 − 𝛼2) > 1 − 𝛼. 

 

 

:(3.11)Proposition  

.𝐺‾ ∈ 𝑇(𝑋). Then 𝐺 ∈ 𝑇(𝑋)and  NS-n-RFbe a  (𝑋, 𝑁,∗)Let  

Proof. 

 As 𝐺 is bounded we have that, ∃ 𝛼0 ∈ (0,1), 𝑡0 > 0 such that 

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡0) > 1 − 𝛼0, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺 

Let 𝛼1 ∈ (0,1) such that (1 − 𝛼0) ∗ (1 − 𝛼1) > 0 and 𝛼 ∈ (0,1) such that 

 1 − 𝛼 < (1 − 𝛼0) ∗ (1 − 𝛼1). Let 𝑡1 > 0 and ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺‾ . Thus (∃){ⱱ𝑛} ⊂ 𝐺 such  

that 𝑥𝑛 → 𝑥. Hence lim𝑛→∞  𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − ⱱ, 𝑡1) = 1. Thus, ∃𝑛0 ∈ ℕ such that  

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − ⱱ, 𝑡1) > 1 − 𝛼1, (∀)𝑛 ≥ 𝑛0. Therefore, for 𝑛 ≥ 𝑛0, we have that 

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡0 + 𝑡1) = 𝑁(ⱱ1, ⱱ2, ⋯ , ⱱ − ⱱ𝑛 + ⱱ𝑛, 𝑡0 + 𝑡1) 

≥ 𝑁(ⱱ1, ⱱ2, ⋯ , ⱱ − ⱱ𝑛, 𝑡1) ∗ 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡0) ≥ (1 − 𝛼1) ∗ (1 − 𝛼0) > 1 − 𝛼. 
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Hence 𝐺‾ is bounded. 

:(3.12)Definition  

Let (X, N, ∗) be a RF-n-NS. A subset 𝐺 of (X, N, ∗) is called fuzzy  

Bounded (In short, FB) if (∀)𝛼 ∈ (0,1), (∃)𝑡𝛼 > 0 such that 

 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡𝛼) > 1 − 𝛼, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺.  

The family of all fuzzy bounded subsets of 𝑋 will be denoted by 𝐹𝐵(𝑋). 

[2]: (3.13)Proposition  

Any continuous t-norm ∗ satisfies: ∀𝛾 ∈ (0,1), ∃𝛼, 𝛽 ∈ (0,1) such that 𝛼 ∗ 𝛽 = 𝛾 

Proof.  

Suppose 𝛾 ∈ (0,1). Choose 𝛼 > 𝛾. Let 𝑓: [0,1] → [0,1] defined by 𝑓(𝑦) = 𝛼 ∗ 𝑦. As ∗ is  

continuous, we have that 𝑓 is continuous. As 𝑓(0) = 𝛼 ∗ 0 = 0 and 𝑓(1) = 𝛼 ∗ 1 = 𝛼, for  

𝛾 ∈ (0, 𝛼).𝛼 ∗ 𝛽 = 𝛾, namely 𝑓(𝛽) = 𝛾such that  𝛽 ∈ (0,1)there exists   

:(3.14)Theorem  

 Let (𝑋, 𝑁,∗) be a RF-n-NS. A subset 𝐺 of 𝑋 is FB iff 

(∀)𝛼 ∈ (0,1), (∃)𝑡𝛼 > 0 such that 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦, 𝑡𝛼) > 1 − 𝛼,   

(∀)ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑦 ∈ 𝐺 

 Proof: 

⇒  Let 

𝜓 ∈ (0,1). Then ∃ 𝛽 ∈ (0,1) such that (1 − 𝛽) ∗ (1 − 𝛽) > 1 − 𝜓. Since 𝐺 is  

FB, for 𝛽 ∈ (0,1), ∃𝑡𝛽 > 0 such that  

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡𝛽) > 1 − 𝛽, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺. 
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Let ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑦 ∈ 𝐺 and 𝑡𝜓 = 2𝑡𝛽. We have that 

