6
g“ @ % Journal of Education for Pure Science- University of Thi-Qar
< [’
Lemmr s . : _
%, X< aé https://doi.org/10.32792/jeps.v15i2.687
jeceps.utq.edu.iq jceps@eps.utq.edu.iq

Study The General Boolean Sum (GBS ) of New Modification For
Baskakov-Bate Operators

Ahmed F. Jabber * =, Amal K. Hassan?

12 Department of Mathematics , College of Scenic , University of Basra, Basra, Irag.

* Corresponding email: Pgs.ahmed.fadhil@uobasrah.edu.iq

Received 11/3 /2025, Accepted 5/5 /2025, Published 1/6 /2025

—G)
@ B This work is licensed under a Creative Commons Attribution 4.0 International License.

Abstract:

In this paper, we construct a new sequence of bivariate Basakov — Bate operators based on parameter S . We discuss
the rate of convergence of these operators using the partial and total moduli of continuity. A Voronovskaya-type
asymptotic result is also established. Further, we introduce the associated GBS (Generalized Boolean Sum) operators
and estimate the degree of approximation using the mixed modulus of continuity and a class of the Lipschitz of Bogel
type continuous functions .

Keywords: Bivariate Baskakov operators, Voronovskaya theorem, Modulud of continuity, Degree of
approximation.

1-Introduction

Baskakov [3] studied a sequence of positive linear operators, called Baskakov operators, for suitable functions
defined on an unbounded interval [0, c0).Gurdek [5] introduced the bivariate Baskakov operators in weighted
spaces as follows :

Unm (3 ,7) = iivn,k Vs ) 95 2) (L.1)
k=0j=0

where Vi () = (") XA+ )T Vo 00 = (M) v )T

A non-negative real parametric generalization of the above sequences was proposed by Aral and Erbay [1] and is
know as the a — Baskakov operator . Sonker and Priyanka [8] proposed the stance variant of a bivariate
parametrically generalized Baskakov operators operator given by

[oe] [oe]

ki+ a, k, +
ay,a2,81.62 ¢ r. — Z Z (tx1 as) ( 1 1 K2 2) 12
Quymyara, 3 %) oy o kyk, 5 Y) [ B Tt By (1.2)
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where Vn(“;l “,i) kY = n1 T, OV, e , (), such that V“1 , () defined in [1]. A new sequence of Generaliz-

ed Bivariate Baskakov Durrmeyer Operators and Assouated GBS Operators was designed by Rani and Rao [7].
A new modified form of Baskakov-Bate operators based on parameters S was presented by jabbar and Hassan [6]

in arecent study.
( - )
L x)—zpnk(x)f Bue(®) f (x+ (13)

where P () = A(x, ) Vg g () + A(—1 — x,n)Vipyq g (%),

(n+k)! tk
Ax,n) = p(n) + e(Wx and By y(6) = e 5

2. Construction of bivariate operators H, ,,(f;x,y)

For u,v>0 and f € C,,(I*) ={f € CU?):If G, <M +x*)(1 +yY),V(x,y) € I*}, where [? =
[0, ) X [0, 00) and M is positive constant drpendent on f, we introduce a new bivariate Baskakov — Bate
operators as

Hym (f52,y) = Z ZPnk(x)Pm](y) xff B (1) Bm](Z)f<x+( —X) y+(2"_l3’)

_0]

) dtdz, (2.1)

where Por (x) = A, M) Vi1, () + A(=1 — x,n)Vypq 1 (X)),
P ) =T, mM)Vinsr,; ) + T(=1 =y, m)Vppyy -1 (),

_ (n+k)! t* _ (m+))! zJ
B () = k!(n—1)! (1+£)n+k+1 Binj(2) = Jim=1)! (1+z)m+j+1’

and A(x,n) = pm) +o(m)x, T(y,m) = u(m) + o(m)y . Hear pu(n),o(n),u(m)ande(m) , are unknow
sequences which are to be determined by imposing suitable convergence conditions . For u(n) = o(n) = u(m) =
o(m) = 1and S = 0 the operator (2.1) reduces to the ordinary Baskakov — Bate bivariate operator .

