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Abstract: In this work, we investigated the generalized Laplace transform method (GLTM) for obtaining an exact
solution to some linear partial differential equations of fractional order. It is shown that under specific conditions for
our method, other related methods are deduced. Theorems about the existence and uniqueness of transform is
established. Furthermore, we provide examples to demonstrate the method’s applicability.
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1-Introduction

In 1880, Oliver Heaviside, developed the telegraph equation, a partial differential equation that appears in
different fields of science and engineering [1]. This equation is used to represent electrical signal propagation down
a telegraph line as well as reaction diffusion. Many scientists have researched the solution to the telegraph equation.
For example, in [1], the authors used the double Laplace transform to obtain accurate solutions to linear and nonlinear
space-time fractional telegraph equations. Elzaki et al. [2] solved a telegraph equation with the Elzaki-Laplace
transform method. In their paper [3], the author’s investigated the double Laplace-Sumudu transform strategy to
solving partial differential equations. Furthermore, in their study [4], the authors have successfully used the natural
transform and Adomian decomposition method to drive approximate solutions of the telegraph equation. In contrast,
integral transformations are an effective technique for solving linear differential equations. It will enable us to convert
a differential problem into an algebraic equation, and then, by solving this algebraic equation, we can quickly retrieve
the unknown function by using the inverse transform [14]. H. Kim has recently presented a generalized integral
transform [5]. Under certain conditions, this integral transform yields to other integral transforms, such as, the
Laplace transform, the Aboodh transform [6], the Elzaki transform [7], and the Sumudu transform [8], and so on.
Which was successfully applied to solve differential equations with fractional order [9]. Recently, the researchers in
[10] investigated the generalized Laplace transform to determine the exact solution of the Burger’s and the coupled
Burger’s equations. Ref. [11] studied a time-fractional Navier-Stokes equation in one and two dimensions utilizing
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the double Sumudu-generalized Laplace transform decomposition approach. The conventional form of the telegraph
equation is given by [1]

Y1) 0P(D)
a2 Mgzt

oP(x,1)

. + aszy(x, 1) + £(x, 1), x, T = 0. (1.1
where ¥ (x, T) represent the resistance and the constants a4, a,, and a5 are related to the inductance, capacitance, and
conductance of the cable, respectively, £(x, 7) is the given function. It is obvious that the telegraph equation is a
linear partial differential equation. Under specific scenarios, depending on the electrical parameters of the cable, two
linear equations emerge: the heat diffusion equation and the wave equation. For more details, see [13].

The primary goal of this study is to investigate and develop the use of the Laplace-Generalized Laplace
transform method (LGLTM) to obtain exact solutions to the linear homogeneous and nonhomogeneous telegraph
equation using the Caputo fractional derivative. The fractional-order telegraph equation with the Caputo fractional
derivative is given as

%Y(x,7) aalp(x,r)_l_ 05y (x, )

=a a
dxe L 970 2 91§

+aszyp(x, 1)+ £(x,7), x,T=0. (1.2)

with initial and boundary conditions,

{ICS; '(/J(x, 0) = 1/11 (X), lpt(xt 0) = lpz(x);

BCs, Y(0,7) =¢3(1),  P.(0,7) = P, (7). (1.3)
where1<p,0<2, 0<¢<1.

The paper is organized as follows: Section 2, introduces some basic principles. Section 3, discusses the
existence and uniqueness of the suggested transform. In Section 4, the proposed method is used to solve the fractional
telegraph equation. Section 5, contains some examples that demonstrate the applicability of the previous strategy.
The final section has a conclusion.

1. Preliminaries
This section discuses some fundamental concepts and properties of the Laplace-generalized Laplace
transform, which are useful in solving fractional-order partial differential equations.

