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Abstract

The concepts presented in this paper pertain to the development and examination of AB-
coupled fixed point results for mapping in partially ordered S-metric spaces that possess
the strong mixed monotone property. The existence and uniqueness of AB-coupled fixed
points are also demonstrated. We generalize the main theorems of Gnana Bhaskar and

Lakshmikantham (2006) in [15] and Virendra Singh Chouhan and Richa Sharma (2015)

[4].
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1. Introduction

Fixed point theory dates back to the early 20th century, according to Banach (1922), who
established fixed points for a contraction mapping of a complete metric space. This
conclusion lays the groundwork for a wide range of extensions and generalizations. It is a
widely used tool for solving current issues in a wide variety of mathematical subfields.
Since then, researchers have developed various versions [6 ,7 ,8 ,11 ,13 ,14 ,16] of this
conclusion, weakening its hypotheses as maintaining the convergence feature of
consecutive iterates for a single fixed point of mappings. These generalizations follow the
same pattern as the original result. Moreover, over the past few decades, various directions
have led to the generalization of the concept of metric spaces. Some of the most important
generalizations on rectangular metric spaces include the following: rectangular metric
spaces, pseudo-metric spaces, fuzzy metric spaces, quasi-metric spaces, quasi-semi-metric
spaces, probabilistic metric spaces, D-metric spaces, G-metric spaces, F-metric spaces,
cone metric spaces, and so on. Fixed point theory incorporates the idea of partial orders to
handle issues when the underlying structure is not always a linear order. Researchers such
as Tarski (1955), who proved fixed point theorems for monotone functions on full lattices,
gained prominence in the middle to late 20th century. The merging of metric spaces and
partial orders led to significant advancements in the field. Notable among their works is
that of Ran and Reurings (2004), who prov-ed that fixed points for monotone operators
exist and are unique by extending the Banach Fixed Point Theorem to partially ordered
metric spaces. Their results found applications in differential equations and dynamic
systems . The concept of coupled fixed points emerged as a natural extension of single
fixed points, aiming to solve systems of equations simultaneously. A coupled fixed point
refers to a pair (a,b) such that (T(a,b) = (a,b)) for a given mapping T. This notion was

formalized by Bhaskar and Lakshmikantham (2006), who provided sufficient conditions
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for the existence of coupled fixed points in partially ordered metric space Bhaskar and
Lakshmikantham (2006) They introduced the concept of coupled fixed points and provided
conditions under which such points exist for mappings in partially ordered metric space.
Luong and Thuan (2011)They further generalized the coupled fixed point theorems for
mixed monotone operators, expanding the applicability of these result. The theory has been
extensively used to prove the existence of solutions to various types of differential
equations and boundary value problems, demonstrating its practical significance. The
development of coupled fixed points in partially ordered spaces represents a rich and
evolving field of mathematical research. It builds upon classical fixed point theory,
integrating the additional complexity of partial orders and addressing more sophisticated
problems in mathematical analysis and applied mathematics. The ongoing research
continues to find new applications and generalizations, solidifying the importance of this

theory in contemporary mathematics.

2.Materials and Methods

This part will delve into a variety of definitions and theorems and outcomes previously

explored by other authors and we will benefit the reader

because it will help them understand the primary findings of this research. It is a
development of previous papers [4] and [15].

Definition 2.1[12]:Assum that the set X # @ and S: X3 — [0, ) to be a function that

meet all of the criteria
Vu,v,w,x € X.

1. S(p,v,w) =0;
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2. S(p,v,w) =0ifandonly if p = v = w;
3. S(u,v,w) <S(p,w,x)+S(v,v,x) +Sw,w,Xx)
Then (X, S) is said to be an S-metric space.

Definition 2.2 [12]: Consider that (N, S) be an S-metric space and asequence {u, yof N is
defined as follows :

1. The sequence {p,}in N converges to p if S(1, , 1y, ) = 0 asn — oo. In this section,

we write lim p, = W
n—>oo

2. {u,} is named a Cauchy sequence if Ve > 0, there is ny € N in which

S(unrun'um) <§€ Vn,mZno;

3. If every Cauchy sequence is convergent in S-metric space, then it is termed the

complete space.