Lemma 2.1:Let e.,, =t"z2, 1,1, € N° , thenthe operator H, ,(f;x,y) satisfy the following identities
(1) Hpm(eoo; ) = (2 p(m) — o(m))(2u(m) — o(m)),

[ -3 3 -2
@ Hym(ersixy) = | 2 um) - o) + L2 "(’25)(’; +_(1)“ @ "("))] [20m) — o(m)],

(4 u(m) — 30(m))y + (3 u(m) — 20(m))
mS(m — 1)

(3) Hpym(eor; %, y) = [(2 u(m) —o(m))y + ] [2u(m) —o(M)],

(4) Hn,m( e11;%y)
B (4 u(n) - 39(n))x + (3 um -

(4 u(m) —3o(m))y + (3 u(m) — ZQ(m))
mS(m—1) ’

2"("))] [(2 um) — o(m))y
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(5) Hpm(ez;x,y)
[(8x2% + 6x)u(n) — (6x2 + 4x)o(n)]
nS 1 n—-1)(n-2)
N [(4x% + 4x)u(n) — 2x%2 + 2x)o(n)]  [(12x + 16x*)u(n) — (8x + 12x?)o(n)]

n25-1(n — 1)(n — 2) B nS(n—1Dn-2)
N [(8 + 22x + 16x?H)u(n) — (6 + 18x + 14x?)o(n)]

nsS(nm-1)mn-2)

=|(2um) - e)x* +

[2u(m) — e(m)],

(6) Hn,m( €02; %, Yy)
[(8y? + 6y)u(m) — (6y% + 4y)o(m)]
mS~i(m—-1)(m-2)

N [(4y? + 4y)u(m) — 2y + 2y)o(m)]  [(12y + 16y*)u(m) — (By + 12y*)o(m)]

m25-1(m — 1)(m — 2) mS(m-—1)(m-—2)

(8 + 22y + 16y*)u(m) — (6 + 18y + 14y?)o(m)]
m2S (m—1)(m —2)

Proof: It is simple to get the desired result from (2.1). m

= (2 u(m) — o(m))y?* +

|

[2 u(n) —e(m)].

In order to study the uniformly convergence , we consider that sequences u(n),o(n),u(m) and o(m) Verify the
conditions

2u(n) —e(n) =1 and 2u(n) —o(n) =1 . (2.2)

For the sequences, we will examine two cases.

Case 1: Let
p(m)—o(m) =0, pu(n) =20 and p(m)—e(m) =0, u(m) =0 (2.3)
Using (2.2) we get 0<um)<1 , -1<p(m)<1 and 0<u(m <1 , —-1<p(m)<1 .
The operator (2.2) is positive in the present case.
Case 2 : Let
um)—om) <0 or um)< 0 ,u(m)—po(m) <0 or u(m)< 0. (2.4)

If u(n) —eo(n) <0,u(m)—o(m) <0 then u(n)>1,u(m)>1 ,if u(n) < 0,u(m) < 0 then u(n) —
o(n) >1,u(n)—e(m)>1 . Inthis case, the operator (2.1) is hon positive .

In the next theorem, we prove the H,, ,, (f; x, y) operator's convergence uniformly to the function f(x, y)
using the Korovkin-type theorem.

Theorem 2.2: Let u(n), e(n) and u(m), o(m) be convergence sequences which verify the conditions (2.2)
and (2.3) . If feC,,U?* , then H,,,(f;x,¥) converges uniformly to f(x,y) asn,m —coon Iy =
[0, h] X [0, k] be compact sub set of I2.

