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Abstract:  

In this paper, we construct a new sequence of bivariate Basakov – Bate operators based on parameter S . We discuss 

the rate of convergence of these operators using the partial and total moduli of continuity. A Voronovskaya-type 

asymptotic result is also established. Further, we introduce the associated GBS (Generalized Boolean Sum)  operators 

and estimate the degree of approximation using the mixed modulus of continuity and a class of the Lipschitz of Bögel 

type continuous functions . 

 

Keywords: Bivariate Baskakov operators, Voronovskaya theorem, Modulud of continuity,   Degree of 
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1-Introduction   

Baskakov [3] studied a sequence of positive linear operators, called Baskakov operators, for suitable functions 

defined on an unbounded interval   [0, ∞).Gurdek [5] introduced the bivariate Baskakov operators  in weighted 

spaces as follows :  

𝑈𝑛,𝑚(𝑓; 𝑥, 𝑦) =  ∑ ∑ V𝑛,𝑘 (𝑥)V𝑚,𝑗 (𝑦) 

∞

𝑗=0

  𝑔 (
𝑘

𝑛
,

𝑗

𝑚
)  ,                                                                  (1.1)

∞

𝑘=0

 

where         V𝑛,𝑘 (𝑥) = (𝑛+𝑘−1
𝑘

) 𝑥𝑘(1 + 𝑥)−𝑛−𝑘   , V𝑚,𝑗 (𝑦) = (𝑚+𝑗−1
𝑗

) 𝑦𝑗(1 + 𝑦)−𝑚−𝑗 . 

 

A non -negative real parametric generalization of the  above  sequences was proposed by Aral and Erbay [1] and is 

know as the  𝛼 −  Baskakov operator   . Sonker and Priyanka [8] proposed the stance variant of a bivariate 

parametrically generalized Baskakov operators operator given by 

 

𝑄 𝑛1,𝑛2,𝛼1,𝛼2

 𝛼1,𝛼2,𝛽1,𝛽2 (𝑓; 𝑥, 𝑦) = ∑  

∞

𝑘1=0

∑ 𝑉 𝑛1,𝑛2,𝑘1,𝑘2

 (𝛼1,𝛼2) 
(𝑥, 𝑦) 

∞

𝑘2=0

  𝑓 (
𝑘1 +  𝛼1

𝑛1 + 𝛽1
,
𝑘2 +  𝛼2

𝑛2 + 𝛽2
)  ,                                   (1.2)  
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where  𝑉 𝑛1,𝑛2,𝑘1,𝑘2

 (𝛼1,𝛼2) (𝑥, 𝑦) = 𝑉 𝑛1,𝑘1 
 𝛼1 

(𝑥)𝑉 𝑛2,𝑘2 
 𝛼2 

(𝑦), such that 𝑉 𝑛1,𝑘1 
 𝛼1 

(𝑥) defined  in [1]. A new sequence of Generaliz- 

ed  Bivariate Baskakov Durrmeyer Operators and  Associated  GBS Operators was designed by Rani and Rao [7]. 

A new modified form of Baskakov-Bate operators based on parameters S was presented by jabbar and Hassan [6] 

in a recent  study.   

𝐿𝑛(𝑓; 𝑥) = ∑ Ρ𝑛,𝑘 (𝑥)

∞

𝑘=0

 ∫ 𝐵𝑛,𝑘(𝑡) 𝑓 (𝑥 +
(𝑡 − 𝑥)

𝑛𝑆 )  𝑑𝑡 ,

∞

0

                                                           (1.3) 

where                                Ρ𝑛,𝑘 (𝑥) = 𝛢(𝑥, 𝑛)V𝑛+1,𝑘 (𝑥) + 𝛢(−1 − 𝑥, 𝑛)V𝑛+1,𝑘−1 (𝑥) , 

                                          𝐴(𝑥, 𝑛) = 𝜇(𝑛) + 𝜚(𝑛)𝑥  and    𝐵𝑛,𝑘(𝑡) =
(𝑛+𝑘)!  𝑡𝑘

𝑘!(𝑛−1)!  (1+𝑡)𝑛+𝑘+1 .  

 

2.  Construction of bivariate operators   𝛨𝑛,𝑚(𝑓; 𝑥, 𝑦) 

For  𝑢 , 𝜈 > 0  and  𝑓 ∈ 𝐶𝑢 ,𝜈(𝛪2) = {𝑓 ∈ 𝐶(𝛪2): |𝑓(𝑥, 𝑦)| ≤ 𝑀(1 + 𝑥𝑢)(1 + 𝑦𝑣), ∀(𝑥, 𝑦) ∈ 𝛪2}, where 𝛪2 =

[0, ∞) × [0, ∞) and 𝑀 is positive constant drpendent on 𝑓, we introduce a new bivariate Baskakov – Bate  

operators as 

 

𝛨𝑛,𝑚(𝑓; 𝑥, 𝑦) =  ∑  

∞

𝑘=0

∑ Ρ𝑛,𝑘 (𝑥)Ρ𝑚,𝑗 (𝑦) 

∞

𝑗=0

 × ∫ ∫ 𝐵𝑛,𝑘(𝑡) 𝐵𝑚,𝑗(𝑧) 𝑓 (𝑥 +
(𝑡 − 𝑥)

𝑛S
 , 𝑦 +

(𝑧 − 𝑦)

