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Abstract:

In this work, we have discussed and prove the different properties and theorems of A new method notion, named
the Martinez—Kaabar fractal—fractional (MK FrFr) Elzaki transform like Linearity property, Convolution theorem
property, and provides two problems to support our methodology application to solve of Martinez—Kaabar MK Abel
Integral Equation.
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1-Introduction

Linear and nonlinear integral equations are widely applicable in modeling various engineering and scientific
phenomena. Some of the most important cases of linear and nonlinear integral equations are the first- and second-
type Volterra integral equations. Various methods have been developed for solving linear integral equations, among
which the following stand out: the Laplace transform, the Sumudu transform, the Elzaki transform, and the Fourier
transform, etc. in [1,2,3]. For solving nonlinear integral equations, the following methods are available: the
variational iterative, the series solution, the Adomian decomposition, and the successive approximation ,which uses
combing different integral transforms like those of Laplace, Elzaki, Fourier, etc ,[1-6]. In addition, the Elzaki
transform method is an effective approach for solving one of the basic cases of singular integral equations, called the
Abel integral equation.

Recently, a new generalization of the fractal-fractional derivative (FrFrD) of the local type, has been introduced,
called the Martinez-Kaabar (MK) fractalfractional derivative. As a result of the MK derivative attack, all the results
obtained from this definition were in agreement with the results of FrFrD’s in Caputo and this applies to the power
law, which was proposed in [17], when this definition was used for certain elementary functions. In addition, in
[18,19], this newly proposed calculus (so-named MK calculus) was investigated by the MK Abel integral equation,
which was solved by the Laplace transform method, in comparison with previous studies on various fractional
definitions that have been employed in studying Abel integral equation, our study indicates a high level of novelty
by extending the newly proposed MK calculus to Elzaki transform. This generalized technique provides a novel
mathematical tool to solving not only Martinez— Kaabar Abel integral equation’s, the Martinez—Kaabar MK Abel
Integral Equation is defined as
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f dx
f _ a+ﬂ -1 _ a+ﬂfl X 1
O ﬁo--([ W (%) @)
where V (r‘““—x‘”“) is the kernel , W (x)is an unknown function , f (z) is a perturbation known function,
T'(o- 1 . ..
Y, (r“*’*’l—x”‘*ﬁ*l)=; and M (a,8,0)= (0-p+1) , With 0<ea,p<1, and o >-1.thenitis
0Py arpl ﬂF(O'—a—,B+ 2)

named the «, g -difference kernel , [12,14].

In the early 2011’s, Tarig Elzaki introduced the modified Laplace transform (Elzaki transform).[1,2], modified
Laplace transform (Elzaki transform) is defined for the function of exponential order. Consider a function in the set
S defined as

I

S ={f (1):3M ,k,,k, >0,[f ()| <M e" ,if 7e(-1) x[0,0)}

For a given function f () inthe set S, the constant M must be finite, number k., k, may be finite or infinite.
The Elzaki transform denoted by the operator E is defined as

E[f (z):p)]= p[:e*?f (0)dz=T (p), 7>0 )

The variable p in this transforms is used to factorize the variable 7 .

The structure of this paper by all the above works organized as follows: First, we begin with some basic definitions
and Theorems of Martinez—Kaabar fractal-fractional (MK FrFr) Calculus and we define a new notion of Martinez—
Kaabar fractalfractional (MK FrFr) Elzaki transform , named MK Elzaki transform and note E,,, in this work,

which involves the MK integral operator. In relation to this new fractal-fractional transformation , and the use of
linearity property, Convolution theorem property, Finally, this new technique is application to find the solutions to
Martinez— Kaabar MK Abel integral equation’s.