Proof : From Lemma (2.1) , we get

lim Hn,m(erlrz;x, y) = ey, (x,y) for r;,r, €{(0,0),(0,1),(1,0)}

n,m-oo
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and

lim Hy ., (ez0 + €02; X%, ¥) = (e + €92)(x,y) uniformly on I .
n,m—-oo

By applying Theorem (2.1) in [2] , we get the required . m

Definition 2.3 . For (1, y) € N° x N°, we define the (1,y) — order moment for the sequence H,, ., (f; x,¥)
by

:Fn,m,/l,y (X.J/) =Hn,m((t_x)l(z_yy/;x:y)- (2.5)
Lemma 2.4 .For (1,y) € N° x N°, the following properties satisfied

p(n) — (1 +x)e(n)
nS(n—1) ’

(1) :Fn,m,l,o (x,y) =

p(m) — (1 +y)o(m)
mS(m—1) ’

(2) Tn,m,o,l (x'Y) =

n)— (1 +x)o(n m)—(1+ m
3)Fym1a (6y) = [#( )ns((n ! 1))9( )] [M( )ms((m _}’1))9( ) ,
(4) Fnmo,z (x,¥)
[(4x? + 4x)u(n) — (2x? + 2x)e(n)]
n® (- 1)(n - 2)
(8 +22x + 16x%)u(n) — (6 + 18x + 14x?)o(n)]
n2(n—1)(n-2)

|

)

B)Fumoz (x,y)
B [ [(4y* + 4y)u(m) — 2y? + 2y)o(m)]
m25-1(m - 1)(m —2)
(8 + 22y + 16y?)u(m) — (6 + 18y + 14y?)o(m)]
m2S(m—1)(m —2) ]'

|

1
(6) Fnmao (x,y) = 0(@)

1
(7) Frmoa @) =0 ()
Lemma 2.5 : The operator H, ,(f;x,y) verifies following identies

(1) Lim S P (6,0 =L = (L+x)L,,
(2) 712'32 St F, noa (0,¥) =Ly — (1 +y)Ly,

3) 712'32 nSt+1 Fonaa (x,y) =1[L1 — (A +x)Ly] [Ls — (1 +y)L4],
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(4) Lim nS*+1 an,n,z,o (x.}/) =nst! limj:n,n,o,z (x'Y) =0,

n—oo n —-oo
where nll_r)rgo un) =1, ,rzl_r)rgo o(n) =1, ,T}i_rgo u(m) = L; and T}l_rgo o(m)=1L,.
In the following result, we establish a voronovskaya type asymptotic theorem .

Theorem 2.6: Let f” € C, ,(I*) and the conditions (2.2) , (2.3) are satisfies . Then , we have

1[{3?0 ns+1(Hn.n(f; xX,y) — f(x))
= (L — (1 +x)Ly) fi(x,y) + (L3 — (1 +y)Ly) f,(x,y)
+ (L1 — A+ 20)Lp] [Ls = (A + )L4)) fiy (5, ¥)

Proof :Forf" € C, ,(I?) , by the Taylor formula , we get

f&,2)=fly)+E—0f0y)+ @ -0y + % ((t — %) fex (0, ) + 2(t = ) (2 = Y) fry (6, ¥) + (2 —
V¥ hyy (6 3) + 1tz E =0+ Z - )" .

where n(t,z;x,y) — 0 as (t,z) — (x,y) .

Using H,, ,,(.; x,y) on both sides , we obtain

Hn,n(f; x,y)— fxy) = fi(x,y) Hn,n((t - x);xJY) +fy(x'Y)Hn,n((Z - Y);X'Y)

1
+ Efxx(x: Y)Hn,n ((t— x)z;x: y) + fxy(x' }’)Hn,n((t —x)(z—y);x, y)

1
2y @ Hnp (s = W% 2,Y) + Hyn (06 z2 0V E =0+ =05 %),
Hence, using Lemma (2.5) , we get

Lim 1St (Hy o (f3%,9) = £(x))
= (L — (1 +x)Ly) fi(x,y) + (L3 — (1 +y)Ly) f,(x,y)
+ ([L1 = A+ 2)Lp] [Lys — (X + Y)LaD fry (2, )
+ Lim nS*1H, , (n(t, z,x, ) (= 0)* + (z — Y% x, y) (2.6)

n—oo

Now , by applying Cauchy — Schwartz inequality to the least term of (2.6 ), we have

