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Abstract: 

   In this work, we have discussed and prove the different properties and theorems of A new method notion, named 

the Martinez–Kaabar fractal–fractional (MK FrFr) Elzaki transform like Linearity property, Convolution theorem 

property, and provides two problems to support our methodology application to solve of Martínez–Kaabar MK Abel 

Integral Equation. 
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1-Introduction  

    Linear and nonlinear integral equations are widely applicable in modeling various engineering and scientific 

phenomena. Some of the most important cases of linear and nonlinear integral equations are the first- and second-

type Volterra integral equations. Various methods have been developed for solving linear integral equations, among 

which the following stand out: the Laplace transform, the Sumudu transform, the Elzaki transform, and the Fourier 

transform, etc. in [1,2,3].  For solving nonlinear integral equations, the following methods are available: the 

variational iterative, the series solution, the Adomian decomposition, and the successive approximation ,which uses 

combing different integral transforms like those of Laplace, Elzaki, Fourier, etc ,[1-6]. In addition, the Elzaki 

transform method is an effective approach for solving one of the basic cases of singular integral equations, called the 

Abel integral equation.  

Recently, a new generalization of the fractal–fractional derivative (FrFrD)  of the local type, has been introduced, 

called the Martinez-Kaabar (MK) fractal–fractional derivative. As a result of the MK derivative attack, all the results 

obtained from this definition were in agreement with the results of FrFrD’s in Caputo and this applies to the power 

law, which was proposed in [17], when this definition was used for certain elementary functions. In addition, in 

[18,19], this newly proposed calculus (so-named MK calculus) was investigated by the MK Abel integral equation, 

which was solved by the Laplace transform method, in comparison with previous studies on various fractional 

definitions that have been employed in studying Abel integral equation, our study indicates a high level of novelty 

by extending the newly proposed MK calculus to Elzaki transform. This generalized technique provides a novel 

mathematical tool to solving not only Martínez– Kaabar Abel integral equation’s, the Martínez–Kaabar MK Abel 

Integral Equation is defined as 
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 with  0 , 1 ,    and 1 .  − then it is 

named the ,  -difference kernel , [12,14].  

In the early 2011’s, Tarig Elzaki introduced the modified Laplace transform (Elzaki transform).[1,2], modified 

Laplace transform (Elzaki transform) is defined for the function of exponential order. Consider a function in the set 

S  defined as 

1 2{ ( ) : , , 0, ( ) , ( 1) [0, )}jk jS f M k k f M e if



  =     −    

For a given function ( )f   in the  set  S , the constant  M   must be  finite, number 1 2,k k may be finite or infinite. 

The   Elzaki transform denoted by the operator E  is defined as 

 
0
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The   variable   in this transforms is used to factorize the variable  . 

The structure of this paper by all the above works organized as follows: First, we begin with some basic definitions 

and Theorems of Martinez–Kaabar fractal–fractional (MK FrFr) Calculus and we define a new notion of Martinez–

Kaabar fractal–fractional (MK FrFr) Elzaki transform , named MK Elzaki transform and note MKE  in this work, 

which involves the MK integral operator. In relation to this new fractal–fractional transformation , and the use of 

linearity property, Convolution theorem property, Finally, this new technique is application to find the solutions to 

Martínez– Kaabar MK Abel integral equation’s. 

 

2- Fundamental concepts of Martinez–Kaabar fractal–fractional (MK FrFr) Calculus: 

Definition 2.1.[12]:  Suppose that  )( )( ) ,nf C   is differentiable on  ),  , where 0   ; if f is a fractal 

differentiable on  ),   of order  , then the FrFrD of  f of order   in the context of C  with the power law is 
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Theorem 2.2. [14]:  Suppose that 0 , 1 ,   and 1 .  − Then, we obtain 
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Remark 2.3.   If ( )f  = for every real constant  , then   
0

, ( ) 0 .FrFrDD


   =  

Definition 2.4. [8,9]:  A function:  ): 0,f R → , the MK derivative of order 0 1 ,   of  f at 0   

is written as 
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If  f is MK ,  -differentiable in some ( )0, n , and 0,n  and ,
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Theorem 2.5. [12]: Suppose that 0, 1 ,   , and f is a MK ,  -differentiable at a point 0  . If, further, f is 

a differentiable function, then 
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Theorem  2.6. [13]:  (Chain Rule). Assume that 0, 1 , 1,     − g  is an MK ,  -differentiable 

at 0   and f  is differentiable at ( )g  , then 

( )( ) ( )( ) ( ), , .MK MKD f g f g D g     =                                                                                                                  (9) 