2- Fundamental concepts of Martinez—Kaabar fractal-fractional (MK FrFr) Calculus:

Definition 2.1.[12]: Suppose that f (r) eC" ([4,%0)) is differentiable on [4,.0), where 2>0 ;if f isa fractal

differentiable on [1,«) of order g, then the FrFrD of f of order « in the context of C with the power law is
written as

D h - df (X)
FFDD ,ﬂf — -1 d 3

"D (7) = F(m e €)
m-l<a,<m ,meN ,

df (x) . f(7)-f(x)
Where Lo =lim— 4
Theorem 2.2. [14]: Suppose that 0<«, 5 <1 ,and o >-1.Then, we obtain
o 3 I'(o—-pB+1) o

FrFrDDa,ﬂf o :M B, 2-a-p 0'1: o o'aﬂ+l. 5

DU () (a ,BO')r or ﬁl"(a—a—ﬂ+2)r 5)
Remark 2.3. If f (r) = 2 for every real constant 4, then "™D*”(1)=0.
Definition 2.4. [8,9]: A function: f :[0,.0) » R , the MK derivative of order 0 <o <1, of f at 7>0
is written as

f(z+6M (a,B,0)r2“ 7 )—f
"D “/f (7) =lim (e oM (@ p o))~ () ©
50 o
Where M (@ 8,0)=— TP with 0<p<1, and o> -1,
BT (c—a—-p+2)
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If f is MK «,p -differentiable in some (0,n), and n >0, and lim "D ““f () exists, then it is written as

70"

"D/t (0) = lim "D “’f (7). (7)
0"

Theorem 2.5. [12]: Suppose that « <0, <1 ,,and f isa MK «, g -differentiable at a point z > 0. If, further, f is
a differentiable function, then

MK [y @A () =M (0(,,3,0') MK [y @.f 2-a~f dfd(f) , (8)
T
_ F(O'—ﬂ+1) .
Where M(a’ﬂ’g)_ﬂr(a—a—ﬂﬂ) with o >-1.

Theorem 2.6. [13]: (Chain Rule). Assume that « <0,5<1,0>-1, g isan MK «, g -differentiable
at z>0 and f is differentiable at g (), then
"D/ (f og)(z)=f"(g(z))"D“’g (7). 9)

Remark 2.7. [14]: According to Theorem 2.6, the MK derivative of order « of some elementary functions can be
expressed as

i MKQap ,B a+f-1 | _
o

B a+p1

B patp .
ji- MK D a,p e (a+p-1)(a) —e (a+B-1)(a)

i 0 s sy |- g e )

Remark 2.8. [8,9,12]: From the differentiability property of the MK derivative, which is «, g -differentiability,
and by assuming that g (z) > 0, then Equation (9) can be represented as
MK N @, 1 a+f-2 MK~ a, MK N @,

D’ (f og)(r):mg(z’) D**f (g (r)) D*’g (7). (10)
I'(o-p+1)
BT (c—a-p+2)
The MK «, g -integral of a function f starting at 2 >0, can be recalled as formulated in [9].

Where M (a,B,0)= with o >-1.

. ] , 1 < f(t) . . .
Definition 2.9. [8]: M1 _(f = .dt ,such that this integral is the well-known Riemann
[ ] a,ﬁ( )(T) M (a,ﬁ,a) _[tZ—a—ﬂ g

F(U—,B+1)
Br(c—a-p+2)
From Definition 2.9, we obtain the following:
Theorem 2.10. [12]: " D™/ (f )(z)=f (z).for r=n ,,suchthat f isany continuous function in
the domain of "1/ .

Theorem 2.11. [8,12]: Suppose that 1>0,0<«a ,B8<1, o >-1, and f is a continuous real-valued function
(RVF)on [4,x]LetV beany RVF with the property: "“D*A (7)=f (7),forall r e[4,x].

Then

10 (F)(R) =V (k) -V (7). (11)

improper integral, M («, f,0) = , With 0<pg<1,and o>-1.

3- Theorems and properties of Fractal-Fractional Elzaki transform
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In this section we defined a new notion of fractal-fractional Elzaki transform ; in this work, it is referred to as
Martinez—Kaabar fractal-fractional Elzaki transform, we will use the term MK Elzaki transform in all upcoming
results . Analogously, MK Elzaki transform was defined and some properties were given as the following:
Definition 3.1. [14]: Letthat 0<a ,8<1,0>-1,,and f :[0,0) > R isan RVF. Then, the MK Elzaki transform

of order « , g is known as
1 v

)I:e W B g (1) zdr,j- T,5(P). (12)