1
(Hnn (= 0)* + 2= 0% 2,9) )

N[ =

|Han (06,26 DV E = 20"+ 2 =95 %,7)| < (Han 0?6 7%, 9%5%,9))

1 1
= (Hn,n(nz(t' Z; X, }/); X, y))z (Hn,n((t - x)4; X, 3') + Hn,n((z - J/)4; X, y))i-

From Theorem (2.2) H, ,(n*(t,z; x,¥); x,y) — 0 asn — o and from Lemma (2.4) , we have
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1 1
Hn,n((t - x)4;x, y)=0 (m) ’ Hn,n((z - }/)4;96,}/) =0 (m) '

Therefore ,

Lim 28 H, , (n(6, 26,V (E = 0" + 2= »hx,y) = 0. 2.7)
Combining (2.6) and (2.7) yields the desired result. =

3.Degree of approximation

Let Cy (I?) be the space of all uniformly continuous functions on I? equipped with the norm

If Il = sup If e, I, (x,y) €%

The complete modulus of continuity for the bivariate situation is defined as follows for f € C,,(I?) and
61,0, >0:

w(f;81,8,) = sup{|f(t,z) — flx,V|: (t,2),(x,y) €I?> and |t — x| < &§;,|z—y| <6, } 3.1
Further, the partial moduli of continuity with respect to x and y is defined by
w1 (f;81) =sup{lf(t,z) — f(x,z)|: z€land [t —x| < &;} (3.2)

w2 (f;8;) = sup{lf(t,2) = f(t,y)| : t € and |z —y| < 6, } (3.3)

The following inequalities hold for the aforementioned smoothness moduli .

0 D - fenl<o(f; JE-07+E-2)?),
(i) 162 = fo D <o (file - 2D,
(i) 1f(62) = fEN] < 0x(filz =y

Theorem 3.1: For f € Cy(I?) and (x,y) € I?, we arrive

|Hom (f32,9) = £ (69| < 2(w(f36)) (3.4)

Proof . From the definition of the complete modulus of continuity for f € C,,(I%), we may write

|Hnm (F52,9) = F O 9| < Hum (If (6,2) = £(02)]5%,)

< Hym (@ (£ V@& =07+ @ = 3)7)5%,)

< (f8) 14 5 Hom (VE— 7+ G=7xy)|

For any § > 0, we have
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1 1
|Hn,m(f; x,y) — f(x;Y)| <w(f;8)|1 +E(Hn,m((t - x)Z + (z - Y)Z;x:y) )2

Now , choosing § = Jf]-"nm,z,o L, y) +Fumoz (x,y) , wegetthe desired result. m
Theorem 3.2 : For f € C,(I?),thenforall (x,y) € I?, we have
|Hnm (f; %,9) = £, )| < 2(w1(f; 61) + w,(f5 82)). (3.5)
Proof . For f € Cy, (1), we get
|Hnm (f;6,9) = £, )| < Hom (I (6,2) = f(x, )15 %, 9)

< Hn,m(lf(tJZ) —f(x;Z)|ix;}’) + Hn,m(lf(xlz) —f(x'}’)hXJ’)

1
<w(f;6)[1+—=

1
61 5_2Hn,m(|Z_Y|'x:Y)]-

Hym (It —x|;x,9)] + w,(f582)[1 +

Utilizing the Cauchy — Schwartz inequality for any §; ,6, > 0 , we get

|Hn,m(f; x,y) _f(x:y)l
<o) |1+

611\/Hn,m((t _ x)z;x’y)] + w,(f; 8,) [1 + %ZJHn,m((Z — }’)Z;X,}’)] .

Now , taking 8; = \/Frm 2,0 (x,¥) and 8, = /Fy 1m0 (x,y), we obtain the proof of this theorem .