𝑚S
 )  𝑑𝑡 𝑑𝑧 ,

∞

0

∞

0

     (2.1)  

where          Ρ𝑛,𝑘 (𝑥) = 𝛢(𝑥, 𝑛)V𝑛+1,𝑘 (𝑥) + 𝛢(−1 − 𝑥, 𝑛)V𝑛+1,𝑘−1 (𝑥) , 

                       Ρ𝑚,𝑗 (𝑦) = 𝑇(𝑦, 𝑚)V𝑚+1,𝑗 (𝑦) + 𝑇(−1 − 𝑦, 𝑚)V𝑚+1,𝑗−1 (𝑦) ,                                 

                        𝐵𝑛,𝑘(𝑡) =
(𝑛+𝑘)!  𝑡𝑘

𝑘!(𝑛−1)!  (1+𝑡)𝑛+𝑘+1  , 𝐵𝑚,𝑗(𝑧) =
(𝑚+𝑗)!  𝑧𝑗

𝑗!(𝑚−1)!  (1+𝑧)𝑚+𝑗+1 ,   

and 𝐴(𝑥, 𝑛) = 𝜇(𝑛) + 𝜚(𝑛)𝑥 , 𝑇(𝑦, 𝑚) = 𝜇(𝑚) + 𝜚(𝑚)𝑦 . Hear  𝜇(𝑛), 𝜚(𝑛) , 𝜇(𝑚) and 𝜚(𝑚)  , are unknow 

sequences which are to be determined by imposing suitable convergence conditions . For 𝜇(𝑛) = 𝜚(𝑛) =  𝜇(𝑚) =

 𝜚(𝑚) = 1 and  𝑆 = 0 the operator (2.1) reduces to the ordinary Baskakov – Bate bivariate operator .  

Lemma   2.1 : Let  𝑒𝑟1𝑟2
= 𝑡𝑟1 𝑧𝑟2  , 𝑟1, 𝑟2 ∈ 𝑁0   , then the  operator  𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) satisfy  the following identities   

(𝟏)       𝐻𝑛,𝑚(𝑒00; 𝑥, 𝑦) = (2 𝜇(𝑛) − 𝜚(𝑛))(2𝜇(𝑚) − 𝜚(𝑚)) , 

(𝟐)     𝐻𝑛,𝑚(𝑒10; 𝑥, 𝑦) = [(2 𝜇(𝑛) − 𝜚(𝑛))𝑥 +
(4 𝜇(𝑛) − 3𝜚(𝑛))𝑥 + (3 𝜇(𝑛) − 2𝜚(𝑛))

𝑛S(𝑛 − 1)
] [2𝜇(𝑚) − 𝜚(𝑚)] , 

(𝟑)     𝐻𝑛,𝑚(𝑒01; 𝑥, 𝑦) = [(2 𝜇(𝑚) − 𝜚(𝑚))𝑦 +
(4 𝜇(𝑚) − 3𝜚(𝑚))𝑦 + (3 𝜇(𝑚) − 2𝜚(𝑚))

𝑚S(𝑚 − 1)
] [2𝜇(𝑛) − 𝜚(𝑛)] , 

(𝟒)    𝐻𝑛,𝑚( 𝑒11; 𝑥, 𝑦)

= [(2 𝜇(𝑛) − 𝜚(𝑛))𝑥 +
(4 𝜇(𝑛) − 3𝜚(𝑛))𝑥 + (3 𝜇(𝑛) − 2𝜚(𝑛))

𝑛S(𝑛 − 1)
] [(2 𝜇(𝑚) − 𝜚(𝑚))𝑦

+
(4 𝜇(𝑚) − 3𝜚(𝑚))𝑦 + (3 𝜇(𝑚) − 2𝜚(𝑚))

𝑚S(𝑚 − 1)
], 
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(𝟓)    𝐻𝑛,𝑚( 𝑒20; 𝑥, 𝑦)

= [(2 𝜇(𝑛) − 𝜚(𝑛))𝑥2  +   
[(8𝑥2 + 6𝑥)𝜇(𝑛) − (6𝑥2 + 4𝑥)𝜚(𝑛)]

𝑛S−1(𝑛 − 1)(𝑛 − 2)

+  
[(4𝑥2 + 4𝑥)𝜇(𝑛) − (2𝑥2 + 2𝑥)𝜚(𝑛)]

𝑛2S−1(𝑛 − 1)(𝑛 − 2)
− 

[(12𝑥 + 16𝑥2)𝜇(𝑛) − (8𝑥 + 12𝑥2)𝜚(𝑛)]

𝑛 S (𝑛 − 1)(𝑛 − 2)

+  
[(8 + 22𝑥 + 16𝑥2)𝜇(𝑛) − (6 + 18𝑥 + 14𝑥2)𝜚(𝑛)]

𝑛2S (𝑛 − 1)(𝑛 − 2)
] [2𝜇(𝑚) − 𝜚(𝑚)], 

(𝟔)    𝐻𝑛,𝑚( 𝑒02; 𝑥, 𝑦)

= [(2 𝜇(𝑚) − 𝜚(𝑚))𝑦2  +   
[(8𝑦2 + 6𝑦)𝜇(𝑚) − (6𝑦2 + 4𝑦)𝜚(𝑚)]

𝑚S−1(𝑚 − 1)(𝑚 − 2)

+  
[(4𝑦2 + 4𝑦)𝜇(𝑚) − (2𝑦2 + 2𝑦)𝜚(𝑚)]

𝑚2S−1(𝑚 − 1)(𝑚 − 2)
− 

[(12𝑦 + 16𝑦2)𝜇(𝑚) − (8𝑦 + 12𝑦2)𝜚(𝑚)]

𝑚 S (𝑚 − 1)(𝑚 − 2)

+  
[(8 + 22𝑦 + 16𝑦2)𝜇(𝑚) − (6 + 18𝑦 + 14𝑦2)𝜚(𝑚)]

𝑚2S (𝑚 − 1)(𝑚 − 2)
] [2 𝜇(𝑛) − 𝜚(𝑛)] .   

Proof: It is simple to get the desired result from (2.1). ■ 

In order to study the uniformly convergence , we consider that  sequences  𝜇(𝑛) , 𝜚(𝑛) , 𝜇(𝑚)  and  𝜚(𝑚) Verify the 

conditions 

2𝜇(𝑛) − 𝜚(𝑛) = 1       and         2𝜇(𝑛) − 𝜚(𝑛) = 1   .                                                                 (2.2) 

For the sequences, we will examine two cases. 

