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Abstract:

In this paper, we introduce some application related to an b-intuitionistic fuzzy normed space and we define
the Cartesian product of two b-intuitionistic fuzzy normed spaces, then we prove that the Cartesian product
of two b-intuitionistic fuzzy normed space is also b-intuitionistic fuzzy normed space.

Finally, we prove the completeness of the Cartesian product of two complete b-intuitionistic fuzzy normed
spaces.

Keywords: b-intuitionistic fuzzy normed space, Cartesian product and complete b-intuitionistic fuzzy
normed spaces

1. Introduction:

The concept of b-metric space was introduced by I.A. Bakhtin, in1989, [3]. In 2018, K. Tiwary, K. Sarkar
and T. Gain [12], prove some common fixed point theorems for four mappings using some control functions
in b-metric spaces. T. Dosenovic, A. Javaheri, S. Sedghi and N. Shobe, in 2017 [6], proved a coupled
coincidence fixed point theorem in complete b-fuzzy metric space. In 2018, K.P.R. Rao and A. Sombabu
[10], obtain some unique common coupled fixed point theorems in dislocated quasi fuzzy b-metric spaces.
The concept of fuzzy normed space has introduced by Katsara, In 1984[1]. In 2010, M. Mursaleen, V.
Karakaya and S. A. Mohiuddine [9] define and study the concepts of Schauder basis, separability, and
approximation property in intuitionistic fuzzy normed spaces and establish some results related to these
concepts. The concepts of fuzzy completeness, fuzzy minimality, fuzzy biorthogonality, fuzzy basicity, and
fuzzy space of coefficients are introduced by B.T. Bilalov, S.M. Farahani, and F.A. Guliyeva, in 2012[2].
In this paper, we define b-intuitionistic fuzzy metric space, b-intuitionistic fuzzy normed space and prove
some results about them.

2-Preliminaries:
Definition (2.1) [7]:

The 3-tuple (X, M, %) is called a fuzzy metric space if X is an arbitrary set (non-empty set) , xis a
continuous t-norm and U is a fuzzy set on X X X X
(0,00) (i.e. M+ X X X x (0,00) — [0,1]) satisfying the following conditions:

forall X,Y,Z €X and t,5s >0

(FM.) M(x,y,t) > 0
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IFM.2) My t)=1©Sx=y  (FM.3)
M(x,y,t) = M(y,x,t)

(IFM.4) M(x,y,t +5s)=M(x,z,t)*M(z,7y,s)
(IFM.5) M(x,y,t): (0,00) = [0,1] is continuous.

Definition (2.2) [5]:

Let M be a nonempty set and areal number b = 1. A map d: M? - R is said to be a b-metric if
for every M,n,K in M,

(bM1)d(m,n) =0 m= 1,

bM2) d(m,n) = d(n,m);

( ) dlmnl B +d (k,n)]. forall m,n,k in M, and b =>1,(M,d) is

(bM3) d(m,n) < b[d(m, k ) , , o .
called a b-metric space (in short: b.M.S) which is an extension of

usual metric space. Clearly a b-metric space implies a metric if b = 1.

Remark: note that a (usual) metric space is evidently a b-metric space.

Example (2.3) [4]:
Let R be the set of real numbers and d(m,n) = |m — n|, d is a usual metric, let

3
p(m,n) = (d(m,n))" = |m —n|?

metricon M.

is a b-metric space on M with b =4, butnot a

Definition (2.4) [8]:
Suppose that (M,d) pe (b,M.S), then a sequence {Pn} in M issaid tobe :

1) Converge sequence if there is a point P in M and for every € > 0 thereis aninteger N such
that n = N implies that d(pn,p) <e.

2) Cauchy sequence if for every € > 0 there is an integer N such that Mn,m =N implies
d(Pn, Pm) < €.
The (b.M.S) is complete if every Cauchy sequence in M is converges to some point

p EM.

Definition (2.5) [11]:

The 3-tuple (X, M,*) s called a b-fuzzy metric space (in short, FbM) if X is an arbitrary (non-
empty) set, = is a continuous t-norm and M 1is a fuzzy set on

X% x (0, ©), satisfying the following conditions for each X,¥,Z € X,t,5 >0 anda
given real number b > 1,

FbM1: M(x,y,0) > 0
FbM2: M(x,y,6) =1 ifand only if X =¥
FbM3: M(x!y’ t) = M(y,x, t)’

t s
Fbv4; M(X 2t +5) = M(x»y,g) *M (y,z,g),

3
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FbM5-if M(x,y,): (0,00) = [0,1] s continuous.