Theorem 3.3 : Let f € C},(12). Then ,we have

0 , d ,
f(gz 2 H\/Tn,m,z,o (x')’)+H fg; ) H\/Tn,m,o,z (x,y).

Proof . By Taylors formula we can write

|Hom (s %, 9) = F(x,9)| <

of @y) +f of (x L (3.6)

f(t.2) - FCuy) = f =

X

<

Now applying H, ., (.;x,y) on both sides (3.6) ,we are lead to

) Fof (x i
[Ham (F50,3) = £ G2, 9)| SHn,m<f L9 4 xy>+Hnm<f L&D 4 ;x,y>.
X y
Since
faf(a ,¥) I Haf( y) ‘ Haf(x y)H
da | _
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and

faf(xU) f‘af(xU) ‘ Haf( y)Hl

We obtain

|Hom (F; %,9) — f(,9)| < Hom(z—ylx,5).

‘f( y)’

Hym (It —xl;x,) +’

Now, applying the Cauchy - Schwarz inequality, we get

a f(x, d f(x,
o2 e =iz [P e

|Hn,m(fi X,y) —f(x,y)l <

This completes the proof . [
4.Some approximation results in Bogel space

Using Bogel continuous functions, we present the GBS case of the operators H,,.,(f;x,y) in this section.
Bdgel was the first to use the concept of the B-continuous and B-bounded functions [4].Let X and Y be a compact
real intervals and A, f (x,y) be mixed difference operators of f defined by A, f(x,y) = f(t,2) — f(t,y) —

f(x,z) + f(x,y) for(t,2),(x,y) €X XY.

Afunction f:X XY — R is called B - continuous (Bogel continuous ) at (x,y) € X x VY, if

e 5 =0 D

A function f:X XY — R is called B-differentiable (Bogel differentiable ) at (x,y) € X x Y, if the following
limit exists and is finite

A(t z)f(x y)

A D) (4.2)

Note that by C, (X X Y) and D, (X x Y),we denote the spaces of all B-continuous and B-differentiable functions
on X XY ,respectively .

A function f:X XY — R is called B-bounded (Bogel bounded ) inX x Y, if there exists M > 0 such
that |A(t’z)f(x, y)| < M forall (t,2),(x,y) €X XY.
Let B, (X X Y) be the space of all B-bounded on X x Y, with the norm

lflls = sup | At f ()]
(t,2),(x,y) EX XY

For f € By ( I),the mixed modulus of smoothness is defined as
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wmixed(f; 61,52) = Sup{|A(t,z)f(x:3/)| st —x| < 61, |z — Y| < 62} . (4.3)
Forall (t,z),(x,y) € X XY and§,,5, > 0.Also, for any ¢4, ¢, > 0,the following inequality holds

Omixed(f3 9161, 9202) < (1 + @)A1 + @2)Wmixea(f; 61,62) (44)
Let C,(Ix) denote the set of all B - continuous functions on Iy, .

Now, we construct GBS operators for f € C,(I;) associated with the operators given by equation (2.1) as follows

Gn,m(f; x:y) = Hn,m(f(t:y) +f(x,z) —f(t,z);x,y)
=) Pu (P )

X j j B i (t)Bm,j(2) [f (x+ (t;Sx)’y> +f<x,y+ (ansy))
0 0

_f x+(t_x),y+(znz—5”>] dt dz . (4.5)

ns

Theorem 4.1 . For every f € C,(In) and for each (x,y) € Iy, ,there holds the following inequality

| Gn,m(f; x'y) - f(xJY)l < 4wmixea (f' JHn,m((t - x)z;x':)’) '\/Hn,m((z - y)z;x,y))
Proof. Using the definition of w,ixeq (f; 61, 62) and the property (4.4), we have

|A(t,z)f(x' y)l < wmixed(f; It — x|, |z — YD

|t — x| |z -yl
< 1 + 1 + — (I.)mixed(f; 61, 62) (46)
2 52

For all (¢,2), (x,y) € Ipcand 81,8, > 0.From the definition of A, & f (x,y), we have

f(t»Y) +f(x: Z) _f(t: Z) = f(x:Y) - A(t,z)f(x'y)' (47)