Case 1 : Let  

 𝜇(𝑛) − 𝜚(𝑛) ≥ 0  ,  𝜇(𝑛) ≥ 0    and   𝜇(𝑚) − 𝜚(𝑚) ≥ 0  ,  𝜇(𝑚) ≥ 0                                      (2.3) 

 Using (2.2)  ,we get 0 ≤ 𝜇(𝑛) ≤ 1 , −1 ≤ 𝜚(𝑛) ≤ 1  and 0 ≤ 𝜇(𝑚) ≤ 1  , −1 ≤ 𝜚(𝑚) ≤ 1 . 

The operator (2.2) is positive in the present case. 

Case 2 : Let  

 𝜇(𝑛) − 𝜚(𝑛)  < 0  or  𝜇(𝑛) <  0    , 𝜇(𝑚) − 𝜚(𝑚)  < 0  or  𝜇(𝑚) <  0 .                                          (2.4) 

If    𝜇(𝑛) − 𝜚(𝑛)  < 0 , 𝜇(𝑚) − 𝜚(𝑚)  < 0   then   𝜇(𝑛) > 1 , 𝜇(𝑚) > 1   ,  if  𝜇(𝑛) <  0 , 𝜇(𝑚) <  0  then  𝜇(𝑛) −

𝜚(𝑛) > 1 , 𝜇(𝑛) − 𝜚(𝑛) > 1  .  In this case , the operator (2.1) is non positive . 

      In the next theorem, we prove the 𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) operator's  convergence uniformly to the function 𝑓(𝑥, 𝑦)  

using the Korovkin–type theorem. 

Theorem 2.2: Let  𝜇(𝑛) , 𝜚(𝑛)  and   𝜇(𝑚) , 𝜚(𝑚) be convergence  sequences which verify the conditions  (2.2) 

and (2.3) . If   𝑓 ∈ 𝐶𝑢 ,𝜈(𝛪2)   , then 𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦)   converges uniformly to   𝑓(𝑥, 𝑦)   as 𝑛 , 𝑚 → ∞  on 𝛪ℎ𝑘 =

[0, ℎ] × [0, 𝑘]  be compact sub set of  𝛪2. 

Proof : From  Lemma (2.1)   , we get 

lim
𝑛 ,𝑚→∞

 𝐻𝑛,𝑚(𝑒𝑟1𝑟2
; 𝑥, 𝑦) = 𝑒𝑟1𝑟2

(𝑥, 𝑦)   for  𝑟1, 𝑟2  ∈ {(0,0), (0,1) , (1,0)}  
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and 

lim
𝑛 ,𝑚→∞

 𝐻𝑛,𝑚(𝑒20 + 𝑒02; 𝑥, 𝑦) = (𝑒20 + 𝑒02)(𝑥, 𝑦)  uniformly on 𝛪ℎ𝑘 .             

By applying Theorem (2.1) in [2] , we get the  required . ■ 

 

Definition 2.3 . For  (𝜆 , 𝛾)  ∈ 𝑁0 × 𝑁0 , we define the  (𝜆 , 𝛾) − order  moment  for the  sequence 𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦)  

by  

 ℱ𝑛 ,𝑚 ,𝜆 ,𝛾   (𝑥 , 𝑦) = 𝐻𝑛,𝑚((𝑡 − 𝑥)𝜆(𝑧 − 𝑦)𝛾; 𝑥, 𝑦) .                                                                         (2.5) 

Lemma 2.4 . For  (𝜆 , 𝛾)  ∈ 𝑁0 × 𝑁0,  the following properties satisfied   

(𝟏)  ℱ𝑛 ,𝑚 ,1 ,0   (𝑥 , 𝑦) =
 𝜇(𝑛) − (1 + 𝑥)𝜚(𝑛)

𝑛S(𝑛 − 1)
 ,       

(𝟐) ℱ𝑛 ,𝑚 ,0 ,1   (𝑥 , 𝑦) =
𝜇(𝑚) − (1 + 𝑦)𝜚(𝑚)

𝑚S(𝑚 − 1)
, 

(𝟑) ℱ𝑛 ,𝑚 ,1 ,1   (𝑥 , 𝑦)  = [
 𝜇(𝑛) − (1 + 𝑥)𝜚(𝑛)

𝑛S(𝑛 − 1)
] [

𝜇(𝑚) − (1 + 𝑦)𝜚(𝑚)

𝑚S(𝑚 − 1)
] , 

(𝟒) ℱ𝑛 ,𝑚 ,0 ,2   (𝑥 , 𝑦)

= [ 
[(4𝑥2 + 4𝑥)𝜇(𝑛) − (2𝑥2 + 2𝑥)𝜚(𝑛)]

𝑛2S−1(𝑛 − 1)(𝑛 − 2)

+  
[(8 + 22𝑥 + 16𝑥2)𝜇(𝑛) − (6 + 18𝑥 + 14𝑥2)𝜚(𝑛)]

𝑛2S (𝑛 − 1)(𝑛 − 2)
], 

(𝟓) ℱ𝑛 ,𝑚 ,0 ,2   (𝑥 , 𝑦)

= [ 
[(4𝑦2 + 4𝑦)𝜇(𝑚) − (2𝑦2 + 2𝑦)𝜚(𝑚)]

𝑚2S−1(𝑚 − 1)(𝑚 − 2)

+  
[(8 + 22𝑦 + 16𝑦2)𝜇(𝑚) − (6 + 18𝑦 + 14𝑦2)𝜚(𝑚)]

𝑚2S (𝑚 − 1)(𝑚 − 2)
], 

(𝟔)  ℱ𝑛 ,𝑚 ,4 ,0   (𝑥 , 𝑦) = 𝑂 (
1

𝑛2S+2
) , 

(𝟕)  ℱ𝑛 ,𝑚 ,0 ,4   (𝑥 , 𝑦) = 𝑂 (
1

𝑚2S+2).  

