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Abstract:

Fractional differential equations have gained significant attention in recent years due to their ability to model complex
phenomena in various scientific and engineering fields. This study focuses on solving fractional differential equations
involving the nonlinear Caputo fractional derivative and the Caputo-Fabrizio fractional derivative. We employ the
Daftardar-Jafari Method (DJM) and the Elzaki Daftardar-Jafari Method (EDJM) to derive approximate analytical
solutions. The combination of these methods provides a systematic and efficient approach to addressing the
challenges posed by nonlinearities and the memory effects inherent in fractional derivatives. Through illustrative
examples, we demonstrate the accuracy and applicability of the proposed methods. The results indicate that DIJM
and EDJM are powerful tools for solving nonlinear fractional differential equations, offering insights into their
underlying dynamics.

Keywords: Elzaki transform, Caputo fractional derivative, Dafter -Jafari method (EDJM).

1-Introduction

Fractional calculus, an extension of classical calculus, has emerged as a powerful mathematical tool for modeling
complex systems characterized by memory and hereditary properties. Fractional differential equations (FDES), which
incorporate derivatives of non-integer orders, have found applications in diverse fields such as viscoelasticity, fluid
dynamics, control theory, and biological systems. Among the various definitions of fractional derivatives, the Caputo
fractional derivative and the Caputo-Fabrizio fractional derivative are widely utilized due to their ability to
effectively capture the dynamics of real-world phenomena[1], [2], [3].

However, solving fractional differential equations, particularly those involving nonlinear terms, presents significant
analytical and computational challenges. Traditional methods often struggle to provide accurate or efficient solutions
for such equations, necessitating the development of novel approaches. In this context, the Daftardar-Jafari Method
(DJM) and its extension, the Elzaki Daftardar-Jafari Method (EDJM), have shown considerable promise. These
iterative methods are known for their simplicity, convergence properties, and ability to handle nonlinearities
effectively[4], [5], [6]-
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This paper aims to apply DJM and EDJM to solve fractional differential equations involving the nonlinear Caputo
and Caputo-Fabrizio fractional derivatives. By leveraging these methods, we seek to obtain approximate analytical
solutions that offer deeper insights into the behavior of the underlying systems. The rest of the paper is organized as
follows: Section 2 presents the mathematical preliminaries and definitions relevant to fractional calculus. Section 3
describes the methodology and implementation of DJM and EDJM. Section 4 illustrates the application of these
methods to specific examples, followed by a discussion of the results. Finally, Section 5 concludes the paper and
highlights potential directions for future research.

Basic concepts

Definition 1. [7] A real function ¢(w), w > 0, is said to be in the space Cy,9 € R if there exists a real
number q, (q > 9), such that d(w) = w9, (w), where d(p) € [0, ) and it is said to be in the space Cg" if
d™ € Cy,m € N.

Definition 2. [1] For € > 0the gamma function I'(¢) is defined by the integral
I'(e) :j e Tt dt (D
0

The basic properties of the gamma function are that it satisfies the following as [8]

1
1. r(—) = .

2
2.T(e+1)=¢€T(e), eeC.

3.T(e)=(-1)!, e €e€C.

Definition 3. [5] The Mittag -Leffler function of one parameter can be defined in terms of a power series as

oy
Ec(®) = Zk=om,€ >0, 2)

and the Mittag -Leffler function of two parameters is given by

v
ES,Y(E) = Zk=om, e>0,vy>0. 3)

Properties For some specific values of € and y, the Mittag-Leffler function reduces to some familiar. For example,
[9], [10], [11]

o0 g« o & g
1. E11(8) = Y=o Tke1) Lk=0 w_ ¢
o £ _ l o §k+1 _ ef-1

2. EI,Z(E) - Zk:O r(k+2) - EZk:O (k+1)! - 3

2 w B w &K
3. E;1(8) =Xl Tk Yk=0 @ Cosh(%)

- 13 @ BK*1 sinh(®)
4. E2,2 (E ) - Zk:O I'(2k+2) - Zk=0 £(2k+1)! - 3
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o (B qw (-DREE
5. E2,1(_EZ) = Yk=0 F((T-zl) = Ykeo 2! = Cos(%)

ooy e (B ce CDREEHsingg)
6. EZ,Z( E ) - Zk=0 r(2k+2) - Zk=0 £(2k+1)! - £
Definition 4. [5] The Riemann-Liouville integral operator of order € > 0, of a Function f(§) € C,,, p=—11is
defined as:
€ 1 ¢ 1
f(¢) = —f —w)* H(w) dw 4
JE® =y | G = 0w @
Definition 5. [12] The Caputo fractional derivative of order €, wheren — 1 < &€ < n, n € N, is defined by:
1 §
Cne — [D—€pn — _ n—g—1¢(n)
DEC®) = J{™D"®) = ;g fo €= )" (@) do. )