Definition (2.6) [11]:
Let (X, M%) bea b-fuzzy metric space and t > 0 be a real number, we define

an open ball and a closed ball with center x and radiusr | 0<r<1, vt>0
as follows

B(x,r,t)={yeX;M(x,y,t) >1—r1}
Blx,r,t]={yeX;M(x,y,t) =1—-1}

Definition (2.7) [11]:

Let (X,M,*) pea fuzzy b-metric space, then:
A sequence X2} in X s said to be convergent to X € X (in short, Fbconvergent) if for each
€ €(0,1) and t> Othere exist Mo € Z" such that My, X, t) >1—€ forall n=ng (or
equivalently limy o M(xp, , x,8) = 1)
A sequence {¥n}in X is said to be fuzzy Cauchy if for each € € (0,1) and
t > 0, there exists Mo € Z* such that M(x, = X, t) > 1 =€ forall mm = ng,

(or equivalently, [imy, 100 M (Xn — X, 1) = 1

A b-fuzzy metric space (X, M,*) is said to be complete if every Fb-Cauchy sequence in X is Fb-
convergent sequence.

3. b-intuitionistic fuzzy normed space Definition (3.1):

The 5 tuple (X, M, N,*,%) is called an b-intuitionistic fuzzy metric (in short IbDFMS) if X is arbitrary set
(non empty set), x is continuous t-norm, o is continuous

t-conormand M, N are fuzzy setsin X XX X (0,00) i.e M,N:X X X X (0,00) —

[0,1] satisfying the following conditions for all *,¥,Z € X t,s >0

(IbFM.1) M(x,y,t) + N(x,y,t) < 1
(IbFM.3) M(x,y,t) =1 VYt >0
(UbFM.2) M(x,y,£) >0 oo donlyif X =¥
(IbFM.4) M(x,y,t) = M(y, x,t)
Y

t
(IbFM.5)M(x,z,t +5) > M (x,y,g) x M (y,z,g) , Vbh>1

(IbFM.6) it M(x,y,):(0,00) = [0,1] i eft continuous
(IbFM.7) N(x,y,t) < 1
(IbFM.8) N(x,y,t) =0 ifand only if X =Y
(IbFM.9) N(x,y,t) = N(y,x.t)

S

t
(IbFM.10) N(x,z,(t +s)) < N (x,y,g) oN (y,z,g) , Vb>1

(IbFM.11) if N(x,y,):(0,0) = [0,1] is left continuous.
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Definition (3.2):

The 5-tuple (X, 1, v,%,0) is said to be an b-intuitionistic fuzzy normed space (In short, IbFNS) if X be a
linear space over the field K, xis a continuous t-norm, ¢ is a continuous t-conorm , and #» V are a fuzzy
setin X X (0,) (je. #,v:X X (0,00) -

[0,1]) satisfying the following conditions: for all X, ¥, h € X, t,s >0

(IbFNS.HH (x, 1) +v(x,t) <1

(IbFNS.2)1 (x ,t) > 0,

(IbFNS.3) U(x, t) =1 & x =0,

(leNs.4)“(ﬁx O =u (x Fa) VB € K /{0}

t 5
abFNssHx Ty, (E+5) 2u(x,5)xu(y.3), vb=1
(IbFNS.6) if #(x,):(0,90) > [0,1] 5 a continuous and 1iM¢—e 1(X, ) = 1 (IbFNS.7)
v(x,t) <1,
(IbFNS.8)v (x, ) =0 & x =0,

(tbENs.9)? BED = (x.15) vBEK/(0)}

t s
abENs.10)P(F HY (E+ ) <v (x3) 0v(y 'E),
(IbFNS.11) if v(x,):(0,00) = [0,1] s a continuous and liM¢oe V(X ,£) = 1
Furthermore, assume that X, 1, v,%,0) satisfying the following conditions:

(IbFNS.12) e *a@ =q and 20 @ =a, Va€[01],
(IbFNS.13) U(t,X) > 0 gpq v(x, 1) <1, VE>0 = x =0

Definition (3.3):
Let (X, 1L V,%,0) be an b-intuitionistic fuzzy normed space and {Xn} bea sequence of X, then:
(1) A sequence {¥n} is said to be converges to x w.r.t. (1, V), if for each @ € (0,1) and ¢ > 0, there
exists Mo € Z" such that H(Xn — X,8) > 1 — @ apq
v(xp —x,t) < & for every 1 = Mo
(or equivalently IM¢oe p(Xy — X, 1) = 1y ang lime,e v(x, —x,8) = 0, as M = ),
(2) A sequence {xn} is said to be Cauchy sequence w.r.t. (4, V), if foreach @ € (0,1) and t > 0, there
exists 0 € Z¥ such that #(n — X, t) > 1 — @ apd
V(Xp = X, t) < @ forevery MM = N,
(or equivalently limeoo (X —x,) =1 and iMoo u(xn = %, ) = 0, asn — o).
(3) An b-intuitionistic fuzzy normed space (X,M,N,*,°) is said to be complete if every IbFN-cauchy
sequence in X is IbFN-convergent sequence.