Lemma   2.5  : The operator  𝐻𝑛,𝑛(𝑓; 𝑥, 𝑦) verifies following identies  

(𝟏)  Lim
𝑛→∞

  𝑛S+1 ℱ𝑛 ,𝑛 ,1 ,0   (𝑥 , 𝑦) = 𝐿1 − (1 + 𝑥)𝐿2  ,      

(𝟐) Lim
𝑛→∞

  𝑛S+1 ℱ𝑛 ,𝑛 ,0 ,1   (𝑥 , 𝑦) = 𝐿3 − (1 + 𝑦)𝐿4, 

(𝟑)  Lim
𝑛→∞

  𝑛S+1 ℱ𝑛 ,𝑛 ,1 ,1   (𝑥 , 𝑦) = [𝐿1 − (1 + 𝑥)𝐿2] [𝐿3 − (1 + 𝑦)𝐿4] , 
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(𝟒)  Lim
𝑛→∞

  𝑛S+1 ℱ𝑛 ,𝑛 ,2 ,0   (𝑥 , 𝑦) = 𝑛𝑠+1  lim
𝑛 →∞

ℱ𝑛 ,𝑛 ,0 ,2   (𝑥 , 𝑦) = 0 , 

where lim
𝑛 →∞

 𝜇(𝑛) = 𝐿1 , lim
𝑛 →∞

 𝜚(𝑛) = 𝐿2 , lim
𝑛 →∞

 𝜇(𝑚) = 𝐿3  and lim
𝑛 →∞

 𝜚(𝑚) = 𝐿4 . 

In the following result, we establish a voronovskaya type asymptotic theorem . 

Theorem 2.6:  Let  𝑓′′ ∈ 𝐶𝑢 ,𝜈(𝛪2)   and the conditions (2.2) , (2.3) are satisfies  . Then  , we have 

Lim
𝑛→∞

  𝑛S+1(𝐻𝑛,𝑛(𝑓; 𝑥, 𝑦) − 𝑓(𝑥))

= (𝐿1 − (1 + 𝑥)𝐿2) 𝑓𝑥(𝑥, 𝑦)  + (𝐿3 − (1 + 𝑦)𝐿4) 𝑓𝑦(𝑥, 𝑦)

+ ([𝐿1 − (1 + 𝑥)𝐿2] [𝐿3 − (1 + 𝑦)𝐿4]) 𝑓𝑥𝑦(𝑥, 𝑦)                                           

Proof :For𝑓′′ ∈ 𝐶𝑢 ,𝜈(𝛪2)   , by  the Taylor formula     , we get  

𝑓(𝑡, 𝑧) = 𝑓(𝑥, 𝑦) + (𝑡 − 𝑥)𝑓𝑥(𝑥, 𝑦) + (𝑧 − 𝑦)𝑓𝑦(𝑥, 𝑦) +
1

2
((𝑡 − 𝑥)2𝑓𝑥𝑥(𝑥, 𝑦) + 2(𝑡 − 𝑥)(𝑧 − 𝑦)𝑓𝑥𝑦(𝑥, 𝑦) + (𝑧 −

𝑦)2𝑓𝑦𝑦(𝑥, 𝑦)) +   𝜂(𝑡, 𝑧; 𝑥, 𝑦)√(𝑡 − 𝑥)4 + (𝑧 − 𝑦)4  .                                  

where  𝜂(𝑡, 𝑧; 𝑥, 𝑦) ⟶ 0   as    (𝑡, 𝑧)  ⟶ (𝑥, 𝑦)  .   

Using 𝐻𝑛,𝑛(. ; 𝑥, 𝑦) on both sides  , we obtain  

𝐻𝑛,𝑛(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦) = 𝑓𝑥(𝑥, 𝑦) 𝐻𝑛,𝑛((𝑡 − 𝑥); 𝑥, 𝑦) + 𝑓𝑦(𝑥, 𝑦)𝐻𝑛,𝑛((𝑧 − 𝑦); 𝑥, 𝑦) 

+ 
1

2
𝑓𝑥𝑥(𝑥, 𝑦)𝐻𝑛,𝑛 ((𝑡 − 𝑥)2; 𝑥, 𝑦)  +  𝑓𝑥𝑦(𝑥, 𝑦)𝐻𝑛,𝑛((𝑡 − 𝑥)(z − y); 𝑥, 𝑦) 

+
1

2
𝑓𝑦𝑦(𝑥, 𝑦)𝐻𝑛,𝑛 ((𝑠 − 𝑦)2; 𝑥, 𝑦)  + 𝐻𝑛,𝑛 (𝜂(𝑡, 𝑧; 𝑥, 𝑦)√(𝑡 − 𝑥)4 + (𝑧 − 𝑦)4; 𝑥, 𝑦). 

Hence, using Lemma (2.5) , we get 

Lim
𝑛→∞

  𝑛S+1(𝐻𝑛,𝑛(𝑓; 𝑥, 𝑦) − 𝑓(𝑥))

= (𝐿1 − (1 + 𝑥)𝐿2) 𝑓𝑥(𝑥, 𝑦)  + (𝐿3 − (1 + 𝑦)𝐿4) 𝑓𝑦(𝑥, 𝑦)

+ ([𝐿1 − (1 + 𝑥)𝐿2] [𝐿3 − (1 + 𝑦)𝐿4])𝑓𝑥𝑦(𝑥, 𝑦)

+ Lim
𝑛→∞

  𝑛S+1𝐻𝑛,𝑛 (𝜂(𝑡, 𝑧; 𝑥, 𝑦)√(𝑡 − 𝑥)4 + (𝑧 − 𝑦)4; 𝑥, 𝑦)                                                (2.6) 

Now , by  applying Cauchy – Schwartz inequality  to the least term of (2.6 ), we have  

|𝐻𝑛,𝑛 (𝜂(𝑡, 𝑧; 𝑥, 𝑦)√(𝑡 − 𝑥)4 + (𝑧 − 𝑦)4; 𝑥, 𝑦)| ≤ (𝐻𝑛,𝑛(𝜂2(𝑡, 𝑧; 𝑥, 𝑦); 𝑥, 𝑦))

1
2

(𝐻𝑛,𝑛 ((𝑡 − 𝑥)4 + (𝑧 − 𝑦)4; 𝑥, 𝑦))

1
2
 

                      = (𝐻𝑛,𝑛(𝜂2(𝑡, 𝑧; 𝑥, 𝑦); 𝑥, 𝑦))

1
2

(𝐻𝑛,𝑛((𝑡 − 𝑥)4; 𝑥, 𝑦) + 𝐻𝑛,𝑛((𝑧 − 𝑦)4; 𝑥, 𝑦))
1
2. 

