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Abstract

Various forms of boundedness in rectangular fuzzy n-normed linear spaces of type (X, N,x) are
examined in this work, where = represents an arbitrary t-norm. Some of these highly general notions of
boundedness have no counterpart in the traditional topological metrizable linear spaces. We list the
properties of these bounded sets and conduct a comparative analysis of the various forms of boundedness.
Among these are a number of ideas on the symmetrical characteristics of the objects under study that come
from the classical context and are relevant to the issues of this magazine. We define their consequences

and provide instances to show how different these notions are from one another.

Keyword: fuzzy n-normed space, rectangular fuzzy n-normed space, fuzzy bounded set, fuzzy totally
bounded

1. Introduction

In 1965, Zadeh[11] established the idea of fuzzy sets, which examined their properties and generalized
sets. In 1984, Katsaras [5] introduced the concept of a fuzzy norm on a vector space for the first time.

[3] given a Misiak [7] in 1989, developed the theory of n-normed space. In 1994, Cheng and Mordeson
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certain kind of fuzzy norm on a linear space, causing the accompanying fuzzy metric to be of the

Kramosil and

Michalek kind. Rectangular metric space was first conceptualized in 2000 by Branciari [1]. wo concepts
of boundedness are used here; the first was presented by Bag and Samanta [10] and the second by Sadeqi
and Kia [6] in 2009. In 2018, N. Mlaiki, K.Abudaych, T. Abdeljawad and M.Abuloha [8] generalized the
definition of a rectangular metric space by defining rectangular metric-like space. In 2021 [9], S. J.

Mohammed and M. J. Mohammed introduced a rectangular fuzzy normed space.

2.Preliminaries

Definition (1.2) [13]:

The 3-tuple (Y, V,*) is said to be a fuzzy n — normed space (in short, F-n-NS), where } a vector space
over the field F, = be a continuous t-norm , V" is a fuzzy seton Y™ x (0,0) (i.e, N:Y X (0,0) —

[0,1] satisfying following: for each vy, v5, ..., v, ,k €Y ,5,t,ER:
(NL1) V (v, 13, ..., v, 8) = 0, forevery s € R with s < 0,
(N2) NV (1vq, v5, oo, v, 8) =1 iff vy, 15, ..., 1, are linearly dependent.

(N3) NV (vrq, v, ..., vy, 9), IS iNvariant under any permutation of, v, v, ..., v,.

(N4 vV (avy, avy, ..., avy,5) = N (/vl,/tfz, ...,vn,i),ifa #0,ad €F

||
(NS) IV (wry, 9,y e, U + k t+8) = N (1, V5, oo, U, t) * N (00y, 5, e 1, K, 8)

lim NV (v, 15, ., v9,8) = 1, (NB) NV (14, v, ..., vy, $) IS NON decreasing function of r € R, and
$—00
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3. Fuzzy Bounded Sets

Definition (3.1):

suppose } be a linear space with dimensiond > n, n € N. A rectangular n — normon Yis a

mapping II-, ... /llonY x --- XY, satisfying the following, for v, v, ..., v, ,, u,k €V

n
(1) vy, v, ooy v | = 0 iff vy, 1, ..., v, are linearly dependent,
(2) vy, v4, ..., vy |l is invariant under any permutation of vy, v, ..., v,
3) lavy, avry, ..., avy |l = |al|llvy, v, ..., vy, || fOrany a € R,
(@) vy, vy ey Vg1, U F U+ kIl S vy, v, oy, Ve, Ul + g, vy, oo, U1, Ul
+ vy, v, o, U1, Kl

the pair (Y, II+, ...,*Il) is called a rectangular n — normed space.

Definition (3.2):

The 3-tuple (Y, V,*) is said to be a rectangular fuzzy n — normed space, (in short, RF-n-
NS); where } a linear space over the field F,* be a continuous t-norm , V" is a fuzzy set on
(i,e V: Y™ x (0,00) - [0,1] satisfies the following condition: for all Y ™ x (0, )

, Wk €Y ands,t,n € R vy, vy, ..., Uy

(NL1) V (v, 15, ..., v, t) = 0, forevery t € R witht < 0,

(N2) vV (v, v5, .., v, t) = 1 iff vy, v, ..., v, are linearly dependent.