Remark 2.7. [14]:  According to Theorem 2.6, the MK derivative of order   of some elementary functions can be 

expressed as 
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The MK ,  -integral of a function f  starting at 0  , can be recalled as formulated in [9]. 
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From Definition 2.9, we obtain the following: 
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Theorem 2.11. [8,12]:  Suppose that 0 ,0 , 1 , 1,       −  and f is a continuous real-valued function 
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3- Theorems and properties of Fractal–Fractional Elzaki transform 
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     In this section we defined a new notion of fractal–fractional Elzaki transform ; in this work, it is referred to as 

Martínez–Kaabar fractal–fractional Elzaki transform, we will use the term MK Elzaki transform in all upcoming 

results . Analogously, MK Elzaki transform was defined and some properties were given as the following: 

Definition 3.1. [14]:  Let that 0 , 1 , 1,     − , and  ): 0,f R →  is an RVF. Then, the MK Elzaki transform  

of order ,   
is known as 
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1 1

, , 1 , , 11

cos :
, , 1 2

i i
M M

MK MK

e e
E E

M

      

           


    

+ − + −

−
+ − + −+ −

 
    +

=     + −     
 

 

 

( )( ) ( )( )

1 1

2 2 2
, , 1 , , 1

2 2

1 1

2 2 1 1 1

i i
M M

MKE e e
i i

      

            

   

+ − + −

−
+ − + −

          = + = + = 
  − + +         

 

Theorem 3.3. [7,10]:  ( linearity of the MK Elzaki transform ) 

Let that 0 , 1 ,   , with 1 0 , 1,  + −   −   ): 0,f R → are RVFs, and 1 2, R   . If  ( ) ( )MKE f     and 

 ( ) ( )MKE g    exist, then 

     1 2 1 2( ) ( ) ( ) ( ) ( ) ( ) ( )MK MK MKE f g E f E g          + = +  

are constants2qand  1qWhere  

Proof: 

 
( )

  ( ) ( )

( )
  ( ) ( )

( )
  ( ) ( )

( )
( ) ( )

1

1 1

1

1

, , 1

1 2 1 2 20

1 1

, , 1 , , 1

1 22 20 0

1

, , 11

( ) ( ) ( ) ( ) ( )
, ,

( ) ( )
, , , ,

( )
, ,

M

MK

M M

M

d
E f g f g e

M

d d
f e g e

M M

d
e f

M

 

   

 



     

 

 

           

   



     

 
        

   

   
   

      

 


  

+ −

+ − + −

+ −

− + −

− −

− − + − + −

− − − −

−
+ −

+ = +

= +

=



 

( )
( ) ( )

   

11

, , 12

2 20 0

1 2

( )
, ,

( ) ( ) ( ) ( )

M

MK MK

d
e g

M

E f E g

 

     

   

  


   

     

+ −

−  + −

− − − −
+

= +

 

 

Theorem 3.4. [8,11]:   ( Convolution theorem ) 

Let that 0 , 1 ,   , with 1 0 , 1,  + −   −   ): 0,f R → are RVFs, and If 1( ) ( )MKE f   + −     and 

 ( ) ( )MKE g    exist, then we have 

   11
( ) ( ) ( ). ( ) ( ).MK MK MKE f g E f E g     



+ −  =                                                                                                (13) 

Where     
( )

1 1

20

1
( )( ) ( ) ( ) .

, ,

dx
f g f x g x

M x


   

 
 

  

+ − + −

− −
 = −                                                                           (14) 

Proof:  By applying MK Elzaki transform to Equation (12), we have 

 
( )

( ) ( )

( )

( )
( ) ( )

( )
( ) ( )

1

1 1 1

1

, , 1 1 1

2 20 0

1 1 ( ) 1 1
, , 1 , , 1

20

1
( ) ( ) ( )

, , , ,

1
( ) ( )

, , , , 1

M

MK

x x

M M

x

dx d
E f g e f x g x

M M x

x d
e g x e f

M M

 

     


         

   

    
           

 

 
 

      

  

        

+ −

+ − + − + −

− + − + − + −

− − − −

− + − + −− − + − + −

− −

 
 = − 

  

−
=

+ −

 

  2

dx

x  − −

 
 
 
 
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1 1 1x      + − + − + −− =Now, consider the change of variables, 