Definition 6. [13] Let f() is an integrable function, then the Laplace transform of f(%), & > 0 is defined by

A

F) = LE®) = [ e Mg = Limaoo [ S ©)
0 0
Table 1. Laplace transforms of some important functions.
function Laplace
transform
k k
S
& I'(e+1)
S£+1
et 1
S—¢&
Sin(£%) &
Y
Cos(£¥) S
Y
Sinh(€€) &
52 _ 82
Cosh(&f) S
52 _ 82
£ (¥) F(s)
S—n
n-1 f(k)(())
- z g—n+k+1
k=0
JR£(®) F(s)
Sn
0" Egy (Aw®) s&Y
sE—2A
Lemma 1.1. [14]Laplace transform of Riemann-Liouville fractional integral of order € > 0 is given by:
F(s)
LYEE®) =

(7)
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Theorem 1.1. [15]Laplace transform of Caputo fractional derivative of order € > 0 is given by:
n-1

L{ °DEf(®)} = s°F(s) — Z sek=1¢(0) () (8)

k=0

Definition 1.5.1. The fractional derivative with the Caputo-Fabrizio operator for 0 < a < 1 is defined as:

o

CFDaf(x) = % f ’ exp [— ix__at)] £(t)dt )
0

where f € H1(a,b),a < b, f'is the derivative of f, and B(«) is a normalization function such that B(0) = B(1) =
1, and the Caputo-Fabrizio fractional integral of order a of a function f is defined by

1—«a
B(a)

CFI%f(x) = f(x) +

o X
% _[0 f(S)dS

_ 1—« £ + (04
B 7 B
Properties 1.5.1. The operator's fundamental attributes are as follows

Jx () (10)

1. C“FDY(x) = f(x), where a = 0.

2. “FDRIC) +g(0] = DGO + FDLg().
3. CFpYc=0,cis constant.

4. CFIf(x) = f(x), wherea =0,

5. CFIZf(x) = [, f(t) dt, where o = 1,

6. CFIFIC) +g(0)] = “FIFC) + Figgx)

7. CFl@ CFDY f(x) = f(x) — £(0) -

8

CFla. — S (1 —
IXC_B((x)(l a+ ax).

k
CFia k — X X
9. IZx —B(a)(l 0(+k+1).

Lemma Elzaki transforms of Caputo-Fabrizio fractional derivative of order 0 < o < 1 are given by:

1
1-a+av

10. &{ FDY(x)} = (T(v) — v£(0)).

Proof

1
L{ ¢FDgf(x)} = L {m JO

X

exp [— aix_—olc)] f ’(t)dt}

By The Laplace transform of convolution, we get

L{ SFDEf(x)} = ﬁL{e_% bLe )

1
= o (SF(S) — f(O))
1

T—a\s+ ——
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1

2. Analysis of fractional Dafter -Jafari method (EDJM) with caputo Fabrizio operator:

We Consider fractional differential equation
“Dlu(x,t) + Rlu(x, t)] + N[u(x,t)] = g(x,t),t >0, n—1<a<n (11)
With the initial condition u(x, 0) = uy(x) (12)

where 'Dfu(x, t) is the derivative of u(x, t) in Caputo- Fabrizio operator, R, N differential operators, including
linear and nonlinear and g(x, t) is the energy term.

Now by taking integral of Caputo- Fabrizio to both sides of Eq. (8), we obtain
CiI.* Du(x, t) + S Rlux, )] + “I,*N[u(x, )] = ©1,%g(x,t) (10)
We get
u(x,t) —u(x, 0) = “I,%(x,t) — “I,“Rlu(x, )] — “I*N[u(x, t)]
From (9) we get
u(x,t) = up(x) + “1,%(x,t) — ST Rlu(x, t)] — I *“N[u(x, t)] (13)

Now, we represent solution as an infinite series given below

u(x, t) = Z u,(x,t) (14)

n=0

By substituting (12) in (11) ,we get

o)

Z U, (%, 1) = up(x) + I, %g(x,t) — “1,°R [z u, (%, t) ]
n=0

n=0
— Cff “N[ un(x,t)] (15)

and the nonlinear term N is decomposed as
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N (i u, (%, t)) = N(ug) + i {N (21: (u]-)> —N <1zl: (u]-))}
n=0 i=0 j=0 j=0

[o¢]

=) @) (16)

i=0
from Egs (14) ,(13),and Eqs(12) is equivalent to

Yoo un(x,0) = up(x) + ‘M %g(x,t) — “I*R[T 50 un(x ] — “1*N(ug) — “T1,* 352, {N (Z;o (ui)> -

i-1

N <Z (u]-)>} 17)
j=0

Now , we define the recurrence relation :

F = uy(x) + 1, %g(x,1)