E [f (ﬂ#ﬁ]zm

provided that integral exists.
Theorem 3.2. [17]: Let 0<a ,p<1, With a+4-1>0,0>-1,and weR,p >0 So, we obtain

i- If f(r)=w then E [0:p)]=0p’
ii- If £ (r) =7/ then Ey [ p[ iy M (. p,0)(ar+ f—1)7 (1+ﬁ)

il o P
iii- If f (7) =e" @79/« then E,, |eM@rNes . | _P
1-wp

. . e . w %P . _ wp®
v-1f f(r)_sm{ (a,BO' a+p-1 } then Eyuc l:sm{M (a,/?,o)(““Lﬂ—l)j-p}_1+w2p2

v- If £ (2) i then E X P
- =COS cos ‘o l=

i M (e, /3 o)(a+p-1) MK M (a.B.0)(a+B-1) P 1+’ p?
Proof:

1 LBl
Pty Wasadesd ) AT
M (0[,,3,0')'[ € (a))rzfa,ﬂ

i- Eyx [a):p)]

1 patpl ©
— a)pl: pe a B, a) (a+ﬂ—l):l — a)pz
0
1 z_a+ﬁ71

i B[ 20 ]l T () 2

z_(UH»ﬁ*l){»]

ZLI%M(;MW dr

M (a,ﬂ, (7) T2—a—ﬂ

[M (a,8,0)(a+B-1)]"" p -

- e
M (a,ﬁ,o') J.o

[M (@ B.o)(@+ B-1)]7 p" 0 (1+ i)

w @ 1 a+p-1 w r*h1
M (@ B.oNatid) = — dr
iii- E e M (a,p,0)(a+p-1) : M (a,p,0) (a+ﬁ 1) oM (@, 8,0)(a+p-1)
MK [ P |V| (a ﬁ O')I TZ—a—/i

1 P (1-wp)

# ” _W p(a+p-1)
M (a,ﬁ,a)-[ ¢

1 e

WA M (1, f,0) e+ f-1) |77 0L

2-a-p

T

dr
Tz—a—ﬁ

1 r'”ﬂ’l(lpr) *

=p __'0 E7WW _ P
1-wp 1-wp
0
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@ Ta+/371 w % i

- . w 7P ' e o M(@po)arp1) —e_ (a.8.0)(a+p-1)
M (@ o) (@ po1) ) | T 2i

. o Pt . o Pt
_Al e | WEsees |_| g Mwsetesy || _ 1 A
2i| "™ 2i\1-iwp l+iwp) 1+0°p’

o7 P

v E cos w 7 e e M(@po)arst) o M(apo)arsi)
UM (@ pro)(ar po1) ) P T 2

i P z_a+ﬂfl . P z_a+/771
zl E e' M (@ p.o)@p1) | ef' M (a.po)a+p-1) | | _ l P + P _ P’
MK ; ; 2 2
2 2\1-iwp l+iwp) l+o'p

Theorem 3.3. [7,10]: ( linearity of the MK Elzaki transform )

a+fp1d

Letthat 0<e ,p <1, ,With a+5-1>0,0>-1, f :[0,0) >R are RVFs,and 6,,6, R . If E, [f () [(p)

Ewx [9(2) ](p) exist, then
E vk [alf (r)+6,9(z) ](P) =0E [f () ](p) +6,E [g (z) ](P)
Where @, and g, are constants

Proof:
1 pospl d
Ew [0 (0)+6,0(0)](0) = m [, [0f @) +0,9() Je "I 2
1 R d 1 catpl
_ o M(apo)plarp1) OT aﬂc)m
=—2>r | [6f 17
v (a,ﬂ,a)'[ [6f ()]e ™ 12*"’/3+M( _[ [6,9() ]e .
0 1 pa+pl 0 1 cahl
P ["e M(@po)plars Vg (o b P ® “M(apo)plarpd)
M(a,ﬂ,a)J.e ()Zaﬂ+M(a,ﬁ,o_)J‘e g()Zaﬂ

=0« [f () ](p)+92EMK [g () ](p)

Theorem 3.4.[8,11]: ( Convolution theorem )

Letthat 0<a ,f <1, ,With a+8-1>0,0>-1, f :[0,:0) - R are RVFs, and If E,, [f (r“*ﬁ*l)](p) and