(N3) NV (14, v, ..., vy, t), IS invariant under any permutation of, v, v, ..., v,.

t
|et]

(N4) NV (avy, avy, ..., avy, t) = N (vl,vz, ey U, ),ifa #0,a€F
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(NS) V (v, Vg o, Ve, U F U+ Kk, s+t + 1) = N (v, V3, oo, U1, U, S) *

N (vy, Vg ey Vg, U, t) * N (01, V5, oo, V¥y—q, k, M)
(N6) IV (14, v, ..., vy, t) is N0 decreasing function of t € R and

ltim N (v, v, e, U, t) =1

Definition (3.3):

suppose (Y, NV,*) be a RF-n-NS, then:

(i) A sequence {&,,} in V is called convergentto & € Y if forevery d € (0,1),t > 0, there
isn, € ztsuch that v (8,,8,, ...,8,-1,8,, — &,t) > 1 — 4 for all n = n,. (or equivalently,
lim; o N (84,85, ...,8,.1,8, —&,t) = 1)

(if) A sequence {&,,} in } is called Cauchy if for every 0 € (0,1) , t > 0, there is

n, € ztsuch that, N (84,85, ...,8,,_1,8, — &, t) > 1 — 0 forall n,m > n,. (or
equivalently, lim; o N (84,85, ...,8,-1,8, — &, t) = 1)

(iii) A rectangular fuzzy n — normed space (Y, V,*) is called a complete, if every Cauchy

sequence is convergent

Definition (3.4):

Let (Y, V,*) be a RF-n-NS. The closed ball B[v4, v, ..., v, 7, t]and the open ball |
B(vq, v, ..., Uy, T, t) With center vy, v, ..., v, €Y and radiusr, 0 < r < 1,t > 0 are defined as

follows :

B(vy, Vg, e, U, 1, t) = {k €Y : N(vry, 05, .,y —k,t) >1—1}

Blvy, vy, v, t] ={k €Y : N(vy, vy, ., vp — k,t) =1 —1}
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Definition (3.5):

suppose (Y,NV,*) beaRF-n-NS, E €}/, then:

(1) E is called open set, if for each v € E, thereist > 0, 0 < r < 1, such that B(vq, v, ..., vy, 1, t) S
E.

(2) E is called closed if any sequence {1} in E such that is convergent to «+ then v+ € E.

Proposition (3.6):

Let (Y, ..., IDbeaRF —n—NSand let x *y = x.y. Let N be a

r

fuzzy seton Y ™ x (0, o) defined as follows NV (vq, vy, ...,V , 7) = Then N is a rectangular

T+lIvy, VeVl
fuzzy n- norm induced by a rectangular n- normed space (Y, I+, ...,*ll) called (V' is called standard

rectangular fuzzy n-norm on X)

Proof:
(N1) forevery r € Rwithr < 0;
Ny, Vg, e,V ) =0

(N2) for every r € R withr > 0, we get N' (v, vy, ..., vy, 7) =1

(i) iff ———— =1,

IV, VeVl
() iff r=r+Ilvy, vy, ..., vall,

(iii) iff ||vy, vy, ., vull = 0,

(iv) iff vy, vy, ..., vyare linearly dependent.

(N3)

r

N(Vl V2 Vn T) =
PoerTr T r+ vy, vy, o, Vil
T
= — — = N (V{,Vy, e, Vi, V1, ) = ==
T+ vy, Vo, e, Vi, Vil rherm T ’
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(N4) foreveryn € Rwith> 0,0 € F,0 # 0;

n n /16|
N(e 0V, ..., 0 ,—)=
M LT T) A AT E
_ n/16|
@ 101 11ver Var vl D/16]
_ n
T] + |9|||V1;V21 ---;Vn "
n

- = N (6¢y,0¢y, ..., 0C,.7).
1+ 116vy, 0vq ) OV || (0c1, 8¢z, ..., 6cn,m)

(N5) for, v, vy, ., vp,u,k €Y, r,myn>0

N (v, Ve et, Vi, T) * N(V1, Vo, oo, Vi, U, m) ¥ N (Vq, Vg, o, Vi, k, 1)

r m n

4+l vy, Vo, e, Vi | m+ll vy, vy, e, v, u ll ntll vy, v, e, v, kI

1 1 1
14 | vy, vo, o, vl 1+ | vy, vo, o, vip—g, ul 1+ | vi,va, o, Vi1, k|l
T m n
1 1 1
- 14+ | vy, vo, o, vl 1+ | vy, vy, oo, Vg, u i 1+ | vi,vo, o, Vi1, k|l
r+m-+n r+m-++n r+m-n
1
- 1 + ” v]_)VZ) ---;V‘n " +" Vl)VZJ "')Vn—liu ” +" vllv2l ...,Vn_l,k ”
r+m-+n
r+m-+n

r+4m4n+lvy, vy o, v ll Fvy, v, e, Vi, ll + 11 vy, vy, e, Vg, K

< r+m+n
Tr4+m+ntllvy, vy e, v, Fut kil

=N (v, Vg, .o, Vi, +u+ k,r + m+n)