From Theorem (2.2) 𝐻𝑛,𝑛(𝜂2(𝑡, 𝑧; 𝑥, 𝑦); 𝑥, 𝑦) ⟶ 0   as 𝑛 ⟶  ∞    and from Lemma (2.4) , we have  
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𝐻𝑛,𝑛((𝑡 − 𝑥)4; 𝑥, 𝑦) = 𝑂 (
1

𝑛2𝑆+2
) ,  𝐻𝑛,𝑛((𝑧 − 𝑦)4; 𝑥, 𝑦) = 𝑂 (

1

𝑛2𝑆+2
) . 

Therefore  ,  

Lim
𝑛→∞

  𝑛S+1𝐻𝑛,𝑛 (𝜂(𝑡, 𝑧; 𝑥, 𝑦)√(𝑡 − 𝑥)4 + (𝑧 − 𝑦)4; 𝑥, 𝑦) = 0 .                                     (2.7) 

Combining (2.6) and (2.7) yields the desired result.    ■    

3.Degree of approximation  

Let  𝐶𝑊(𝛪2) be the  space of all uniformly continuous functions on 𝛪2  equipped with the norm   

‖𝑓‖ = sup  |𝑓(𝑥, 𝑦)| ,   (𝑥, 𝑦) ∈ 𝛪2. 

  The complete modulus  of continuity  for the bivariate situation is I defined as follows   for  𝑓 ∈  𝐶𝑊(𝛪2)   and  

𝛿1, 𝛿2 > 0 :  

𝜔(𝑓; 𝛿1, 𝛿2) = sup{|𝑓(𝑡, 𝑧) − 𝑓(𝑥, 𝑦)|: (𝑡, 𝑧), (𝑥, 𝑦) ∈ 𝛪2  and  |𝑡 − 𝑥| ≤ 𝛿1 , |𝑧 − 𝑦| ≤ 𝛿2 }                     (3.1)   

Further,  the .partial moduli of .continuity with . respect to 𝑥 and 𝑦 is . defined by  

𝜔1(𝑓; 𝛿1) = sup{|𝑓(𝑡, 𝑧) − 𝑓(𝑥, 𝑧)| ∶  𝑧 ∈ 𝛪 and  |𝑡 − 𝑥| ≤ 𝛿1 }                                                  (3.2)   

𝜔2(𝑓; 𝛿2) = sup{|𝑓(𝑡, 𝑧) − 𝑓(𝑡, 𝑦)| ∶  𝑡 ∈ 𝛪  and  |𝑧 − 𝑦| ≤ 𝛿2 }                                                  (3.3)   

 The following inequalities hold for the aforementioned smoothness moduli .  

(i)   |𝑓(𝑡, 𝑧) − 𝑓(𝑥, 𝑦)| ≤ 𝜔(𝑓; √(𝑡 − 𝑥)2 + (𝑧 − 𝑦)2) , 

(ii)    |𝑓(𝑡, 𝑧) − 𝑓(𝑥, 𝑧)| ≤ 𝜔1(𝑓; |𝑡 − 𝑥|) , 
(iii) |𝑓(𝑡, 𝑧) − 𝑓(𝑡, 𝑦)| ≤ 𝜔2(𝑓; |𝑧 − 𝑦|) . 

 

Theorem 3.1 : For   𝑓 ∈  𝐶𝑊(𝛪2) and (𝑥, 𝑦) ∈ 𝛪2 ,  we arrive 

|𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 2(𝜔(𝑓; 𝛿 ))                                                                                   (3.4) 

Proof . From the definition of the complete modulus of continuity for  𝑓 ∈  𝐶𝑊(𝛪2) , we may write  

|𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝐻𝑛,𝑚(|𝑓(𝑡, 𝑧) − 𝑓(𝑥, 𝑦)|; 𝑥, 𝑦) 

                                              ≤ 𝐻𝑛,𝑚 (𝜔 (𝑓; √(𝑡 − 𝑥)2 + (𝑧 − 𝑦)2) ; 𝑥, 𝑦)                        

                                               ≤ 𝜔(𝑓; 𝛿 ) [1 +
1

𝛿 
𝐻𝑛,𝑚 (√(𝑡 − 𝑥)2 + (𝑧 − 𝑦)2; 𝑥, 𝑦)] .     

For any 𝛿 > 0, we have  
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|𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝜔(𝑓; 𝛿 ) [1 +
1

𝛿 
(𝐻𝑛,𝑚((𝑡 − 𝑥)2 + (𝑧 − 𝑦)2; 𝑥, 𝑦) )

1
2] 

Now , choosing  𝛿 = √ℱ𝑛 ,𝑚 ,2 ,0   (𝑥 , 𝑦) + ℱ𝑛 ,𝑚 ,0 ,2   (𝑥 , 𝑦)  , we get the desired result .     ■ 

Theorem 3.2 : For   𝑓 ∈  𝐶𝑊(𝛪2) , then for all  (𝑥, 𝑦) ∈ 𝛪2 , we have  

|𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 2(𝜔1(𝑓; 𝛿1) + 𝜔2(𝑓; 𝛿2)).                                                                                 (3.5)  

Proof . For 𝑓 ∈  𝐶𝑊(𝛪2) , we get           

 |𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝐻𝑛,𝑚(|𝑓(𝑡, 𝑧) − 𝑓(𝑥, 𝑦)|; 𝑥, 𝑦) 

                                              ≤ 𝐻𝑛,𝑚(|𝑓(𝑡, 𝑧) − 𝑓(𝑥, 𝑧)|; 𝑥, 𝑦) + 𝐻𝑛,𝑚(|𝑓(𝑥, 𝑧) − 𝑓(𝑥, 𝑦)|; 𝑥, 𝑦)        

                                               ≤ 𝜔1(𝑓; 𝛿1)[1 +
1

𝛿1
𝐻𝑛,𝑚(|𝑡 − 𝑥|; 𝑥, 𝑦)]   + 𝜔2(𝑓; 𝛿2)[1 +

1

𝛿2
𝐻𝑛,𝑚(|𝑧 − 𝑦|; 𝑥, 𝑦)]. 