Ewx [9(2) ](p) exist, then we have

Ev [ *0](0) =%EMK [ "] () E e [9 (D] ().
dx

1 T a+f-1 _, a+fp-1
IS (a,,ﬁ’,o-)-[of (r XY () s

Proof: By applying MK Elzaki transform to Equation (12), we have

Where  (f *g)(r) =

2-a-p

1 Latp
* M{apo) e A ) wepd_y ar X dz
EMK[f *g](p):mhewﬁ)ﬂ( ﬂl)l:m‘[f( YR ﬂl)g(x) Zaﬂ:| —
1 xathl 1 (p Aty arpy wip i p
___ P Iwe’WWg (x) 1 J’we M(apo) platp-1) ¢ (T ox 1) dz dx
M (a,ﬁ,a) 0 M (a,ﬂ,O') X a+pB-1 el | xFeh

and

(13)

(14)
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Now, consider the change of variables, ¢/ —x @+ =/

1 x @hL 1 pa+hl

_ Yo o 7W (a+p-1) 1 “ 7M(Tﬂyo)m a+fp-1 d—V d—X
Euc[f *a](0) = M (a,ﬂya)jo ¢ ’ 900 M (a,ﬂ,a)-[x € ’ fv )v“"ﬁ x &b

= %EMK |:f (Ta+ﬁ_1):'(P)-EMK [g (T)](,O)

Theorem 3.5. [19]: Suppose that f () is continuous and "D ““f (r) is piece-wise continuous for all
z>0.Then, E,, [ "“D“”f (r) |(p) exists , and moreover

Ey ["D“%f (1)1 p] :%Tmﬂ(p)_pf ©)

Proof: By using Equation (12), we obtain

1 patpe

B © W (@ po) plarp “ d
E,. [ "D’ (r):p]:mj‘oe M (a.5.9) Al ﬁl)|:MKD P (T)Jz_zf—;ﬂ

Applying the integration by parts, we have

B 1 Lol ®°
Eve ["Df (7):p]= p[e st (r)}
0

1 catpL

I S N Y Ty = PR s
* M (a,ﬂlo-) JO € (T) Z_z_a_ﬂ

1 patpL
1 ® M (a.B.0) p(a+p-1) d T
=p|0-f (0)|+ —— f
,0[ ( )]+ M (a,ﬁ,G)JO ¢ @)

Lt (0)-pt O
F)

TZ—a—/i

Corollary 3.6. [17]: Assume that f (z), "D “*f (z),...., " D(”n'ﬁ_l)f (r) are continuous, and MKD("n‘ff () is piece-wise
B

continuous for all = >0. Suppose further that f (), "D “’f (z),..., " D,,_,f (z) are GFrFrEO. Then,
Ewx [ "Dt (r)](p)exists , is given by

[24 1 & =N+ o
Eu [ "D ()10 )= 5T s (0)= 20" D O) (15)
k=0

Hence, " D¢’ () means the application of the MK «, g —derivative n times.
Theorem 3.7. [8]: Assume that g is a GFrFrEO and continuous for z > 0. Then, we obtain

: )jo’f(x)?—f,,,:p = PE e [F ()1 ]

E |l
MK M (a,p,0 X

Proof: By using Theorem 3.4, If we take g (r)=1 and E,, [ (1): p | = p* from Theorem 3.2, our result follows easily.

4- Applications

In this section, the technique of MK Elzaki transform is a powerful classical technique to solve Martinez—Kaabar
MK Abel Integral Equation [8].
Consider the following MK Abel Integral Equation in Eq.(1) :

1 r a+f-1 a+p-1 dX
f(r)zm.([V (T A —X A )VV (X)W
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where V (r‘”’“—x‘”“) is the kernel , W (x)is an unknown function , f () is a perturbation known function, and

V (et -x ) = ﬁ , then it is named the «, g -difference kernel. So, we obtain
Z_a+ 1 _yatp-

f (r)+b/ =W ](r):f (r)+

f 1 d
W () =0, (16)

|
M (@, B,0) g 7= Pt —x ot

by taking the MK Elzaki transform on both sides of Equation (16), by applying Theorem 3.7 we obtain

arpt
E vk [f (T)](p) =E |:T 2 HW (T):|(,D)

_ P
E vk [f (T)](p) _\/M (a,ﬂ,d)(a+ﬂ—l)'EMK M (T)](p)

E vk M (T)](,O) :\/M (a’ﬁ’o-;p(a-'—ﬂ_l)-EMK [f (T)](p)

_M(a,ﬂ,a)(a+ﬂ_1) - g
= 72',02 \/M (a’ﬁ,g)(a_i_ﬂ_l)p EMK [f (T)](p)