NV, Vo e, Vi, ) ¥ N(Vy, Vg, v, Vo, U, M) ¥ N(V, Vg, o, Vi1, kK, 1)
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SN(v,Vy e, Vp+ru+k,r+m+n)
(N6) Forallr,r, eR,if rp <r, <0,
NV, Ve e, V1) = N(V, Vy, o, Vi, 1) = 0

Suppose r, > r; > 0, then

T L1
rz + "Vl, Vz, ...,Vn" rl + "vli VZI ...,Vn"
”V1; VZ; ---:Vn”(rz - rl)

B (TZ + "vll VZJ "'Fvn")(rl + "Vl, VZI "'Fvn") -

forall (vq, vy, ...,v,) € X™, implies

) n

ry, + vy, va, . vall r + vy, vy, e, vyl
which in turn implies V' (v, vy, oo, Vi, 12) = N (V4, Vg, o, Vi, 1)

Thus V' (v4, vy, ..., v, 7) IS @ non-decreasing function.

Also,

lim V" ( )= i !

1m Vi,Vo, ..., V,,7T) = 11N

r—0c0 LRz T roor + [[vy, vy, e, vill

r

= lim =1
roo (14 (1/7)IVL, Vo, ey Vi)

Therefore (Y, V,*) is a rectangular fuzzy n — normed space .

Definition (3.7):

Let (X,N,x) beaRF-n-NS and G € X. G is called bounded if
, 0 <r<1lsuchthat N(vq,vy,..,vy,t) >1—1r forallat >0

we will denote by T(X) the collection of all bounded subset of Xv;,v,,...,v, € G
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Definition (3.8):

Let (X, N,*) be a RF-n-NS and A subset Z € X is called a
closure of F if for any v € Z , there exists a sequence {v,,} in F such that
=1 Vvt >0, wedenote the set Z by Flim,,,, N(vy, V3, ..,V — V, £)

Proposition (3.9):

Let (X, N,*) be a RF-n-NS and G, G, be two bounded subsets of X.

Then G; U G, is bounded.

Proof.

Since G4, G, are bounded subsets of X, 3 a4, @, € (0,1),t;,t, > 0 such that
1—a;,(V)vy, vy, ..,V € Grand N(vq, Vy, oo, Vi, ty) >

.Lett = max{t,, t,} andN(vy, vy, ..., Vi, t3) > 1 — ay, (V)Vy, vy, ..., vV € Gy
a = max{aq, ay}. Let vy, vy, ..., v, € GL U Gy If vy, vy, ..., v, € Gy, then
N(VLVy e, Vi, t) 2 NV, Vg, e, V) >1—ay 21—«

Similarly, if v, v,, ..., vy, € G5, we obtain that

N(Vi,Vy e, Vi, t) 2 N(Vy, vy, e, Vi ) > 11—, 21— a.

Thus N(vy, vy, e, Vi, t) > 1 —a, (Y)Vy, Vo, ..., Vi € G1 U Gy

Proposition (3.10):

Let (X, N,*) be a RF-n-NS, where * is almost strict. If G4, G, are

two bounded subsets of X, then G; + G is a bounded subset of X.

Proof.
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Since G4, G, are bounded subsets of X, 3 a;, a, € (0,1), t;, t, > 0 such that
1—a;,(V)vy, vy, ..,V € Grand N(vq, Vy, o, Vi, ty) >

.Let @ € (0,1) such that N(vq, vy, ..., Vi, t2) > 1 — ay, (V)Vq, Vg, ..., Vy € G,
andt =t; +t,. Letz € G; + G,. Thenthereexista >1— (1 —ay) * (1 — ay)
such that z = v4, vy, ..., v, + y. We have thatvy, v,, ..., v,, € G,y € G,

N(z,t) = NV, Vo, o, Vp + Yt +t5) 2 N(V, Vg, o, Vi, t) * N(Vq, Vg, o0, t5)

>1-a)*x(1—-ay)>1—a.

Proposition (3.11):

Let (X,N,x) be aRF-n-NS and G € T(X). Then G € T(X).