Definition 2.1. [5] The generalized Laplace transform of the continuous function ¥ (z), 7 = 0, is defined as:

T
Glp@] = Yalp) = o [ p@emp (- 2)dr,  gee aer @1
0
Specifically, fora = 0and 9 = %, we have the Laplace transform as follows:

LIp@)] = W(p) = f (D) exp(—97) dr. @2)
0

Definition 2.2. The double integral of the continuous function ¥ (x, 7), called as the Laplace-Generalized Laplace
transform (LGLT) is defined as follows:
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LG, [Y(x,0)] =¥, (09,9) = (p“of Of Y(x, 1) exp (—19x — %) dtdx. (2.3)

The inverse Laplace-Generalized Laplace transform of the function W, (p, ), is defined as:

a+ico b+ico

~1
Lx_lGa_l[‘Pa(l‘), P)] =y(x1) = W f f P* W, (9, p) exp <19x + %) dode. (2.4)

a—ico b—ico

Corollary 1. Based on the previous definition of the Laplace-Generalized Laplace transform, we conclude the
following definitions:

Ifa=0,¢= i, we obtain the double Laplace transform [1, 16].

L LY, T)] =¥, 9, 0) = f f Y(x, 1) exp(—I9x — 1) drdx.
0 0

e If a =1, we obtain the Laplace-Elzaki transform [2].

o 0o

LBV D] = ¥0.9) = ¢ | [ o) exp(~0x = D) ara,
0 0
o If @ = —1, we obtain the Laplace-Sumudu transform [3].

L,S:[W(x,1)] =¥, (9,9) = %ffl[)(x, T) exp (—ﬁx — %) drdx.
00

o Ifa=-1,¢= %, we obtain the Laplace-Aboodh transform [15].

o0 ©o

1

LAY, )] =¥,09,0) = af f Y(x, 1) exp(—9x — @7) drdx.
0 0

o Ifa=2,¢= %, we obtain the Laplace-Mohand transform.

LM [ D] = ¥o(8,0) = ¢ [ [ W) exp(—ox = o) dudx.
0

0
o If @ = —2, we obtain the Laplace-Sawi transform.

1 o0 00
LS D] = Yul0,0) = f f e, 1) exp (—0x - %) drdsx.
00
e If @ = 0, we obtain the Laplace-Kamal transform.
L Ke[Y(x,1)] = ¥ (9, 0) = f f Y(x, 1) exp (—z?x - %) drdx.
00

Comment 1. Based on the preceding explanation, we may conclude that the definition of double integral known as
Laplace-generalized Laplace transform (LGLT) is more generic than the aforementioned transforms.
We must note certain useful properties of LGLT employed in the paper, which are as follows: see [10, 16].
For that, let £,G, [ (x, 7)] = W1, (¥, @) and L, G [, (x, )] = ¥, (I, 9)
o L,Gu[{h1(x,T) + EPo(x, )] = (W1, (9, ) + EW, (I, 0),

a+1
e L,Gylc]= c(p19 ,

_ ¢
o LiGglexp (Gx + )] = Groo—s

a+1
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FE+DIE+1)rHiH
9s+1 ’
19(pa+1_65¢(x+2
o LyGg[ cos(Cx +&y)] = 92400 (14E297)
. 5<Pa+1+fl9<,0a+2
° LxGa[ sm((x + fy)] = W

where ¢, {, and & are constants, and I' is the Gamma function.

d LxGa[ x{yf] =

Definition 2.3. [10] The Laplace-generalized Laplace transform for the partial derivatives of order n € N is defined
as:

Jdxm oxi—1

" It i—-1
P i O St e
i=1

n . (2.5)
"Y(x,7)| _ Yalps) 1 0" '(x,0)
LG oth = " -9 Z n—i Ly gri-1 ’
i=1
Definition 2.4. [1] The Caputo fractional derivative of the function v (x, t) of order g is defined as:
X
9%y (x,7) 1 nep_q1 0" (M, T)
= —p)n-e-1 2P/ - < .
0

Definition 2.5. [1] The Laplace-generalized Laplace transform for the partial fractional Caputo derivatives operator
is defined as:

n .
9%yY(x, 1) i [071(00,D)
Ly Gq [W = 9%, (p, ) —Zﬁg 'Gg “oxi-1 |’
e - 2.7)
(D] Wlps) N0 1 [07(x,0)
£xGa ate | e ¢ Z et Lx ori-1 |’
i=1
wheren—1<p<n, n€N.
Definition 2.6. [12] The generalized Mittag-Leffler function with parameters ¢ and ¢ is defined as:
o] Tn
E _ z _ 2.8
€ LT o @9
n=0
Specifically, for & = 1, the Mittag-Leffler function with parameter ¢ is defined as:
(00} Tn
E = L 2.
40 z rn+ 1)’ (29)
n=0
Therefore, the Laplace and generalized Laplace transforms for the function ¢ ‘1E(,5 (/115 ) take the form:
95-¢ a+s
L[4 E ¢ (229)] = Ga[t? g e(279)] = (2.10)

9¢ -1’ 1— 295

2. The Existence and Uniqueness of Laplace-Generalized Laplace Transform
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In this section, we will look at the existence and uniqueness of the Laplace-generalized Laplace transform.