Definition (3.4):
Let (X, 14, V,%0) be an b-intuitionistic fuzzy normed space. The open ball B(X,7,t) and the

closed ball B[X,7,t] with center at x € X and radius
0<r<1, t>0 aredefined as follows:
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Bum@rt)={yeXiu(x—y,t)=21—r and v(x —y,t) <r}

Bumlx.ntl={yeXip(x—y,t) 21 —r and v(x —y,t) <r}.
Definition (3.5):

Let (X, 1, V,%,0) be an b-intuitionistic fuzzy normed space and 4 be a subset of
X . Then:

(1) A issaid to be open setif for each x € A, thereexists t > 0 and 0 < r < 1 such that
B(M,N)(x, T', t) g A-

(2) A is said to be closed set if for any sequence {xn} in Aand converges to x then x € A.

Example (3.6):
Let (X, 1l-1D) be a b-normed space,andlet axb =a.b, @ 0 b =min{l,a + b} forall

a,b € [0,1]Jettt, V- x X (0,90) = [0,1] defined as follows

_t il
e ) = e i VAN = s B2 0, wEX

b- intuitionistic normed space.

then (X, 1L, V,%,9) isa

In this case, (X, 4, V,%,9) is said the induced b-intuitionistic fuzzy normed space.

Proof:
ulx,t) +v(x,t) <1
1) Let x €X,

t
: t>0= >0
since x|l =0 and t+]lx|l ,

t
since P00 =
= u(x,t) >0

2) Let x€X and Xx=0=[lx][ =0
(t)=——=:=1

Since H

t+llxll ¢
" y(x,t)=1=>t+"x"=1:> lx]| =0=x=0
Or
pr)=1eo—=1o|x|=0=x=0

t+[lx]|

3) Let x€EX and €EF , a#0

t

t t Tl t
,t) = = = = ,—
wlax,t) = e = AT (x |a|)

= ulax,t) =pu (x, é)

4) Let X, YEX, t,s>0

t s

1) -10) =iy =
"b b/ ZHlxll gyl ol g I
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b b
1 1
— (B4 Iyl
1+_t—+£ 1+_t—+£
b b
1 . t+s
= 1T tsb(llll+HIyID
5*p
t+s

T t4s+||x+yll = ,u(x tyt+ S)

= ulx+yt+s) Eﬂ(x’é)*“(y’g)

llxIl

—] —
5) llxll = 0 and £~ 0= Gy > 0 = VD >0
3 el _ _
v(x,t) =0 < e 0e|xll=0x=0 6)
o llaxll  lallixl il
v(ax,t) = o = Salind = ol #0 7

=V (x,ri[) = v(ax,t) =v (x,[%[)

[|x+yll < bllx||+bllyll
s+t+|lx+yll T (E+s)+blx||+bllyll

_ bl|x]| bliyll
(t+s)+bllxll+bllyll ~ (t+s)+Dbllx|[+bllyl

bllxl bllyl [lx1l Iyl

T tablixll  s+bllyll  plxll IV

vix+yt+s)=

e
Since V(x ty, t+s) =1
=v(x+yt+s)< min{lav(x»ﬁ) ™ ”(yi)}
= v(x+yt+s)< V(x»é) “’(3"%)

9) u(x,):(0,0) = [0,1] is a continuous and limee p(x, 1) =1

v(x,):(0,00) = [0,1] is a continuous and 1iMoe v(x,t) =1

Example (3.7):
Let (X, M, N,%0) be an b-intuitionistic fuzzy normed space and M, N defined by

M(x,y,t) = u(x —y,t) and N(x,¥,t) = v(x =y, t) | then(X, M, N,%,0)pe the

b-intuitionistic fuzzy metric.