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦, 𝑡𝜓) ≥ 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡𝛽) ∗ 𝑁(ⱱ1, ⱱ2,⋯ , 𝑦, 𝑡𝛽) ≥ (1 − 𝛽) ∗ (1 − 𝛽) > 1 − 𝜓 

⇐ Let 𝜓 ∈ (0,1). Using proposition (3.13) we obtain that there exist 𝛾, 𝛿 ∈ (0,1) such that  

  1 −
𝜓

2
= (1 − 𝛾) ∗ 𝛿. 

Let ⱱ0 ∈ 𝐺 be fixed. As lim𝑡→∞  𝑁(ⱱ1, ⱱ2,⋯ , ⱱ0, 𝑡) = 1, we have that there exits 𝑡1 > 0 such  

that 𝑁(ⱱ1, ⱱ2, ⋯ , ⱱ0, 𝑡1) > 𝛿. Based on our theory, for 𝛾 ∈ (0,1) , ∃𝑡2 > 0 such  

that 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − ⱱ0, 𝑡2) > 1 − 𝛾, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺. Let 𝑡 = 𝑡1 + 𝑡2. Then, for all  

ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺, we have 

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡) ≥ 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − ⱱ0, 𝑡2) ∗ 𝑁(ⱱ1, ⱱ2, ⋯ , ⱱ0, 𝑡1) ≥ (1 − 𝛾) ∗ 𝛿 = 1 −
𝜓

2
 

> 1 − 𝜓 

 

:(3.15)Proposition  

 Let (𝑋, 𝑁,∗) be a RF-n-NS and 𝐺 ∈ 𝐹𝐵(𝑋). Then 𝐺‾ ∈ 𝐹𝐵(𝑋). 

 

Proof. 

 Since 𝐺 ∈ 𝐹𝐵(𝑋), ∃𝛼0 ∈ (0,1), 𝑡0 > 0 such that 

 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦, 𝑡0) > 1 − 𝛼0, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑦 ∈ 𝐺. Let ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑦 ∈ 𝐺‾. Then,  

∃{ⱱ𝑛}, {𝑦𝑛} ⊂ 𝐺 such that ⱱ𝑛 → ⱱ and 𝑦𝑛 → 𝑦. Let 𝛽 ∈ (0,1), 𝛽 > 𝛼0 and 𝑠 = 3𝑡0. We have that 

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦, 𝑠) ≥ 𝑁(ⱱ1, ⱱ2, ⋯ , ⱱ − ⱱ𝑛, 𝑡0) ∗ 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦𝑛, 𝑡0) ∗ 𝑁(ⱱ1, ⱱ2, ⋯ , 𝑦𝑛 − 𝑦, 𝑡0)

≥ 𝑁(ⱱ1, ⱱ2, ⋯ , ⱱ − ⱱ𝑛, 𝑡0) ∗ (1 − 𝛼0) ∗ 𝑁(ⱱ1, ⱱ2, ⋯ , 𝑦𝑛 − 𝑦, 𝑡0) 

For 𝑛 → ∞ we obtain that 
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𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦, 𝑠) ≥ 1 − 𝛼0 > 1 − 𝛽. 

Thus 𝐺‾ ∈ 𝐹𝐵(𝑋). 

:(3.16) Corollary 

Let (𝑋, 𝑁,∗) be a RF-n-NS. Then: 

1. If 𝐺,𝐻 are FB, then 𝐺 ∪ 𝐻 and 𝐺 + 𝐻 are FB. 

2. If 𝐺 is FB, then 𝐺‾ is FB. 

:(3.17)Proposition  

 Let (𝑋, 𝑁,∗) be a RF-n-NS. If 𝐺 ⊆ 𝑋 satisfies 

(∃)𝛼0 ∈ (0,1): sup{𝑡 ≥ 0:𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦, 𝑡) ≤ 1 − 𝑡} < 𝛼0, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑦 ∈ 𝐺,  

then 𝐺 is F-bounded. 