Proof.

As G is bounded we have that, 3 a, € (0,1),t, > 0 such that

NV, Vy e, Vi to) > 1 —ap, (V)Vy, Vg, o, Vi EG

Let a; € (0,1) such that (1 — ay) * (1 — a;) > 0 and a € (0,1) such that
l—a<(l—ay)*(1—ay). Lett; >0and vy, vy, ..., v, € G. Thus (3){v,,} < G such
that x,, - x. Hence lim,,_,,, N(v4, V5, ..., v, — v, t;) = 1. Thus, 3n, € N such that

. Therefore, for n > ny, we have thatN (v, v,, ..., vy, — v, t1) > 1 —aq, (V)n = n,
NV, Vo e, Vi to + 1) = N(V, Vo, o,V — Vi + Vi, to + t1)

> N(vy, vy, V=V, t1) * N(V, vy, o, Vi t)) 2 (1 —a) * (1 —ap) > 1 —a.
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Hence G is bounded.

Definition (3.12):

Let (X, N, *) be a RF-n-NS. A subset G of (X, N, %) is called fuzzy
Bounded (In short, FB) if (V)a € (0,1), (3)t, > 0 such that

NV, Vo e, Vi te) > 1 —a, (V)vy, vy, ..., vy, €G.

The family of all fuzzy bounded subsets of X will be denoted by FB(X).

Proposition (3.13) [2]:

Any continuous t-norm = satisfies: Vy € (0,1),3a,8 € (0,1) suchthata * § =y

Proof.

Suppose y € (0,1). Choose @ > y. Let f:[0,1] — [0,1] defined by f(y) = a xy. As % is
continuous, we have that f is continuous. As f(0) =a*0=0and f(1) = a* 1 = «, for
there exists 8 € (0,1) such that f(B) =y, namelya * § = y.y € (0,a)

Theorem (3.14):

Let (X, N,*) be a RF-n-NS. A subset G of X is FB iff

(M)a € (0,1),(t, > 0suchthat N(vq, vy, ..., vy, — V., t,) > 1 —a,
Mvy, vy, e, Vi, YEG

Proof:

Let=
.Then3 B € (0,1) suchthat (1 —p)*(1—p)>1—1.Since G isy € (0,1)

FB, for g € (0,1), 3t > 0 such that

.N(vl,vz, ey Vo, tﬁ) >1-0,(V)vy, vy, ., vy EG
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Let vy, vy, ..., vy, ¥ € G and ty, = 2tz. We have that

N(vl,vz, o V=, t¢) > N(vl,vz, ey Vi, tﬁ) * N(vl,vz,---,y, tﬁ) >1-pH*xA-p>1-y
Lety € (0,1). Using proposition (3.13) we obtain that there exist y,§ € (0,1) such that <
A-y)«8. 1-%=
Let v, € G be fixed. As lim;_, o, N(vy, vy, -, Vo, t) = 1, we have that there exits t; > 0 such
that N(vq, vy, -+, v, t1) > 8. Based on our theory, for y € (0,1) ,3t, > 0 such
that N(vy, vy, o, Vip — Vo, t2) > 1 =y, (YV)Vy, Vg, ..., v, € G. Lett = t; + t,. Then, for all

, We havev,, vy, ..., v, € G

N(verZt v Vi, t) = N(Vl,VZ, wy Vip — Vo, tZ) * N(Vl,VZ,’“,Vo, tl) = (1 - )/) x6 =1 _%

>1—1

Proposition (3.15):

Let (X, N,*) be aRF-n-NS and G € FB(X). Then G € FB(X).

Proof.

Since G € FB(X), 3a, € (0,1),t, > 0 such that

NV, Ve, ety V=V, to) > 1 — ag, (V)Vy, Vy, o, Vi, ¥ € G. Let vy, vy, ..., vy, ¥ € G. Then,

such that v,, » vand y, - y. Let 8 € (0,1),8 > a, and s = 3t,. We have that3{v,.},{y,} € G

N(Vl,Vz, oy Vi — .st) = N(Vl,Vz,"',V —Vn tO) * N(vl'VZ' o Vn = Yn, tO) * N(Vl,Vz, “5Yn— Y tO)

> N(vy, Vo, o, V=Vu, to) * (1 —ag) * N(vy, Vv, -, Yn — YV, to)

For n — oo we obtain that
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N(v11v21"-1vn _y,S) 2 1 - ao > 1 _ﬁ.
Thus G € FB(X).