L(u) = —“T*Rlu;(x,t) |

i i-1
e {N (ZFO (uj)> N <Zi=0 (UJ)>} "

By substituting (16) in (15) ,we get

u(x,t) = F—L(u) — G(u)

Where G(u) = ZOO (Gp) and L(u) = L(Z_OOO (u;)
j=

j=0

Moreover , the relation is define with recurrence so that

The solution is written as

u(x, t) = Z u,(x,t) =upg+u; +uy + -

n=0
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Applications of DIM
Example 1. Consider the following system in the caputo Fabrizio operator:
D Mux ) +uuy =uy, , 0<a<g1
with initial conditions
u(x,0) =x
taking integral of Caputo- Fabrizio to both sides of above equation we get
u = x+ “1*(ug) — “1* (uuy)

From the relation (16) we get

)
Il
kel

L(w) = Cflta (uyy)

G = _CfItO((qu)
Now
Go = —Cflta(u0u0x)

Gy = =T ((up + uy) (ugy + ugy)) + ™ (uouox)

Gy = =M1 *((up + uy + uz)(Uox + Ugy + Uy)) + S1* T ((ug + up) (Uox + Ury))

u; = L(uo) + Go = “1,%(0) — 1% ()
= —((1 — )X — (xxt) = —x(1—-a+ at)
u = L(uy) + Gy = “1,%(0) — “1e*(a®x((t — D) + 1% (%)
= (x—oax — a?x + a®x) + (2a®x — 3a?x + ax)t + (—a?x + 2a3x)t? — %a3xt3

The approximate solution is given by :
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u(x,t) =x—x(1 —a+at) + (x — ax — a?x + a?x) + (2a?x — 3a?x + ax)t + (—a?x + 203x)t% —

The above equation is approximate solution to the form

X

w8 =177

For a = 1, which is the exact solution of above equation
Example 2 :Consider the following system in the caputo Fabrizio operator:
D*ux,t) —vy+v+u=0, 0<a<g1

CthﬁV(X,t)) —u+v+u=0 0<BK1
with initial conditions
u(x, 0) = sinhx

v(x,0) = coshx.
Taking integral caputo Fabrizio on both sides ,we obtain

u(x, t) = sinhx + “1,%(vy — v — 1)

v(x,t) = coshx + ®,*(uy, — v — u).

Then
F, = sinhx,
Fg = coshx,

Le(u,v) = S %(vy — v —u).

Lg(u,v) = 9T %(uy — v — ).
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NOw
uy(x,t) = F; = sinhx,
vo(x,t) = F, = coshx,
u; (x,t) = Lg(ug, vo)
= UM% (=vox + vo + up)
= Cf,%(—coshx)
= —coshx(1 — a + at)
v1 (% t) = Lg(ug, vo)
= CfItB(UOX — Vo — Up)
= CfItB(—sinhX)
= —sihx(1 — B + Bt)
uz(x,t) = Lg(ug,vy)
= Cflta(le —Vi—uy)
= U, *(sinhx(1 — a + at))
= sinhx [(1 —2a+ o?)(2a — 2a®)t + %th]
vo(x,t) = Lg(uy, vq)
= Cfltﬁ(‘hx —V;—uy)
= CfB(sihx(1 — B + Bt))

= coshx[(1 - 2B + B2)(2B - 2B*)t + %ztz]

The approximate solution is given by :

jceps.utg.edu.ig
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2
u(x, t) = sinhx — coshx(1 — a + at) + sinhx [(1 — 20+ o?)(2a — 2a)t + o%tz] — e

v(x, 1) = coshx — sihx(1 — B + B) + coshx[(1 — 2B + B2) (2B — 282t + 2] — ..

3- Conclusion

In this study, we applied the Daftardar-Jafari Method (DJM) and the Elzaki Daftardar-Jafari Method (EDJM) to
fractional differential equations involving the nonlinear Caputo fractional derivative and the Caputo-Fabrizio
fractional derivative. These methods demonstrated their robustness and efficiency in deriving approximate
analytical solutions for nonlinear fractional differential equations, effectively addressing the challenges posed by
fractional operators and nonlinearities.

The results obtained highlight the accuracy and reliability of DJM and EDJM in solving complex fractional
systems. By providing systematic iterative approaches, these methods enable a deeper understanding of the
dynamics governed by fractional derivatives. Furthermore, the illustrative examples underline the flexibility of
these techniques in handling different forms of nonlinear fractional differential equations.

This work not only advances the application of DJM and EDJM but also contributes to the broader field of
fractional calculus by providing alternative tools for tackling nonlinear problems. Future research could explore the
extension of these methods to multi-dimensional fractional systems, fractional partial differential equations, and
equations involving other types of fractional operators. Additionally, incorporating numerical techniques or hybrid
approaches could further enhance the applicability and efficiency of these methods in solving real-world problems.
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