Proof. 

 For ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑦 ∈ 𝐺, let  

𝑑(𝑥, 𝑦) = sup{𝑡 ≥ 0:  𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦, 𝑡) ≤ 1 − 𝑡}. By our hypothesis  

(∃)𝛼0 ∈ (0,1) such that 𝑑(𝑥, 𝑦) < 𝛼0, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑦 ∈ 𝐺. Thus  

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦, 𝛼0) > 1 − 𝛼0, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑦 ∈ 𝐺.  

Hence 𝐺 is F-bounded. 

 

 

:(3.18)Definition  

Let (X, 𝑁, ∗) be a RF-n-NS. The set of all open balls with respect  

to 𝑁 is a topology on 𝑋, is called a metrizable topology on 𝑋, denoted by (𝑋, 𝒯𝑁)  
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:(3.19)Remark  

It can be seen that a subset 𝐺 of a topological linear space X is said to be bounded if there is  

.0𝑋of  𝑉for any neighborhood  ⊆ 𝑘𝑉 𝐺such that   > 0k 

:(3.20)Theorem  

 Let (𝑋, 𝑁,∗) be a RF-n-NS. A subset 𝐺 of 𝑋 is FB iff  

𝐺 is bounded in (𝑋, 𝒯𝑁). 

Proof. 

  (⇒)  Suppose 𝑉 be a neighborhood of 0𝑋. Then, ∃ 𝛼 ∈ (0,1), 𝑡 > 0  

⇒ 𝐵(0,0,⋯ ,0, 𝛼, 𝑡) ⊆ 𝑉. Since 𝐺 is FB, for 𝛼 ∈ (0,1), (∃)𝑡𝛼 > 0  

⇒ 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡𝛼) > 1 − 𝛼, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺. Let 𝑘 =
𝑡𝛼

𝑡
. We have that  

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡𝑘) = 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑡𝛼) > 1 − 𝛼, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺. Thus 

𝐺 ⊂ 𝐵(0,0,⋯ ,0, 𝛼, 𝑡𝑘) = 𝑘𝐵(0,0,⋯ ,0, 𝛼, 𝑡) ⊆ 𝑘𝑉 

(⇐) Let 𝛼 ∈ (0,1). Since 𝐵(0,0,⋯ ,0, 𝛼, 1) is a neighborhood of 0𝑋, ∃ 𝑘 > 0  

⇒ 𝐺 ⊆ 𝑘𝐵(0,0,⋯ ,0, 𝛼, 1) = 𝐵(0,0,⋯ ,0, 𝛼, 𝑘). Thus 

 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑘) > 1 − 𝛼, (∀)ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐺.  

Hence 𝐺 is F-bounded. 

:(3.21)Definition  

Let (X, N, ∗) be a RF-n-NS. A subset 𝐺 of a (X, N, ∗)  is called  

fuzzy totally bounded (In short, FTB) if 

(∀)𝛼 ∈ (0,1), (∃){ⱱ1, ⱱ2, … , ⱱ𝑛} ⊂ 𝑋: 𝐺 ⊂ ⋃  𝑛
𝑖=1 (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼))  

The collection of all fuzzy totally bounded subsets of X will be denoted by FTB(X). 
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:(3.22)Theorem  

 Let (𝑋, 𝑁,∗) be a RF-n-NS. The statements that follow are equivalent:  

(1) 𝐺 is FTB; 

(2) (∀)𝛼 ∈ (0,1), (∃){ⱱ1, ⱱ2, … , ⱱ𝑛} ⊂ 𝐺: 𝐺 ⊂ ⋃𝑖=1
𝑛  (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼)); 

(3) (∀)𝛼 ∈ (0,1), (∀)𝑡 > 0, (∃){ⱱ1, ⱱ2, … , ⱱ𝑛} ⊂ 𝐺: 𝐺 ⊂ ⋃𝑖=1
𝑛  (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝑡)); 

(4) (∀)𝛼 ∈ (0,1), (∀)𝑡 > 0, (∃){ⱱ1, ⱱ2, … , ⱱ𝑛} ⊂ 𝑋: 𝐺 ⊂ ⋃𝑖=1
𝑛  (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝑡)). 