Corollary (3.16):

Let (X, N,*) be a RF-n-NS. Then:
1. IfG,H are FB, then G U H and G + H are FB.
2. If G is FB, then G is FB.

Proposition (3.17):

Let (X, N,*) be a RF-n-NS. If G € X satisfies

(Day € (0,1):sup{t = 0: N(v1,Vy, ..,V =Y, t) S 1=t} < ap, (Y)Vy, Vo, ..., Vi, Y € G,
then G is F-bounded.

Proof.

For vy, vy, ..., v,y € G, let

. By our hypothesis d(x,y) = sup{t = 0: N(vq, vy, ...,v, =y, t) <1 -1t}

such that d(x,y) < ag, (V)v1,Vy, ..., Vy, ¥ € G. Thus (), € (0,1)

N,V e, V= V,00) > 1 —ag, V)V, vy, o, Vi, VEG

Hence G is F-bounded.

Definition (3.18):

Let (X, N, ) be a RF-n-NS. The set of all open balls with respect

to N is a topology on X, is called a metrizable topology on X, denoted by (X, 7y)
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Remark (3.19):

It can be seen that a subset G of a topological linear space X is said to be bounded if there is
k > 0 such that G < kV for any neighborhood V of 0y.

Theorem (3.20):

Let (X, N,*) be a RF-n-NS. A subset G of X is FB iff
is bounded in (X, 7y).G
Proof.
(=) Suppose V be a neighborhood of 0yx. Then, 3 a« € (0,1),t > 0
. Since G is FB, for a € (0,1),(t, > 0= B(0,0,-:-,0,a,t) SV

>NV, Ve, oo, Vi te) > 1 —a, (V)vy, vy, .., v, EG. Letk = tT“ We have that

. ThusN (v, Vg, oo, Vi, tk) = N(V1, Vg, oo, Vi, te) > 1 — a, V)V, Vs, o,V €G
G c B(0,0,--,0,a,tk) = kB(0,0,--+,0,a,t) S kV

Let a € (0,1). Since B(0,0,-,0,, 1) is a neighborhood of 0y, 3 k > 0 (&)

= G S kB(0,0,-+,0,a,1) = B(0,0,--,0, a, k). Thus

N(vy, vy, o, v, k) > 1 —a, (V)vy, vy, ..., vy €EG.

Hence G is F-bounded.

Definition (3.21):

Let (X, N, ) be a RF-n-NS. A subset G of a (X, N, *) is called
fuzzy totally bounded (In short, FTB) if
(Ma € (0,1), @){vy, vy, ., v} € X: 6 c U=, (v; + B(0,0,-:+,0,2,a))

The collection of all fuzzy totally bounded subsets of X will be denoted by FTB(X).
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Theorem (3.22):

Let (X, N,*) be a RF-n-NS. The statements that follow are equivalent:

(1) G isFTB;

(2) Ma € (0,1), @){vy, Vo o, v} € G: G c UL, (v; + B(0,0,-++,0, @, @));

(3) (W) € (0,1), (W)t > 0, @){vy, V2, ., v} € G: G € UL, (v; + B(0,0,--+,0, a, t));

(4) Wa € (0,1), Mt >0, @){vy, vy, ..., v} € X: G < UL, (v; + B(0,0,---,0, a, t)).

Proof.

(1) = (2). Letax € (0,1). Then,3 n € N,n > 2 such that

(1—%)*(1—%)>1—a.
Indeed, if we suppose that

(1—%)*(1—%)31—a,(V)n€N,n22

by passing to the limit, for n — oo, we acquire that 1 * 1 < 1 — a, which contradict it.

As G is FT-bounded,

Afvy, vy, vl € X6 < UL, (Vi + B (0,0,...,0,%,2))

Lety; €GN <Vi +B (000%%))1 = 1, m. We show that

G c U, (y; +B(0,0,--,0,,@)). Letv € G. Then, 3k € {1,---,m} such that v{, v, ...,v,, € v, +

B (0,0, O%g) namely N (vl,vz, e,V — vk,%) >1— %

n

We have that,
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(04 (04
N(v1'v2' = Vn _yk'a) = N(v11v21 -, Vi _ykl_+_) =

N(vl,VZ,---,v—vk,%) *N(vl,vz,---,vk —yk,%) > (1 —%) * (1 —%) >1—a.

Thus v, vy, ..., v, € yx + B(0,0,-+,0, a, ).