 
( )

( ) ( )

( )
( ) ( )

 

1 11 1

, , 1 , , 1 1

2 20

1

1
( ) ( ) ( )

, , , ,

1
( ) ( ). ( ) ( )

x

M M

MK
x

MK MK

d dx
E f g e g x e f

M M x

E f E g

   

             

   

 

 
 

      

   


+ − + −

− − + − + − + −

− − − −

+ −

 
  =
 
 

 =  

 
 

Theorem 3.5. [19]:  Suppose that ( )f   is continuous and , ( )MK D f   is piece-wise continuous for all 

0  . Then, ( ), ( )MK

MKE D f      exists , and moreover 

,

,

1
( ) : ( ) (0)MK

MKE D f T f 

    


  = −  

Proof: By using Equation (12), we obtain 

( )
( ) ( )

11

, , 1, ,

20
( ) : ( )

, ,

MMK MK

MK

d
E D f e D f

M

 

        

 

 
  

   

+ −

− + −

− −
   =    

Applying the integration by parts, we have 

( ) ( )

( )
( ) ( )

 
( )

( ) ( )

1

1

1

1

, , 1,

0

1

, , 1

20

1

, , 1

20

,

( ) : ( )

1
( )

, ,

1
0 (0) ( )

, ,

1
( ) (0)

MMK

MK

M

M

E D f e f

d
e f

M

d
f e f

M

T f

 

 

 



      



     

 



     

 

 

   




   


 

   

 


+ −

+ −

+ −



−
+ −

− + −

− −

− + −

− −

 
   = 
 
 

+

= − +

= −





 

Corollary 3.6. [17]:   Assume that 
,,

( 1)( ), ( ),...., ( )MK MK

nf D f D f
    − are continuous, and 

,

( ) ( )MK

nD f
 

 is piece-wise 

continuous for all 0  . Suppose further that 
,,

( 1)( ), ( ),...., ( )MK MK

nf D f D f
    − are GFrFrEO. Then,

 
( ), ( )MK

MKE D f      exists , is given by 

( ) ( )

1
, 2 ,

,

0

1
( ) : ( ) (0)n k

n
MK n k MK

MK n
k

E D f T D f   

    


−
− +

=

  = −                                                                                          (15)     

Hence, ( )

, ( )n

MK D f   means the application of the MK ,  − derivative n  times.  

Theorem 3.7. [8]: Assume that g  is a GFrFrEO and continuous for 0  . Then, we obtain 

( )
 20

1
( ) : ( ) :

, ,
MK MK

dx
E f x E f x

M x



 
  

   − −

 
= 

  
  

Proof: By using Theorem 3.4, If we take ( ) 1g  =  and ( ) 21 :MKE  =   from Theorem 3.2, our result follows easily. 

 

4- Applications 

     In this section, the technique of MK Elzaki transform is a powerful classical technique to solve Martínez–Kaabar 

MK Abel Integral Equation [8]. 

Consider the following MK Abel Integral Equation in Eq.(1) : 

( ) ( )1 1

2

0

1
( )

( , , )

dx
f V x W x

M x



   

 
 

  

+ − + −

− −
= −  
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where ( )1 1V x    + − + −−  is the kernel , ( )W x is an unknown function , ( )f  is a perturbation known function, and 

( )1 1

1 1

1
V x

x

   

   




+ − + −

+ − + −
− =

−
 , then it is named the ,  -difference kernel. So, we obtain 

 ( ) ( )
21 1

0

1 1
( ) ( ) 0,

( , , )

dx
f V W f W x

M xx



    
  

   
− −+ − + −

+  = + =
−

                                                                 (16) 

by taking the MK Elzaki transform on both sides of Equation (16), by applying Theorem 3.7 we obtain 

 

 

 
( )

 

 
( )

 

( )

( )
 

( )

1

2

3

2
2

1

2
2

( ) ( ) ( ) ( )

( ) ( ) . ( ) ( )
( , , ) 1

( , , ) 1
( ) ( ) . ( ) ( )

( , , ) 1
. ( ) ( )

( , , ) 1

( , , ) 1
( ) ( )

MK MK

MK MK

MK MK

MK

MK

E f E W

E f E W
M

M
E W E f

M
E f

M

M
E f

 

 

    


   

    

    
   



     
  

    

    
  



+ −

+ −

 
=  

 

=
+ −

+ −
=

+ −
=

+ −

 + −  
=   

  

( )
( )

2 21 1
0

( , , ) 1 1 1
.