Utilizing  the Cauchy – Schwartz inequality for any 𝛿1 , 𝛿2  > 0  , we get  

|𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)|

≤ 𝜔1(𝑓; 𝛿1) [1 +
1

𝛿1
√𝐻𝑛,𝑚((𝑡 − 𝑥)2; 𝑥, 𝑦) ] + 𝜔2(𝑓; 𝛿2) [1 +

1

𝛿2
√𝐻𝑛,𝑚((𝑧 − 𝑦)2; 𝑥, 𝑦) ] . 

Now , taking  𝛿1 = √ℱ𝑛 ,𝑚 ,2 ,0   (𝑥 , 𝑦)   and  𝛿2 = √ℱ𝑛 ,𝑚 ,0 ,2   (𝑥 , 𝑦) , we obtain the proof  of this theorem .         

■                                                                                                        

Theorem 3.3 : Let 𝑓 ∈ 𝐶𝑊
1 (𝛪2). Then ,we have  

|𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ ‖
𝜕 𝑓(𝑥, 𝑦)

𝜕𝑥
 ‖ √ℱ𝑛 ,𝑚 ,2 ,0   (𝑥 , 𝑦) + ‖

𝜕 𝑓(𝑥, 𝑦)

𝜕𝑦
 ‖ √ℱ𝑛 ,𝑚 ,0 ,2   (𝑥 , 𝑦) . 

Proof . By Taylors  formula  we can .write 

𝑓(𝑡, 𝑧) − 𝑓(𝑥, 𝑦) = ∫  
𝜕𝑓  (ã, 𝑦)

𝜕ã 

𝑡

𝑥

 𝑑ã + ∫  
𝜕𝑓  (𝑥, ũ)

𝜕ũ 

𝑧

𝑦

 𝑑ũ .                                 (3.6) 

Now .applying  𝐻𝑛,𝑚(. ; 𝑥, 𝑦) on .both .sides (3.6) ,we are lead to   

|𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)|  ≤ 𝐻𝑛,𝑚 ( |∫  
𝜕𝑓  (ã, 𝑦)

𝜕ã 

𝑡

𝑥

 𝑑ã| ; 𝑥, 𝑦) + 𝐻𝑛,𝑚 ( |∫  
𝜕𝑓  (𝑥, ũ)

𝜕ũ 

𝑧

𝑦

 𝑑ũ| ; 𝑥, 𝑦). 

Since 

  |∫  
𝜕𝑓  (ã, 𝑦)

𝜕ã 

𝑡

𝑥

 𝑑ã| ≤   ∫  |
𝜕𝑓  (ã, 𝑦)

𝜕ã 
 𝑑ã|

𝑡

𝑥

  ≤ ‖
𝜕 𝑓(𝑥, 𝑦)

𝜕𝑥
 ‖ |𝑡 − 𝑥| 
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and 

  |∫  
𝜕𝑓  (𝑥, ũ)

𝜕ũ 

𝑧

𝑦

 𝑑ũ| ≤   ∫  |
𝜕𝑓  (𝑥, ũ)

𝜕ũ 
 𝑑ũ|

𝑧

𝑦

  ≤ ‖
𝜕 𝑓(𝑥, 𝑦)

𝜕𝑦
 ‖ |𝑧 − 𝑦| . 

 

We obtain  

  |𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)|  ≤ ‖
𝜕 𝑓(𝑥, 𝑦)

𝜕𝑥
 ‖ 𝐻𝑛,𝑚(|𝑡 − 𝑥|; 𝑥, 𝑦) + ‖

𝜕 𝑓(𝑥, 𝑦)

𝜕𝑦
 ‖ 𝐻𝑛,𝑚(|𝑧 − 𝑦|; 𝑥, 𝑦) . 

Now, .applying .the .Cauchy.-.Schwarz .inequality, we get 

|𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)|  ≤ ‖
𝜕 𝑓(𝑥, 𝑦)

𝜕𝑥
 ‖ √𝐻𝑛,𝑚((𝑡 − 𝑥)2; 𝑥, 𝑦) + ‖

𝜕 𝑓(𝑥, 𝑦)

𝜕𝑦
 ‖ √𝐻𝑛,𝑚((𝑧 − 𝑦)2; 𝑥, 𝑦) 

This .completes .the proof  .          ■ 

4.Some approximation results in Bögel space   

 Using Bögel continuous functions, we present the GBS case of the operators 𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦)  in this section. 

Bögel was the first to use the concept of the B-continuous and B-bounded functions [4].Let 𝑋 and  𝑌 be a compact 

real intervals and ∆(𝑡,𝑧)𝑓(𝑥, 𝑦) be mixed difference operators of 𝑓 defined by ∆(𝑡,𝑧)𝑓(𝑥, 𝑦) = 𝑓(𝑡, 𝑧) − 𝑓(𝑡, 𝑦) −

𝑓(𝑥, 𝑧) + 𝑓(𝑥, 𝑦)  for (𝑡, 𝑧), (𝑥, 𝑦)  ∈ 𝑋 × 𝑌. 

 

A.function  𝑓: 𝑋 × 𝑌 →  ℝ  is .called B -.continuous (Bögel continuous ) at.(𝑥, 𝑦)  ∈ 𝑋 × 𝑌 , if  

lim
(𝑡,𝑧)→(𝑥,𝑦)

∆(𝑡,𝑧)𝑓(𝑥, 𝑦) = 0             𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼                                                 (4.1) 

A  function  𝑓: 𝑋 × 𝑌 →  ℝ  is called B-differentiable (Bögel differentiable ) at  (𝑥, 𝑦)  ∈ 𝑋 × 𝑌 , if the following 

limit exists and is finite  

lim
(𝑡,𝑧)→(𝑥,𝑦)

∆(𝑡,𝑧)𝑓(𝑥, 𝑦)

(𝑡 − 𝑥)(𝑧 − 𝑦)
                                                                     (4.2) 

    Note that by 𝐶𝑏(𝑋 × 𝑌) and  𝐷𝑏(𝑋 × 𝑌),we denote the spaces of all B-continuous and B-differentiable functions 

on 𝑋 × 𝑌 , respectively . 