Lemma 2.3[12]: Consider the (N, S) be an S-metric space .If {u,} ,{w,}are sequences

in which lim p, = p and lim w, = ® then lim S(u, ,1, , wy)=S(K, K, w).
n—oo n—-oo n—oo

Definition 2.4[10]: A Partialy ordered set is a set P and abinary relation < denoted by
(N,<) ,suchthatVvp,v,w €P

1. p < p (reflexivty) ;
2. p<vandv<w impliesu < w (transitivity);

3. u<vandv < p impliespu=v (anti-symmetry ).
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Definition 2.5[4]:Consider that N£@ we can say (N ,d ,<) a partially ordered metric

space, under certain conditions
1. (N ,S)is a partially ordered set ;
2. (N ,) is a metric space.

Definition 2.6[4]:Consider that (N ,<) a paritial ordered set .Then p,w € N are called

comparable if p < worw < p holds.

Definition 2.7[4]: Anelement (n,w) € N x N is called a coupled fixed point of the
mapping A:NXN->NifA(p,w) =p, A(w,n) = 0.

Definition 2. 8 [9] Consider that (N, <) be a partially ordered set. A self-mapping f: N —
N is named to be strictly increasing if f(p) < f(w),Vp,w €N,

with p < w, also is called be strictly decreasing if
f(n) > f(w),Vp,w € N. withp < w .

Definition 2.9[5]. Considerthat N = @pand M # @ , ANXM->NandB:M x N -
M be two mapping

An element (1, w) € N x M iscalled an AB-coupled fixed point if A(n, w) = u,
B(w, 1) = w.

Definition 2.10[5] Consider that (N, <), (M, <) be twe partially ordered sets and
A:NXM - N andB:M XN - M be two mappings .

So, A and B have mixed monotone property i.e., if
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VL, w) ENXM, py,uy €N,y < p, implies A(py , ) < A(p,, w) and
B(w,p; ) <B(w,p;) and w;,w, €M, w; < w, impliesA(p, w,) < A(p,w,)and
B((‘)l , l»l) = B((‘)Z ’ P-) :

Definition 2.11[9] The triple (N, d, <) is referred to as a partially ordered complete

metric space if (N, d) is a complete metric space.

Theorem 2.12 [4] Consider that the set (N, <) be a partially ordered with a complete
metric space(N,d). Let F:N XN - N

be a mapping with the mixed monotone property on N and there is B, ,yvo € N in which
Bo <F(Bo,Yo), Yo =F(yo,Bo) Let Y:[0,00) - [0,00)

is a continuous and increasing function in which it is non-negative in (0 ,), Y(0) =

0, lim Y(t) = co. In which
n—.oo

d(F(B,v), F(i,w)) =d(B, W) +Y(d(v,w)), VBYv,mweEN, B=u, v=<w
Consider that either
1. F is continuous or
2. N which has fulfilling the next requirement;
a) If an increasing sequence{f3,}in N convergesto f € Nthen 3, < ,vn.
b) If a decreasing sequence {y,} in N convergestoy € N theny, <y, Vn.
Consequently, F presents a coupled fixed point (i *, w *) € N X N.

Theorem 2.13[4] Consider that supposition of Theorem 2.12 hold. And thereisz € N

which is comparable to p, . Yy, w € N,
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then F has a unique coupled fixed point .
3.Results

In this section, we demonstrate the existence of a few AB-coupled fixed point results for

self-mapping inside the framework of an ordered S-metric space.

We devote the subsequent sections to the growth and enhancement of the theory
discussed in [4] and [15].