Applying the operator H,, ,, (f; x, ¥) on both sides equation (4.7) and using Cauchy-Schwarz inequality , we
obtain

| Gn,m(f; x'y) _f(x:y)l
1 1
< Ominea (01,8 {1+ 5 [Hm (€ = 20%5,9) 4 5 [Hum (@2 = )%5.9)

t 5o (€= 0% 29) [Hom(@ =523 )

Now, taking &8; = \/Fp m 20 (x,¥) and 8, = /Fymo2 (x,¥), leads us to the required result . m

77


http://jceps.utq.edu.iq/

jceps.utg.edu.ig

The Lipschitz class of B-continuous function : For ¢;,c, € (0,1] and f € C,(I5x), the
Lipschitz class Lipy,(cq, cz) of f is defined as follows

Lipy(c1,¢2) = [ f € CoUn): [ f(x,0)| < Mlt — x|t |z — y|2]
Forall (t,z), (x,y) € Iy and M is positive constant.

Theorem 4.2 . Let f € Lipy(cq,c;) and ¢y, ¢, € (0,1].Then for any (x,y) € I, we have

C1 c2

| G (F,9) = f@ V)| S M (Hyn(t = 0%26,9))* (Hon (2 = )% 2,9))*
Proof . For f € Lipy,(cy, ), we may write

| Gn,m(f; x,y) _f(x;}’)l < Hn,m(lA(t,z)f(x;Y)|ix;Y)
<M Hn,m(lt — x|z - Y|C2;x;}7)

<M Hn,m(lt — x| x,y) Hn,m(lz -yl x,y)

In the view of Lemma (2.1) and using Holder’s inequality for (p,,q,) = (ciﬁ) and
1 —t1
2 2
(02, 92) = (Z’E)’We get
% 2—cq
| G (F,9) = F@ V)| S M (Hyu (6 = 0% %,9))? (Hom (€005 %,)) 2
C_Z Z—CZ
X (Hn,m((z - Y)Z;x; Y)) 2 (Hn,m(eOO;xr :V)) 2
[4 C2

=M (Hym ((t = 0% 2,9))* (Hnm((z = y)% %))
This completes the result. m
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In this secation , with the help of Maple software , we compare the error convergence of operators (2.1) and (4.6) .

Let Ry = |Hym(fix,y) = f(x,y)| and DR =|Gum(fix,y) — f(x,y)|.

Tablel: f(x,y) =sin2x +sin2y , 0<x,y <2

(x,y) RY, RZ, DZ,
A1,11) 0.513223748 0.000203277 0.000013069
(0.9,0.9) 0.460413109 0.000066988 0.000000075
17,1.7) 0.2465443197 0.0116939153 0.0110236246
(0.6,0.6) 0.200323323 0.000088441 0.000000001
(1.5,1.5) 0.1448846430 0.0014629709 0.0010966631
(0.3,0.3) 0.057546796 0.000164324 0

Table2: f(x,y) = y2e™s , 0<x,y <2

(x,y) RY, RS, D3,
1717 0.560299071 0.000212499 0.0002036992
(1.5,1.5) 0.489527117 0.000006371 0.0000016050
L1110 0. 3472298217 0.0000170284 0.0000000039
(0.9,0.9) 0. 2774285549 0.0000141636 0.0000000001
(0.6,0.6) 0.1765908599 0.0000093067 0
(0.3,0.3) 0.08400748318 0.00000441155 0.00000000004

6. Conclusion

In this manuscript, we noticed that the new Baskakov-Bate operator is better for a function than the classical
Baskakov-Bate operator. We discussed operators' convergence rates using partial moduli of continuity. Finally,we
constructed the GBS operator of these operators and studied approximation in Bogel continuous functions using a

mixed modulus of continuity.
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