Definition 3.1. The function ¥ (x,7), 0 < x,7 < oo, is called an exponential function of orders a, 8 > 0, if we get
a positive constants P, X and T, which make
lY(x,7)| < Pe®™*hT forall x > X, t>T, 3.1)
when x, T — oo, we have
Y(x, 1) = 0 +hT, 3.2)
In the same line, we get
—_ox-X —(9—a)x—(L— 1
lim e ¥ ?lY(x,7)|=P lim e W-ax=Gg=hr _ 0, 9> a, o >—. (3.3)
X—00,T—>00 X—00,T—>00 B

Theorem 1. The Laplace-generalized Laplace transform of the continuous function ¥ (x, 7) in every finite interval
(0,X) and (0, T) of exponential order e®**+A7 s exists for all 9 and ¢, and provided that 9 > « and % > B.

Proof. Considering the definition 3.1 and definition 2, we have

00 ©o

. oo oo ~ ~ _l_
¥, (0, p)| = (p“f f Y(x, 1) exp (—ﬁx—g) drdx SP(p“f f e O-a)x=(g P grdx
00 00
= Po? vy > ! > 3.4
“O-0d- o)’ “ $7h G4

Theorem 2. Let ,(x,7) and ¥,(x,7) are continuous functions on every finite interval x,7 > oo, and
LxGa[lpl(x' T)] = q”la(ﬁ' (P) and LxGa[¢2(x) T)] = 1{1205(19’ (P) . f l'pla(l?' (P) = lpza(ﬁ, (0); then 1/J1(x: T) =
lpZ (x, T)'

Proof. From Equation (2.5) we have
a+ico b+ico

~1
5767 M0 = 9D = G | b | o ew(oxT)asdg,  G5)

we deduce that

a+ico b+ioco

Pi(x, 1) = % f f p* ¥, ,(9,9)exp (19x + %) ddde

a—ico b—ico

a+ico b+ico

___1 j f Ty, (9,0) (0 +£>d19d — (x,7) 3.6
_(Zn)za_iw b_ioo‘l’ 2W, @) exp|\vx ” @ =Y,(x,7). (3.6)

Thus, the demonstration of uniqueness is completed.

3. LGLTM Applied to the Fractional Telegraph Equation

In this section, we will examine the solution to the partial differential equation of the type (1.2) with initial
and boundary conditions (1.3).

Firstly, by applying the Laplace-generalized Laplace transform to both sides of equation (1.2), we obtain
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oW, (0,
99 (5, ¢) =91 Wa(0,9) — 9977 %
Y, @, a+1 @+ 9y, (9,0 Ve a+1
=a «0,0) ¢ an(l‘},O)_(p (0, 0) +a, «0,0) ¢ ¥ (5,0
(pO' (pg‘ (pO' at gog (pc
+ a3l'pa(19, (p)
e (4.1)

where H, (9, ¢) is the Laplace-generalized Laplace transform of the function £ (x, 7).

Secondly, using the Laplace transform for initial and boundary conditions (1.3), we get

dF,(9,0)

Y. (9,0) = Y1 (p), —— =¥,9),
- a(g o) (4.2)

q”a(OJ (p) = Lp3(<p), aa—x, = lp4(§0)r

Thirdly, by substituting equation (4.2) in equation (4.1) and simplifying, we get
1 (pa+1 (pa+2
Y, (9, 9) = a; a, [199—1[1}3(90) + 972, (p) — a1—alp1(19) - a1—atpz(19)
(199 — W — W — a3) @ @
(p(x+1
B OREAC) cp)]. (43)

Finally, by taking the inverse Laplace-generalized Laplace transform (if it exists) to both sides of equation (4.3), we
get the equivalent exact solution of equation (1.2) in the form

_ _ 1 ~ ~ (pa+1 (pa+2
W(x,7) = L "Gy a a 0997 1W3 () + 9972 W, (9) — a4 — Y1) —ay—5 ¥ (¥)
1 2
(,99 — A a3) ¢ @
a+1
—a, e Y.(9)+H,,0)]]| (4.4)

4. llustrative Examples
To illustrate the usefulness of the earlier approach, we offer a few instances in this section.