        A  function  𝑓: 𝑋 × 𝑌 →  ℝ  is called B-bounded (Bögel bounded )  in 𝑋 × 𝑌 , if there    exists   𝑀 > 0 such 

that    |∆(𝑡,𝑧)𝑓(𝑥, 𝑦)| < 𝑀 for all (𝑡, 𝑧), (𝑥, 𝑦)  ∈ 𝑋 × 𝑌. 

Let 𝐵𝑏(𝑋 × 𝑌) be the space of all B-bounded on 𝑋 × 𝑌 , with the norm  

‖𝑓‖𝐵 = sup               |∆(𝑡,𝑧)𝑓(𝑥, 𝑦)|
(𝑡,𝑧),(𝑥,𝑦) ∈𝑋 ×𝑌                                                

 

For 𝑓 ∈ 𝐵𝑏( 𝛪ℎ𝑘),the mixed modulus of smoothness is defined as  
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𝜔𝑚𝑖𝑥𝑒𝑑(𝑓; 𝛿1, 𝛿2) = sup{|∆(𝑡,𝑧)𝑓(𝑥, 𝑦)| ∶    |𝑡 − 𝑥| ≤ 𝛿1 , |𝑧 − 𝑦| ≤ 𝛿2 } .                                (4.3)   

For all (𝑡, 𝑧), (𝑥, 𝑦)  ∈ 𝑋 × 𝑌.and 𝛿1, 𝛿2 > 0.Also, for.any 𝜑1, 𝜑2 > 0,the following inequality holds  

 𝜔𝑚𝑖𝑥𝑒𝑑(𝑓;  𝜑1𝛿1,  𝜑2𝛿2) ≤ (1 +  𝜑1)(1 +  𝜑2)𝜔𝑚𝑖𝑥𝑒𝑑(𝑓; 𝛿1, 𝛿2)                                                 (4.4) 

Let  𝐶𝑏(𝛪ℎ𝑘)  denote. the set of all B.- continuous .functions  on  𝛪ℎ𝑘 . 

Now, we construct GBS operators for  𝑓 ∈  𝐶𝑏(𝛪ℎ𝑘) associated with the operators given by equation  (2.1) as follows  

 𝔾𝑛,𝑚(𝑓; 𝑥, 𝑦) = 𝐻𝑛,𝑚(𝑓(𝑡, 𝑦) + 𝑓(𝑥, 𝑧) − 𝑓(𝑡, 𝑧); 𝑥, 𝑦)    

                          = ∑  

∞

𝑘=0

∑ Ρ𝑛,𝑘 (𝑥)Ρ𝑚,𝑗 (𝑦) 

∞

𝑗=0

 

× ∫ ∫ 𝐵𝑛,𝑘(𝑡)𝐵𝑚,𝑗(𝑧) [𝑓 (𝑥 +
(𝑡 − 𝑥)

𝑛𝑆
, 𝑦) + 𝑓 (𝑥, 𝑦 +

(𝑧 − 𝑦)

𝑚𝑆 )

∞

0

∞

0

− 𝑓 (𝑥 +
(𝑡 − 𝑥)

𝑛𝑆
, 𝑦 +

(𝑧 − 𝑦)

𝑚𝑆 )]    𝑑𝑡 𝑑𝑧 .                                                                                        (4.5) 

 

Theorem 4.1 . For  every  𝑓 ∈  𝐶𝑏(𝛪ℎ𝑘) and  for each  (𝑥, 𝑦) ∈  𝛪ℎ𝑘 ,there .holds the following inequality  

| 𝔾𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 4𝜔𝑚𝑖𝑥𝑒𝑑 (𝑓; √𝐻𝑛,𝑚((𝑡 − 𝑥)2; 𝑥, 𝑦) , √𝐻𝑛,𝑚((𝑧 − 𝑦)2; 𝑥, 𝑦))  

Proof. Using. the definition. of  𝜔𝑚𝑖𝑥𝑒𝑑(𝑓; 𝛿1, 𝛿2) and the property (4.4), we have  

|∆(𝑡,𝑧)𝑓(𝑥, 𝑦)| ≤ 𝜔𝑚𝑖𝑥𝑒𝑑(𝑓; |𝑡 − 𝑥|, |𝑧 − 𝑦|)  

                          ≤ (1 + 
|𝑡 − 𝑥|

𝛿1
) (1 + 

|𝑧 − 𝑦|

𝛿2
) 𝜔𝑚𝑖𝑥𝑒𝑑(𝑓; 𝛿1, 𝛿2).                                                                               (4.6) 

For .all (𝑡, 𝑧), (𝑥, 𝑦)  ∈   𝛪ℎ𝑘 and  𝛿1, 𝛿2 > 0 . From .the definition of ∆(𝑡,𝑠)𝑓(𝑥, 𝑦), we have  

𝑓(𝑡, 𝑦) + 𝑓(𝑥, 𝑧) − 𝑓(𝑡, 𝑧) = 𝑓(𝑥, 𝑦) − ∆(𝑡,𝑧)𝑓(𝑥, 𝑦).                                                 (4.7) 

Applying. the operator 𝐻𝑛,𝑚(𝑓; 𝑥, 𝑦) on both sides equation  (4.7) and using Cauchy-Schwarz inequality., we 

obtain.  

 

| 𝔾𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)|

≤ 𝜔𝑚𝑖𝑥𝑒𝑑(𝑓; 𝛿1, 𝛿2) {1 +
1

𝛿1
√𝐻𝑛,𝑚((𝑡 − 𝑥)2; 𝑥, 𝑦) +

1

𝛿2
√𝐻𝑛,𝑚((𝑧 − 𝑦)2; 𝑥, 𝑦)

+
1

𝛿1𝛿2
√𝐻𝑛,𝑚((𝑡 − 𝑥)2; 𝑥, 𝑦) √𝐻𝑛,𝑚((𝑧 − 𝑦)2; 𝑥, 𝑦) } . 