 

Proof. 

 (1) ⇒ (2). Let 𝛼 ∈ (0,1). Then , ∃ 𝑛 ∈ ℕ, 𝑛 ≥ 2 such that 

(1 −
𝛼

𝑛
) ∗ (1 −

𝛼

𝑛
) > 1 − 𝛼. 

Indeed, if we suppose that 

(1 −
𝛼

𝑛
) ∗ (1 −

𝛼

𝑛
) ≤ 1 − 𝛼, (∀)𝑛 ∈ ℕ, 𝑛 ≥ 2 

by passing to the limit, for 𝑛 → ∞, we acquire that 1 ∗ 1 ≤ 1 − 𝛼, which contradict it. 

As 𝐺 is FT-bounded, 

(∃){ⱱ1, ⱱ2, ⋯ , ⱱ𝑚} ⊂ 𝑋: 𝐺 ⊂ ⋃  𝑚
𝑖=1 (ⱱ𝑖 + 𝐵 (0,0,⋯ ,0,

𝛼

𝑛
,
𝛼

𝑛
))    

Let 𝑦𝑖 ∈ 𝐺 ∩ (ⱱ𝑖 + 𝐵 (0,0,⋯ ,0,
𝛼

𝑛
,
𝛼

𝑛
)) , 𝑖 = 1,𝑚̅̅ ̅̅ ̅̅ . We show that 

 𝐺 ⊂ ⋃𝑖=1
𝑚  (𝑦𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼)). Let ⱱ ∈ 𝐺. Then , ∃𝑘 ∈ {1,⋯ ,𝑚} such that ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ ⱱ𝑘 +

𝐵 (0,0,⋯ ,0,
𝛼

𝑛
,
𝛼

𝑛
), namely 𝑁 (ⱱ1, ⱱ2,⋯ , ⱱ − ⱱ𝑘,

𝛼

𝑛
) > 1 −

𝛼

𝑛
.  

We have that, 
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𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦𝑘, 𝛼) ≥ 𝑁 (ⱱ1, ⱱ2, … , ⱱ𝑛 − 𝑦𝑘,
𝛼

𝑛
+
𝛼

𝑛
) ≥

 

𝑁 (ⱱ1, ⱱ2, ⋯ , ⱱ − ⱱ𝑘,
𝛼

𝑛
) ∗ 𝑁 (ⱱ1, ⱱ2, ⋯ , ⱱ𝑘 − 𝑦𝑘,

𝛼

𝑛
) ≥ (1 −

𝛼

𝑛
) ∗ (1 −

𝛼

𝑛
) > 1 − 𝛼. 

Thus ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝑦𝑘 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼).  

(2) ⇒ (3). Let 𝛼 ∈ (0,1) , 𝑡 > 0. Let 𝛽 = min{𝛼, 𝑡}. By assumption, 

(∃){ⱱ1, ⱱ2, … , ⱱ𝑛} ⊂ 𝐺: 𝐺 ⊂ ⋃  𝑛
𝑖=1 (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛽, 𝛽)) ⊂ ⋃  𝑛

𝑖=1 (𝑒𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝑡))   

(3) ⇒ (4). Clearly, it is. 

(4) ⇒ (1). Let 𝛼 ∈ (0,1). For 𝑡 = 𝛼, by assumption, (∃){ⱱ1, ⱱ2, … , ⱱ𝑛} ⊂ 𝑋 such that  

𝐺 ⊂ ⋃𝑖=1
𝑛  (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼)). 