Theorem 3.1 Consider that (N, S. <). (M, S, <)be twe partially ordered complete S-
metric spaces. A:N X M - N and B: M X N -M be two mappings have mixed monotone
property and there is in which B, < A(Bo,Yo) and B(yo, Bo) < Yo Suppose there is

P: [0,0) — [0,00) isa continuous and non-decreasung function in which it is non-
negative in (0,), Y(0) =0, tlirg P(t) = 0. from this Lemma (y € W, . forall t > 0

and W: [0, ©) = [0, «), we have lim "(t)=0 )inwhich VB,p € N,Vy,w € M.
n—»,oo

S(AB.Y), AB-V), A(l. @) < S(B.B.1W) + W(S(y.v-w)), B,7)
< (phw) (3.1)

S(B(Y-B),B(v-B8), B(w, 1)) < S(v.v.w) + W(SB-B. W),  (v-B)
< (o,p) (3.2)

Suppose either

1) A and B is continuous or
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2) N and M have the following properties
a) if {B,} is an increasing sequence in N convergesto f € Nthen B, < B, Vn;
b) if {y,} is a decreasing sequence in M converges to y € Mtheny <y, ,Vn.

If there is B, € Nand y, € M, in which (8o ,vo) < (A(Bo,Yo), B(Yo,Bo)) then AB-
coupled fixed point (g , wg).

Proof: Given 3, € N and y, € M in which (By,v0) < (A(Bo,Y0), B(Bo,Yo)) if
(BO 'YO) = (A(BO 'YO); B(YO ) BO))

then (B, ,Yo) if is an AB-coupled fixed point,by definition of Partial order on N x M.

we have By < A(Bo,Yo) and B(yo,Bo) < Yo
(3.3)

Let (Bo,Yo) ENXM, B1=ABo,Y0), Y1=B(0,B0),

From (3.3) we have B, < B; andy; <y,

The mixed monotone property of A and B a follows us to derive the following:

A(Bo,Yo) < AB1,v0),  ABo,Yo) <A(B1,v1) and B(y1,B1) <
B(vo,B1), B(v1,B1) < B(vo,Bo)

Let B, = A(B1,Yv1), Y2 =B(v1,B1)

As, a result of A and B is mixed monotone property, we get

181


http://jceps.utq.edu.iq/
mailto:jceps@eps.utq.edu.iq

Journal of Education for Pure Science- University of Thi-Qar
Vol.14, No. 4 (2024)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq

Y2 <Y1, B1 < B

This approach will be continued by utilizing the mixed monotone property of A and B, as

well as by employing the definition of Partially ordered on N x M variables, we get

Bn+1 = A(Bn,Bn), and yppq = B(Yn,VYn)
(3.4)

by equations (3.1) and (3.2) we have

SBnBnsBns1) = S(A(Bn—1 »Yn-1),A(Bn-1,¥Yn-1), A(Bn rYn)) < S(Bn-1,Bn-1,Bn) +
U(S(n-1¥n-1,Yn))-

S(Yn »Yn rYn+1) = S(B(Yn—l ’ Bn—l)' B(Yn—l ’ Bn—l)' B(Yn ’ Bn)) < S(Yn—l »Yn-1 :Yn) +
Lp(s(Bn—l ’ Bn—l ’ Bn))

By adding we have S, < S,_; + W(Sy-1) . Let S;=(Bn, , Bn, » Bn,—1) +
S(Yn, »Yn, »¥Yn,-1)- Thereis n; € N,

in which S(Bn, ,Bn, »Bny=1) =0, S(Yn, »¥Yn, »¥n,—1) = 0 then

Bnl—l = Bnl = A(Bnl—l 4 Bnl—l ’YDl—l)’ YH]_—]. = Ynl = B(Ynl—l 'YHl—l 4 Bnl—l)

And Bn,_1,Yn,—1 is fixed point of A, B the proof is complete.

In Other case S(Bn+1 § Bn+1 ’ Bn) * O' S(Yn+1 » Yn+1 'YH) #0 ) VneN

By using supposition of yrwe have S, < S,_1 + W(Sy—1) < Sn-1
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S, IS positive sequence and has alimit S* taking limitwhen n - cowe get S* < S* +

P(S*) and subsequently ys(S*) =0 by our assmption on .