Example 5.1. First, we take into consideration the linear homogeneous telegraph equation given bellow [1, 2].

%P (x,7)  0%*P(x,1)  OP(x,1)
oxe oz | on

+ Y(x, 1), 1<p<2, x,T=0, (5.1)
with initial and boundary conditions,

{¢(x, 0) = —he(x,0) = [Ep(x®) + xEp,(x0)], 52)

Y(0,7) =, (0,7) = e™".

The Laplace transform and generalized Laplace transform of the initial and boundary conditions (5.2) are given as
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(v (Lo L) 2 11y 9e
@) = (5+19_2>199 - )= _(5+19_2>19e -1’
Pt (5.3)
Ys(p) = Wulp) = o+ 1
Considering equation (4.4), and using equation (5.3), we get
1 (pa+1 (pa+1 1 1 19@
=r."1g 1 o-1 -2 _ ga-1(_ 4
Y(x, 1) =L, Gy (gg_i_l_l)[ﬁ ¢+1+ﬁ pran @ (19+192)199—1 ,(5.4)
»* @
after some simplification, we have the solution to equation (5.1)
a+1 o—1 0-2
PR | K Y Y
Y1) = Ly Ga [(p +1 <0e —1 " ge= 1>” (5:5)
PY(x, 1) = e7T[Ey(x®) + xE, , (x?)]. (5.6)

Specifically, for o = 2, we get ¥(x,t) = e*~%, which the exact solution to equation (5.1) and the outcome is
identical to the result obtained by [1].

Example 5.2. Finally, examine the linear non-homogeneous telegraph equation [2]:

Pef(x, 1) 0*P(x,7)  0P(x,T)
e oz ot

— 2Y(x,7) + e T[Ep(x®) + xE, ,(x?)], x,7 >0, (5.7)

with initial and boundary conditions,

{l/)(x, 0) = E,(x®) + xEj,5(x?), Y (x,0) = —Z[Eg(xg) + xEQ,Z(xQ)], 1<p<2,

Y(0,t) = Y, (0,7) = e~ %7, (5.8)

The Laplace transform and generalized Laplace transform of the initial and boundary conditions (5.8) are given as

gL, 1) ?° 1 1y e
#1( )_<5+ﬁ)ﬁe—1’ WZ(”)__2<5+W)19@—1'
P+ 5.9)

1+2¢°

W3 () = Waulp) =

Considering equation (4.4), and using equation (5.9), we get

1 §0a+1 (pa+1 1 1 ,(9Q
T) = LGyt o1 gz ¥ _ H(- —)—
P (ﬁe_i_ln)[ 1+29 0 1+2 ¢ \§T9)ee—1
p: @
bt (34 ) gt P (R ) o s.10
9T vz)9e— 1T A+ 20)\9 T p2)ve —1|| (5.10)

after some simplification, we have the solution to equation (5.7)
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(pa+1 199—1 199—2
[1 +2¢ (199 T 1)] ' -11)

Y(x, 1) = e‘ZT[EQ(xQ) + xEQ_z(x‘-’)]. (5.12)

Y(x, 1) = Lx_lGa_l

Specifically, for o = 2, we get ¥(x,t) = e*~27%, which is the exact solution to equation (5.7). The outcome is
identical to what was found by [2].

5. Conclusion

In this study, we have successfully utilized a double integral transform called the Laplace generalized
Laplace transform to determine the exact solution of a linear telegraph problem with the Caputo fractional derivative.
Moreover, the proposed method is more generic than the other methods. From the results, it is clear that the proposed
method is a powerful tool and an efficient technique for obtaining the exact solution of a linear telegraph equation.
In the future, we will utilize the coupling of the presented method with any of the iterative methods for solving non-
linear fractional partial differential equations.
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