 

Now, taking  𝛿1 = √ℱ𝑛 ,𝑚 ,2 ,0   (𝑥 , 𝑦)   and  𝛿2 = √ℱ𝑛 ,𝑚 ,0 ,2   (𝑥 , 𝑦) , leads us to the required result .  ■                                                                                                                   
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The Lipschitz class of B-continuous function : For   𝑐1, 𝑐2  ∈ (0,1] and 𝑓 ∈  𝐶𝑏(𝛪ℎ𝑘), the 

Lipschitz class 𝐿𝑖𝑝𝑀(𝑐1, 𝑐2) of  𝑓 is defined as follows  

 

𝐿𝑖𝑝𝑀(𝑐1, 𝑐2) = [ 𝑓 ∈  𝐶𝑏(𝛪ℎ𝑘): |∆(𝑡,𝑧)𝑓(𝑥, 𝑦)| ≤ 𝑀|𝑡 − 𝑥|𝑐1|𝑧 − 𝑦|𝑐2]  

For all (𝑡, 𝑧), (𝑥, 𝑦)  ∈  𝛪ℎ𝑘 and 𝑀  is positive constant.  

 

 

Theorem 4.2 . Let  𝑓 ∈ 𝐿𝑖𝑝𝑀(𝑐1, 𝑐2) and 𝑐1, 𝑐2 ∈ (0,1].Then for any (𝑥, 𝑦) ∈  𝛪ℎ𝑘 , we have 

 | 𝔾𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝑀 (𝐻𝑛,𝑚((𝑡 − 𝑥)2; 𝑥, 𝑦))

𝑐1 

2
(𝐻𝑛,𝑚((𝑧 − 𝑦)2; 𝑥, 𝑦))

𝑐2
2

 

 

Proof . For 𝑓 ∈ 𝐿𝑖𝑝𝑀(𝑐1, 𝑐2), we may write  

 

| 𝔾𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝐻𝑛,𝑚(|∆(𝑡,𝑧)𝑓(𝑥, 𝑦)|; 𝑥, 𝑦) 

                                          ≤ 𝑀 𝐻𝑛,𝑚(|𝑡 − 𝑥|𝑐1|𝑧 − 𝑦|𝑐2; 𝑥, 𝑦)              

            ≤ 𝑀 𝐻𝑛,𝑚(|𝑡 − 𝑥|𝑐1; 𝑥, 𝑦) 𝐻𝑛,𝑚(|𝑧 − 𝑦|𝑐2; 𝑥, 𝑦) 

In the view of Lemma. (2.1) and. using Holder’s .inequality for (𝑝1, 𝑞1) = (
2

𝑐1
,

2

2−𝑐1
 )  𝑎𝑛𝑑                              

(𝑝2, 𝑞2) = (
2

𝑐2
,

2

2−𝑐2
 ),we get 

 

| 𝔾𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| ≤ 𝑀 (𝐻𝑛,𝑚((𝑡 − 𝑥)2; 𝑥, 𝑦))

𝑐1
2

(𝐻𝑛,𝑚( 𝑒00; 𝑥, 𝑦))

2−𝑐1
2

  

                                         × (𝐻𝑛,𝑚((𝑧 − 𝑦)2; 𝑥, 𝑦))

𝑐2
2

(𝐻𝑛,𝑚(𝑒00; 𝑥, 𝑦))

2−𝑐2
2

 

                                             = 𝑀 (𝐻𝑛,𝑚((𝑡 − 𝑥)2; 𝑥, 𝑦))

𝑐1
2

(𝐻𝑛,𝑚((𝑧 − 𝑦)2; 𝑥, 𝑦))

𝑐2
2

 

This completes the result .   ■                                                                                                    
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5.   Erroe estimation tables  

In this secation , with the help of Maple software , we compare the error convergence of operators (2.1) and (4.6) . 

Let   𝑅𝑛
𝑆 = |𝐻𝑛,𝑚( 𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)|   and    𝐷𝑛

𝑆 = | 𝔾𝑛,𝑚(𝑓; 𝑥, 𝑦) − 𝑓(𝑥, 𝑦)| .         

Table 1 : 𝑓(𝑥, 𝑦) = sin 2𝑥 + sin 2𝑦   , 0 ≤ 𝑥 , 𝑦 ≤ 2 

(𝑥, 𝑦) 𝑅30
0  𝑅30

2  𝐷30
2  

(1.1,1.1) 0.513223748 0.000203277 0.000013069 

(0.9,0.9) 0.460413109 0.000066988 0.000000075 

(1.7,1.7) 0.2465443197 0.0116939153 0.0110236246 

(0.6,0.6) 0.200323323 0.000088441 0.000000001 

(1.5,1.5) 0.1448846430 0.0014629709 0.0010966631 

(0.3,0.3) 0.057546796 0.000164324 0 

 

Table 2 : 𝑓(𝑥, 𝑦) =  𝑦2 𝑒−
𝑥

3   , 0 ≤ 𝑥 , 𝑦 ≤ 2 

(𝑥, 𝑦) 𝑅20
0  𝑅20

3  𝐷30
3  

(1.7,1.7) 0.560299071 0.000212499 0.0002036992 

(1.5,1.5) 0.489527117 0.000006371 0.0000016050 

(1.1,1.1) 0. 3472298217 0.0000170284  0.0000000039 

(0.9,0.9) 0. 2774285549 0.0000141636 0.0000000001 

(0.6,0.6) 0.1765908599 0.0000093067 0 

(0.3,0.3) 0.08400748318 0.00000441155 0.00000000004 

 

6. Conclusion         

       In this manuscript, we noticed that the new Baskakov-Bate operator is better for a function than the classical 

Baskakov-Bate operator. We discussed operators' convergence rates using partial moduli of .continuity. Finally,we. 

constructed the GBS .operator of these operators and studied approximation in Bögel continuous functions using a 

mixed modulus of continuity.   
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