IfS*=0 i-e-, rlll_r)rolo(sn) =0 ) 1!11—r>¥>lo S(Bn+1 ’ Bn+1 ’ Bn) + S(Yn+1 »Yn+1 JYn) =0 )
Then 1111—r>£10 S(Br+1,Bnt+1,Bn) = r111—r>£lo S(Yn+1 »Yn+1,Yn) =0 (3.5)

Now we need showing{ B, }is a Cauchy sequence in N and {y,} is a Cauchy sequence in

M there is two subsequence of integers with ny,my € N, np>my >k

rk = S(Bmk 4 Bmk 4 Bnk) + S(Ymk in’l’lk FYI’lk) 2 € (36)

in which (3.6) Further,corresponding my , we choose ny , to be the smallest for which
(3.6) holds hance

S(Bmy » Bmy - Br) + Sy » Yy » Yy ) < €
(3.7)

Using (3.6) and (3.7) and triangle intequality we get
€S Ty
S S(Bmk ) Bmk ) Bl’lk) + S(Ymk lYmk lYl’lk)

< S(Bumy » Bmye » Bry=1) + S(Bmy » By » Br—1) + S(Bny—1» Buye—1 By, ) +

S(Ymk »Ymk IYI‘lk—l) + S(Ymk :Ymk ’YI‘lk—l) + S(Ynk—l FYI’lk—l 'YIlk)

< 2e+Sy,1

(3.8

Using the formula (3.5) and a fllowing k — o , we obtain
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lim rp=€>0
n,m—oo

(3.9)
Presently, we acquire
S(Bnk+1 ) Bnk+1 ) Bmk+1) S S(Bnk ) Bnk ) Bmk) + qJ(S(YI‘lk 'lek 'Ymk)

S(Ynk+1 PYI’lk+1 erk+1) < S(Ynk iYnk iYmk) + lI'J(S(Bl’lk ) Bnk § Bmk)

Then we get ry,q < rp + W(ry)
(3.10)

Letting k — oo of both sides of eguation (3.10) and from equation (3.9) it follows that
€= limrp < limr + lim Y(ry) <e

k—>oo n—-oo k—oo
Which is contraction.

Therefore {B,} is Cauchy sequence in N ,also {y, }is Cauchy sequence in M .Since N and

M are complete S-metric spaces there is uy, € N, w, € N ,in which

lim B, = Yo, lim y, = w,.
n—»>oo n—oo

(3.11)

Assume that A and B are continuous function therefore by equation (3.11)and (3.4)we get
Mo = rl11—I>Iolo Bn+1 = Al_r)rolo A(Bn Yn) = A(Ho , o),

Wo = 111—{1;10 Yn+1 = rlll_l;go B(Yn ’ Bn) = B(("‘)O 'YO)'
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Thatis A(pg , o) = Ko, B(wg, Kp) = wy

Thus (1o , we) is an AB-coupled fixed point Consider that the conditions 2(a) and 2(b) of

the theorem holds.

We get{,} is non-decreasing sequence in N and{y,} is non-increasing in M and by

equation (3.11)we have
Ill_r}olo Bn = Ho, rlll_r)?o Yn=Wo-
From definition of S-metric space and equations (3.1) and (3.4).
S(A(Ko , o), Ao , @0), o) < S(A(Ho , wo), Ao , ®0), Brr1) + S(Bn+1, Brr1 » Ho)
= S(A(Ho , 00), A(Hg , wg), A(By ,Yn)) + S(Bn+1Bn+1,Ho)

< S(HO » Ho » Bn) + 111(5(0)0 » Wo 'Yn) + S(Bn ) Bn ) HO)

Letting n — oo, we have S(A(g , wg), A(ly , Wg), Ho) <0+ Y(0) =0

This implies that A(u, , o) = Wo

And from definition of S-metric space and equations (3.2) and (3.4)

S(B(wg , o), B(wog, Ko), wg) < S(B(wy , 1o), B(wo , 1o), Brs1) + S(Brs1 s Prr1 » wo)
=S(B(wo , M), B(wo , 110), B(yn , Bn)) + S(Yn+1 > Yns1 » @o)
< S(wo , 00, Yn) + W(S(ko, Ko, Bn)) + S(¥n » Yn » @o)

Letting n — oo we have
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S(B(wo , Ho), B(wg , 1o), o) <0+ Y(0) =0
Then B(wg , Ko) = wg
This complete the theorem.