( , , )
MK

M dx
E f x

M xx



    

    

   
− −+ − + −




 + −
=  

− 


 

We can write this equation as 

 
( )

( )
2

( , , ) 1
( ) ( ) . ( )MK MK

M
E W E F

    
   



+ −
=                                                                                                (17) 

Where 

( ) ( )
21 1

0

1 1

( , , )

dx
F f x

M xx



    


   
− −+ − + −

=
−

                                                                                                      (18) 

Now, by applying Theorem 3.5 on Equation (18), we obtain 

( ) ( ) ( ), 1
( ) ( ) 0MK

MK MKE D F E F F     


  = −     

( ) ( ),( ) ( )MK

MK MKE F E D F       =                                                                                                                (19) 

From Equations (17) and (19), we obtain 

 
( )

( ),
( , , ) 1

( ) ( ) ( )MK

MK MK

M
E W E D F 

    
   



+ −
 =                                                                                    (20) 

Applying inverse MK Elzaki transform, we get 

( )
( ),

( , , ) 1
( ) MK

M
W D F 

    
 



+ −
=                                                                                                                (21) 

Using Equations (18) and (21), we obtain 

( )
( ),

21 1
0

( , , ) 1 1 1
( )

( , , )

MK
M dx

W D f x
M xx


 

    

    


    
− −+ − + −

 + −
=  

− 
  

which is the required solution of the Equation (16). 

Example 4.1. Consider the following MK FrFr Abel Integral Equation : 

( ) ( )2 1

21 1
0

3 1 1
.

8 ( , , )

dx
W x

M xx


 

    




   

+ −

− −+ − + −
=

−
                                                                                         (22) 
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Solution: 

Taking MK Elzaki transform Eq.(22) 

( )( )
( )

( )

( )
( )( ) ( )

( )
( )( )

1
2

1
2

2
3

4 2

2
7

2

5

72

2

3 ( , , ) 1 1
. . :

4 ( , , ) 1

3 ( , , ) 1 ( , , ) 1
:

8

3 ( , , ) 1
:

4

MK

MK

MK

M
E W

M

M M
E W

M
E W

      
   

     

          
  



     
  

+ −
=   + −

+ − + −
=  

+ −
=  

 

Applying inverse MK Elzaki transform, we get 

( )( )
( )3 1

2( ) , , 1W M

 

      
+ −

= + −  

which is the exact solution of the equation. This is the same solution obtained for the equation when solved by the 

application of the MK Laplace transform in [8]. 

Example  4.2. Consider the following MK FrFr Abel Integral Equation : 

( )3 11

2 2
21 1

0

8 1 1
2 ( ) .

3 ( , , )

dx
w x

M xx

   

    
 

   

+ −+ −

− −+ − + −
+ =

−
                                                                               (23) 

Solution: 

Taking MK Elzaki transform Eq.(23) 

( )( ) ( )( )
( )

( )

( )

( )( ) ( )( ) ( )

( ) ( ) ( )( )

1
2

1 1
2 2

5 7 31 3

2 2 22 2

5 71 3

2 22 2
1

2

22 3

1
( , , ) 1 2 ( , , ) 1 . . :

( , , ) 1

( , , ) 1 2 ( , , ) 1 ( , , ) 1

:

: ( , , ) 1 2 ( , , ) 1

MK

MK

MK

M M E W
M

M M M

E W

E W M M


               

     

                 

  


               

−

+ − + + − =   + −

 
+ − + + − + − 

 
=  

= + − + + −  

 

             

Applying inverse MK Elzaki transform, we get 

( )( ) 1( ) , , 1 1 2W M         + − = + − +   

which is the exact solution of the equation. This is the same solution obtained for the equation when solved by the 

application of the MK Laplace transform in [8]. 

 

Conclusion  

     In this work discussed the definitions and theorems of the Martinez–Kaabar calculus, and has been proposed a 

novel Martinez–Kaabar fractal–fractional (MK FrFr) Elzaki transform, called MK Elzaki transform, to which 

important theorems and properties of this relatively new technique transform were applied. The transform have been 

applied to the MK FrFr Abel Integral Equation, the use of this technique has been demonstrated by several interesting 

problems. The study of a Martinez–Kaabar fractal–fractional (MK FrFr) Elzaki transform has succeeded in finding 

distinct solutions. Our results allow us to conclude that this transform, being of the local type, provides a simple tool 

for analytic solutions to many different engineering and natural science problems. a Martinez–Kaabar fractal–

fractional (MK FrFr) Elzaki transform provide the mantle and the MK FrFr Abel Integral Equation. In future studies, 

the newly proposed technique will be expanded to include Martinez–Kaabar fractal–fractional (MK FrFr)  double 

and triple Elzaki transform ,with further applications in mathematics and general physics . 