:(3.23)Proposition  

 Let (𝑋, 𝑁,∗) be a RF-n-NS. If 𝐺, 𝐻 are FTB subsets of 𝑋, then 𝐺 + 𝐻 and 𝐺 ∪ 𝐻 are FTB. 

Proof. 

 Let 𝛼 ∈ (0,1) and 𝑡 > 0. Then , ∃𝛼1, 𝛼2 ∈ (0,1) such that 

 (1 − 𝛼1) ∗ (1 − 𝛼2) > 1 − 𝛼. Let 𝑡1 = 𝑡2 =
𝑡

2
. Then 

𝐵(0,0,⋯ ,0, 𝛼1, 𝑡1) + 𝐵(0,0,⋯ ,0, 𝛼2, 𝑡2) ⊂ 𝐵(0,0,⋯ ,0, 𝛼, 𝑡). 

Indeed, if ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐵(0,0,⋯ ,0, 𝛼1, 𝑡1) and 𝑦1, 𝑦2, ⋯ , 𝑦𝑛 ∈ 𝐵(0,0,⋯ ,0, 𝛼2, 𝑡2), then  

𝑁 (ⱱ1, ⱱ2, … , ⱱ𝑛,
𝑡

2
) > 1 − 𝛼1 and 𝑁 (𝑦1, 𝑦2, ⋯ , 𝑦𝑛,

𝑡

2
) > 1 − 𝛼2. Thus 

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 + 𝑦1, 𝑦2, ⋯ , 𝑦𝑛, 𝑡) ≥ 𝑁 (ⱱ1, ⱱ2, … , ⱱ𝑛,
𝑡

2
) ∗ 𝑁 (𝑦1, 𝑦2, ⋯ , 𝑦𝑛,

𝑡

2
) ≥ (1 − 𝛼1) ∗ (1 − 𝛼2)

> 1 − 𝛼 

Hence ⱱ1, ⱱ2, … , ⱱ𝑛 + 𝑦1, 𝑦2, ⋯ , 𝑦𝑛 ∈ 𝐵(0,0,⋯ ,0, 𝛼, 𝑡). If 𝐺,𝐻 are FT-bounded,  
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then , ∃{ⱱ1, ⱱ2, … , ⱱ𝑛} ⊂ 𝐺 and {𝑦1, 𝑦2, ⋯ , 𝑦𝑚} ⊂ 𝐻 such that 

 𝐺 ⊂ ⋃𝑖=1
𝑛  (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛼1, 𝑡1)) and 𝐻 ⊂ ⋃𝑘=1

𝑚  (𝑦𝑘 + 𝐵(0,0,⋯ ,0, 𝛼2, 𝑡2)). Therefore 

𝐺 + 𝐻 ⊂ ⋃  𝑛
𝑖=1 ⋃  𝑚

𝑘=1 (ⱱ𝑖 + 𝑦𝑘 + 𝐵(0,0,⋯ ,0, 𝛼1, 𝑡1) + 𝐵(0,0,⋯ ,0, 𝛼2, 𝑡2)) ⊂ ⋃  𝑛
𝑖=1 ⋃  𝑚

𝑘=1 (ⱱ𝑖 + 𝑦𝑘 +

𝐵(0,0,⋯ ,0, 𝛼, 𝑡))  

Hence 𝐺 + 𝐻 is FT-bounded. 

Now, let 𝛼 ∈ (0,1). As 𝐺,𝐻 are FT-bounded, ∃{ⱱ1, ⱱ2, … , ⱱ𝑛, 𝑦1, 𝑦2, ⋯ , 𝑦𝑚} ⊂ 𝑋 such that  

𝐺 ⊂ ⋃𝑖=1
𝑛  (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼)) and  

𝐻 ⊂ ⋃𝑘=1
𝑚  (𝑦𝑘 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼)). Thus 

𝐺 ∪ 𝐻 ⊂ (⋃  𝑛
𝑖=1   (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼)))⋃  (⋃  𝑚

𝑘=1   (𝑦𝑘 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼)))  

Hence 𝐺 ∪ 𝐻 is FT-bounded. 