.Leta € (0,1),t > 0. Let 8 = min{a, t}. By assumption,(2) = (3)

(@{vy, vy o, v} € 6:6 < UL, (v +B(0,0,-,0,8,8)) c U-, (e; + B(0,0,-,0,,1))
. Clearly, itis.(3) = (4)

. Let @ € (0,1). For t = a, by assumption, (3){v,, v3, ..., v} € X such that (4) = (1)

.G c UL, (v; +B(0,0,-,0,a,a))

Proposition (3.23):

Let (X, N,*) be a RF-n-NS. If G, H are FTB subsets of X, then G + H and G U H are FTB.
Proof.

Leta € (0,1) and t > 0. Then,3ay, a, € (0,1) such that

(l-—a)*(1—a,)>1—a. Lett, =t, =§.Then

B(0,0,-+,0,a3,t;) + B(0,0,-,0, a5, t,) < B(0,0,--,0, a, t).

Indeed, if v4, vy, ...,v, € B(0,0,::+,0, a4, t1) and y;,¥2,***, ¥» € B(0,0,-+,0, @;, t,), then
and N (yl,yz, “"Yné) > 1— a,. ThusN (vl,vz, s Vi %) >1—a,

t t
NV, Vo e, Vi + Y15V, Y t) Z N (v, Vo, o, Vi S ) ¥ N YL, Y2, V5 ) 2 (T —ag) * (1 — ap)
2 2

>1—a

Hence vy, vy, ..., Vin + V1, Y2, -, ¥n € B(0,0,--,0, , t). If G, H are FT-bounded,
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then,3{v,,v,,...,v,} € G and {y;, y,, -, ¥} € H such that
G c UL, (vi+B(0,0,,0,as,t;))and H c UL, (v, + B(0,0,-+,0, a3, t,)). Therefore

G+HC U?:l U;cnzl (Vi + Vi + B(O;O; ;0) aq, tl) + B(O'O' I0l ay, tZ)) C U?=1 U;cn:l (Vi + Vi +
B(0,0,-:-,0,,t))

Hence G + H is FT-bounded.

Now, let « € (0,1). As G, H are FT-bounded, 3{vy, V5, ..., Vi, V1, V2, ***, Y} © X such that
and G c U, (v; + B(0,0,---,0, @, @))

. ThusH < UyL,; (yx + B(0,0,---,0, @, @))

GUHc (UX; (v; +B(0,0,-,0,a,@))U (U, vk +B(0,0,,0,a, )))

Hence G U H is FT-bounded.

Proposition (3.24):

Let 2,17 € (0,1) such thatn < Q2. Then B(0,0,---,0,n,1) < B(0,0,-+-,0,12,0).

Proof.

If vq,vy, ...,vy, € B(0,0,-:+,0,1,n), then there exists {e,,} € B(0,0,--,0,7n,7n) such that v,, = v, namely
N(vy, vy e, V) > 1 —nand lim, o N(vq, vy, .., vy, — v, t) = 1,(V)t > 0.

Lety € (0,1) = (1 —n) * (1 —y) > 1 — 0. The existence of y results by the

continuity of the mapping g: [0,1] = [0,1], g(y) = (1 — ) * y. Indeed, for
,a39(0)=0,g(1)=1—-nand0<1-02,<1-1n,3ye€e (012, € (01):n<a; <
suchthatg(1—y)=1-0,namely 1 —-n)*(1-y)=1-0,>1- 0.

Finally, fort > 0= 0 =n+t,aslim,,,N(vy, vy, ...,V — Vv, t) = 1,30y € N*

suchthat N(vy, vy, -+, v—vy, t) >1—y,(¥Y)n = n,. Thus
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N(Vi, Vg e, Vi, 2) = N(vy, Vg, o, V=V + Vv, 1 + 1) = N(vy, vy, o, v—vp, t) * N(Vq,Vy, oo, Vi, 1)
>1-y)*x1-n>1-20

Hence v,, v, ...,v, € B(0,0,:--,0,0,0).

Proposition (3.25):

Let (X, N,x) be a RF-n-NS. If G is FTB, then G is FTB.
Proof.
Leta € (0,1). Let B < a. As G is FTB, (3){v4,Vvy, ..., v} € X such that

. Thus, by Proposition (3.24), it followsG c U}, (v; + B(0,0,-:-,0,8,8))

G c UL, (vi+B(0,0,-,0,8,8) c UL, (v; + B(0,0,-+,0,a, ))

Hence G is FT-bounded.
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