 

http://jceps.utq.edu.iq/


 
 Adil et al., Vol.15, No.2 (2025)                                                      Website: jceps.utq.edu.iq, ISSN: 2710-429X 

88 

 

References 

[ 1] Tarig M. Elzaki and Eman M. A. Hilal, Solution of telegraph equation by modified of double Sumudu 

transform “Elzaki transform ” , Mathematical Theory and Modelling, 2 (4) (2012), 95–103. 

[ 2] Emmanuel, F.S. Solution of Integral Equations of Volterra type using the Adomian Decomposition Method 

(ADM). MathLab J.2020, 7, 16–23. 

[ 3] Abu-Shady, M.; Kaabar, M.K.A. A Generalized Definition of the Fractional Derivative with Applications. 

Math. Probl. Eng. 2021, 2021, 9444803.  

[ 4] Feng, J.-Q.; Sun, S. Numerical Solution of Volterra Integral Equation by Adomian Decomposition Method. 

Asian Res. J. Math.2017, 4, 1–12. 

[ 5] Khan, M.; Gondal, M.A. A reliable treatment of Abel’s second kind singular integral equations. Appl. Math. 

Letter. 2012, 25,1666–1670. 

[ 6] Sharma, N.; Aggarwal, S. Laplace Transform for the Solution of Abel´s Integral Equation. J. Adv. Res. Appl. 

Math. Stat. 2019, 4,8–15. 

[ 7] Khalil, R.; Al-Horani, M.; Yousef, A.; Sababheh, M. A new definition of fractional derivative. J. Comput. 

Appl. Math. 2014, 264,65–70. 

[ 8] Martínez, F.; Kaabar, M.K.A. Martínez–Kaabar Fractal–Fractional Laplace Transformation with 

Applications to Integral Equations Equations. Symmetry 2024,16, 1483. https://doi.org/10.3390/ 

sym16111483 

[ 9] Podlubny, I. Fractional Differential Equations, Mathematics in Science and Engineering; Academic Press, 

Inc.: San Diego, CA, USA,1999. 

[ 10] Kaewnimit, K.; Wannalookkhee, F.; Orankitjaroen, S. The Solutions of Some Riemann-Liouville 

Fractional Integral Equations. Fractal Fract. 2021, 5, 154.  

[ 11] Arshad, S.; Sun, S.; O’Regan, D. Lp-solutions for fractional integral equations. Fract. Calc. Appl. Anal. 2014, 

17, 259–276. 

[ 12] Martínez, F.; Kaabar, M.K.A. A new generalized definition of fractal-fractional derivative with some 

applications. Math. Comput. Appl. 2024, 29, 31. 

[ 13] Abdelhakim, A.A. The flaw in the conformable calculus: It is conformable because it is nor fractional. Fract. 

Calc. Appl. Anal.2019, 22, 245–252. 

[ 14] Araz, S.İ. Numerical analysis of a new volterra integro-differential equation involving fractal-fractional 

operators. Chaos Solitons Fractals 2020, 130, 109396.  

[ 15] Atangana, A. Fractal-fractional differentiation and integration: Connecting fractal calculus and fractional 

calculus to predict complex system. complex system. Chaos Solitons Fractals 2017, 102, 396–406 

[ 16] Miller, K.S. An Introduction to Fractional Calculus and Fractional Differential Equations; J. Wiley & Sons: 

New York, NY, USA, 1993.  

[ 17] Martínez, F.; Kaabar, M.K.A. On Martínez–Kaabar Fractal–Fractional Volterra Integral Equations of the 

Second Kind. Fractal Fract. 2024, 8, 466. 

[ 18] Chen, W. Time-space fabric underlying anomalous diffusion. Chaos Solitons Fractals 2006, 28, 923–929. 

[ 19] Chen, W.; Sun, H.; Zhang, X.; Korosak, D. Anomalous diffusion modeling by fractal and fractional 

derivatives. Comput. Math.Appl. 2010, 59, 1754–1758. 

 

 

 

http://jceps.utq.edu.iq/
https://doi.org/10.3390/