:(3.24)Proposition  

 Let 𝛺, 𝜂 ∈ (0,1) such that 𝜂 < 𝛺. Then 𝐵(0,0,⋯ ,0, 𝜂, 𝜂)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊂ 𝐵(0,0,⋯ ,0, 𝛺, 𝛺). 

Proof.  

If ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐵(0,0,⋯ ,0, 𝜂, 𝜂)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅, then there exists {𝑒𝑛} ⊂ 𝐵(0,0,⋯ ,0, 𝜂, 𝜂) such that ⱱ𝑛 → ⱱ, namely 

𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝜂) > 1 − 𝜂 and lim𝑛→∞  𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − ⱱ, 𝑡) = 1, (∀)𝑡 > 0. 

Let 𝛾 ∈ (0,1) ⇒ (1 − 𝜂) ∗ (1 − 𝛾) > 1 − 𝛺. The existence of 𝛾 results by the  

continuity of the mapping 𝑔: [0,1] → [0,1], 𝑔(𝑦) = (1 − 𝜂) ∗ 𝑦. Indeed, for  

𝛺1 ∈ (0,1):  𝜂 < 𝛼1 < 𝛺, as 𝑔(0) = 0, 𝑔(1) = 1 − 𝜂 and 0 < 1 − 𝛺1 < 1 − 𝜂, ∃𝛾 ∈ (0,1)  

such that 𝑔(1 − 𝛾) = 1 − 𝛺1, namely (1 − 𝜂) ∗ (1 − 𝛾) = 1 − 𝛺1 > 1 − 𝛺. 

Finally, for 𝑡 > 0 ⇒ 𝛺 = 𝜂 + 𝑡, as lim𝑛→∞  𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛 − ⱱ, 𝑡) = 1 , ∃𝑛0 ∈ ℕ
∗  

such that 𝑁(ⱱ1, ⱱ2, ⋯ , ⱱ − ⱱ𝑛, 𝑡) > 1 − 𝛾, (∀)𝑛 ≥ 𝑛0. Thus 
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𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝛺) = 𝑁(ⱱ1, ⱱ2, ⋯ , ⱱ − ⱱ𝑛 + ⱱ𝑛, 𝜂 + 𝑡) ≥ 𝑁(ⱱ1, ⱱ2, ⋯ , ⱱ − ⱱ𝑛, 𝑡) ∗ 𝑁(ⱱ1, ⱱ2, … , ⱱ𝑛, 𝜂)

≥ (1 − 𝛾) ∗ (1 − 𝜂) > 1 − 𝛺 

Hence ⱱ1, ⱱ2, … , ⱱ𝑛 ∈ 𝐵(0,0,⋯ ,0, 𝛺, 𝛺). 

 

:(3.25)Proposition  

 

 Let (𝑋, 𝑁,∗) be a RF-n-NS. If 𝐺 is FTB, then 𝐺‾ is FTB. 

Proof. 

 Let 𝛼 ∈ (0,1). Let 𝛽 < 𝛼. As 𝐺 is FTB, (∃){ⱱ1, ⱱ2, … , ⱱ𝑛} ⊂ 𝑋 such that  

𝐺 ⊂ ⋃𝑖=1
𝑛  (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛽, 𝛽)). Thus, by Proposition (3.24), it follows 

𝐺‾ ⊂ ⋃  𝑛
𝑖=1 (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛽, 𝛽)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) ⊂ ⋃  𝑛

𝑖=1 (ⱱ𝑖 + 𝐵(0,0,⋯ ,0, 𝛼, 𝛼))  

Hence 𝐺‾ is FT-bounded. 
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