Theorem 3.2. Let the hypotheses stated in Theorem(3.1) and suppose that
V(B,y), (1, w) € Nx M and there is (t,s)

Such that (A(t, s), B(s, t)) is comparable to (A (8,Yv),B(y,B)) and (A(n, w), B(w, n))

then there exist unique an AB-coupled fixed point in N x M.

Proof:- As, we know from Theorem (3.1) Suppose that (B,y), (n,w) € N X M are
coupled Fixed Points Then = A(B,y), y= B(v,B), 1= A(pw), = B(w,pw.

We have show that = pu,y = w by our supposition there is (t,s) € N x M Such that
(A(t,s), B(s, 1)) is comparable to (A(B, ), B(y,B)) ,(A(p, ), B(w, W)

Case 1

We construct{t,,} an increasing sequence in N and {s, }a decreasing sequence in M
defined

the1 = A(ty,Sn) Sne1 = B(sy,ty), Vn; are comparable, we have

SB,B,wW = S(AB,v),AB, V), A(m, w)) = SB,B, W) + Y(S(v,y,w))

Similarly

S(v,v,w) < S(B(y,B),B(y,B),B(w,w) <S(y,y,w) +W(S(B,B, W)
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ThenS(B,B, W) +S(y,y, w) =0
So, B = u,y = w This proof is complete
Case 2

Suppose that(B,y) and (1, w) are not comparable there exist (t, s) € N x M which
comparable with both (8,v) and ( i, w) consider

S(B.B,w) = SA"(B,y), A" (B, V), A" (1, w)), S(¥,Y,w)
= S(B"(v,B),B"(v,B),B" (w, W)

Monotonicity (A" (t,s),B" (s, t))
S((B,B, V), (1,1, w))
= S((A™ (B,v),A™(B,v),B"(v,B)), (A" (1, w), A" (1, ), B" (w, 1))

= S(A" (B, ), A"(B,Y),B" (v, B)), (A" (t,5), A" (t,5),B"(s , 1)
+S(A%(t,5),A"(t,5), B (5,D), (A" (1, w), A" (1, ), B (@, W)

= (SB.B,Y+YE,Y,8)) +(,y,9) +W(EB,BD) + (St tw
+ Y(S(s,s,w))) + (S(s,5,0) + P(S(Lt, W)

=0
So,B =u,y = w The proof is complete.

Example 3.3. Let N = [0, )and M = [—o0,0) by the usual order in R Consider the S-
metricon Nand M ,asS(B,B,y) =I1B—vl VBEN,yEM.

Consider the mapping A:NxM —- N, B:MXN - M.
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defined by A(B,v) = "1 B(y.B) ="1> VB.WEN, Vy,we€M,

Let us take P: [0, 00) — [0,00), inwhich = () = Z_; ,

We have A(B,y) < A(n.y), B(y.B) = B(y,w) and A(B,y) < A(B, w),B(y,B) =
B(w, B).

Therefor A and B are continuous and have mixed monotone property. Also there are

(BO 'YO) € N X M!
Then (0,0) is the unique AB-coupled fixed point B, = 0,y, = 0,

-7 -7
S(AB,¥), A, V), A, w)) = : 12 Y- 12 -

=5 1B =7v) = (h = 7w)|
== |- W) - 7(y - w)]
<5 IB-u-Zly-ol
<SB,B, W —Y(S(y,y,w))

and

-7 -7
S(B(v,B),B(y, B), B(w, ) = ! 12 Po 12 :

==y = 7) — (0 — 7W)|

== |y — ) = 7(8 - W
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<= y—wl-Z 1@- Wl

There for A and B are satisfied all conditions of theorem ( 3.1).Then, (0,0) is the unique
AB-coupled fixed point.

4.Conclusions

In this paper, we have study and explored AB-coupled fixed point theorems results in
partially ordered of S-metric spaces In addition, we have proven uniqueness and

existence and give an illustrative example.

When compared to the writings of earlier experts Our findings represent developments

and improvements for the field (see[1 ,2 ,3]).
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