_ M (a,ﬂ,o-)(a+,3—1){EMK {T(Hzﬁ_l wf (7)}(/3)}

P
_M@po)(a+p-1) { 1 f 1 dx}

f
0 M (@ f.0) 3 Jer 7y ei (<)

We can write this equation as

B, -1
Eye W (9)](0) = 2P 2(2“”3 ) [F(5)](0) (17)

Where

1 f 1 dx
PO Napo e Wi 9

Now, by applying Theorem 3.5 on Equation (18), we obtain
1
Ewc [ " D*’F(2)](p) :;EMK [F(z)](p)-F(0)

= Ey [F(7)](0) = pEc [ " D" (2) ](0) (19)
From Equations (17) and (19), we obtain

M (e, B, -1 MK N a

£ W (@] (0) = 2P ";f”ﬁ e, [" D (+)](0) (20)
Applying inverse MK Elzaki transform, we get

M (a,B,0)(a+B-1)

W (7) = "“D*F (7) (21)
7

Using Equations (18) and (21), we obtain

W(T)zM(a,ﬂ,G)(aJrﬂ—l) WK [yt 1 j- 71 _f (x) g)i,ﬂ
7o M (05,,3, U) 5 eHBL _y Bl X

which is the required solution of the Equation (16).

Example 4.1. Consider the following MK FrFr Abel Integral Equation :

T

3_72'1-2((“/’*1) _ 1 J' 1 W ( dx

87 MG@pa e 22)
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Solution:
Taking MK Elzaki transform Eq.(22)
37(M (@ f.o)(a+f-1) , 1 pn : _
4 p ‘Z\/M @ o) arpop” BV ():r]

32(M (@, 5,0)(a+ f-1)) M (@ fro)ar f-1)
8zt P
E .k [W (T)Ip}z Sﬁ?(M (a,ﬂ,;f)(a+ﬂ_1))z p%

Applying inverse MK Elzaki transform, we get
3(a+p-1)
W () =M (a,B,0)(a+p-1)r 2

Ewc W (7):p]=

which is the exact solution of the equation. This is the same solution obtained for the equation when solved by the
application of the MK Laplace transform in [8].
Example 4.2. Consider the following MK FrFr Abel Integral Equation :

afl g Ak g o 1 dx
20 4ot _M(a,ﬂ,a)'! " )y (23)
Solution:
Taking MK Elzaki transform Eq.(23)
L ot : ; _
7(M (o, B.0)(a+B-1))2 p2+2(M (a, B,0) (a+ B-1))2 p _p\/M (a,ﬁ,a)(a+ﬁ—1)'p Euw W (z):p]
7Z'|:(M (z;z,/;’,cr)(az+/J’—1))E p5+2(M (a,ﬁ,a)(a+ﬂ—1))2p2}/M (a,p.0)(a+pB-1) P

p 2

Ewc W (7):p]= -

Ewc [W (7): p]=2°M (, B,0) (a+ B -1) p* + 27 (M (. f,0) (a+ f-1)) p°

NS

Applying inverse MK Elzaki transform, we get
W (r)=M (a,B,0)(a+p-1)[1+2r" "]
which is the exact solution of the equation. This is the same solution obtained for the equation when solved by the

application of the MK Laplace transform in [8].

Conclusion

In this work discussed the definitions and theorems of the Martinez—Kaabar calculus, and has been proposed a
novel Martinez—Kaabar fractal-fractional (MK FrFr) Elzaki transform, called MK Elzaki transform, to which
important theorems and properties of this relatively new technique transform were applied. The transform have been
applied to the MK FrFr Abel Integral Equation, the use of this technique has been demonstrated by several interesting
problems. The study of a Martinez—Kaabar fractal-fractional (MK FrFr) Elzaki transform has succeeded in finding
distinct solutions. Our results allow us to conclude that this transform, being of the local type, provides a simple tool
for analytic solutions to many different engineering and natural science problems. a Martinez—Kaabar fractal—
fractional (MK FrFr) Elzaki transform provide the mantle and the MK FrFr Abel Integral Equation. In future studies,
the newly proposed technique will be expanded to include Martinez—Kaabar fractal-fractional (MK FrFr) double
and triple Elzaki transform ,with further applications in mathematics and general physics .
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