Proof:
Let (X, M, N,*,9) be an b-intuitionistic fuzzy normed space
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Define the intuitionistic fuzzy metric space by M (X, y,t) = pu(x =y ,t) and

Nx,y,t) =v(x = ¥,t) forevery X,¥y €X

the intuitionistic fuzzy metric axioms are satisfied

(1) My, t) =pu(x—=y,t) >0 ang N(x,y,t) =v(x—yt)<1

)y My t)=px—-y,t) =1 if and only if Xx—=Y =0 hence X=Y and
Nx,y,t) =v(x=y,t) =0 ifandonlyif * =Y =0, hence X =Y

) M(x,y,t) =pux—y,t)

=u@y—x,t)
=My, x,t)
So M(x,y,t) = M(y,x,t) and N(x,y,t) =v(x—y,t)
=v(y—x,t)
=N(y,x,t)

So N(x,y,t) = N(y:x:t)
vx,y,z€X, s,t=0 (4)

M(x,y,t+s)=ulx—y,t+s
(. ) =kl =y ) =ulx—y—z+zt+s)

t s
2 u(r-28)ene-r.3)
t s
Therefore MCxy,t+s) =M (x, Zy E) *M (Z’ Y E)
Nx,y,t+s)=v(x—yt+s)
=v(x—z+z—-yt+s)
<v(x— z,%) Ov(z — y,%)
< N(x,z,%) 0 N(z,y,%)
(5) Since 4V are continuous then M, N are continuous .
(X, M, N,%,0) is said to be the b-intuitionistic fuzzy metric space induced by the ~ b-intuitionistic
fuzzy normed (X, 1, V,)).

Theorem (3.8):
(1) Let M, N be an b-intuitionistic fuzzy metric induced by a norm on intuitionistic fuzzy vector X,

then:
OGMEx+zy+zt)=MXyt) and

Nx+zy+zt)=N(xyt)
(i) M(r.x, 7.y, t) = M(x, y,ﬁ

and
¢
N(r.x,r.y,t) = N(x,y, m)

(2) Let M, N be an b-intuitionistic fuzzy metric on a fuzzy vector X such that (i) and (ii) holds, then
M induced a norm on a fuzzy vector X.

Proof:

(1) Let M, N be an b-intuitionistic fuzzy metric induced by a norm K ¥ on intuitionistic fuzzy vector X
such that, VX, ¥,Z€ X
M(x,y,t) = ux—y,t),N(x,y,t) =v(x—y,t),
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M +zy+zt)=px+z—-(y+2),t) =px—-yt)=Mkxyt)
Nx+zy+zt)=v(x+z—-(y+2),t) =v(x—yt)=N(,yt)

(()M@r.x,r.y,t) =u(r.x—r.y,t) =ulr(x—-y),t) = ,u(x _y’ITtI)

:M(x,y,Ftl)‘
and
N(r.x,r.y,t) =v(r.x—r.y,t) =v(r(x—y),t) = v(x _y’|7t|)
=N(x,y,|?tl)

(2) Suppose that the condition (i) and (i1) holds
Let 4 v: X X (0,00) = [0,1]
p(x, t) = M(x,0,t) ang v(x,t) = N(x,0,t), Vx € X, where 0 be a zero vector,

We have
(N1) #(x,t) = M(x,0,t) > 0 ang
v(x,t) =N(x,0,t) <1
(NZ)#(xrt) =M 0,t)=1x= O,and
v(x,t) =N(x,0,t) =0 x=0
(N3)u(r.x, t) = M(r.x,0,t)

=M(r.x,r.0,t) =M (x, 0|Tt|)

(e

and
v(r.x,t) = N(r.x,0,t)
=N(r.x,7r.0,t)

=N (x, o,i)

7]

- (x5

Ny px+yt+s)=Mx+y0,t+s)

=Mx+y,-y+yt+s)
=M(x,—y, t+5s)

>M (x, z,é) * M(z,—y,s)
2 u(e-22) e (e+9.3)
2 (x55) (2 ) (2 35) * e (55)

2 (e d) on(et) n(23) (e3)

and

vix+yt+s)=Nkx+y—-y+y,t+5s)
=N(x, -y, t+5s)
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>N (x,27) 0 N(z -y,5)
(x-2z3)ov(z+y.2)

(x35) 00 (zr) 00 (255) 0 v (2.5)
>v (%) 0v(z2)ov(z2)ov(xs)

4. Cartesian product of two b-intuitionistic fuzzy normed spaces:
Definition (4.1):

v

v

v
<

Let (X, M1, N1,%,9) and (Y, M2, N2,%,0) be two b-intuitionistic fuzzy normed. The

Cartesian product of (X, M1, N1,%,0) and (Y, M2, N,%,0) s the product space
(X XY,M,N,*,°) where

X XY is the Cartesian product of the sets X and Y and M is a function

M: (X X Y) X (0,0)) = [0,1] ig given by: M((x,¥),t) = My(x,£) * My (3, 1) g
all (Y) €EXXY gng t,s>0 Ni((XxY)x(0,00))=[01] i given by:
N((x»J/)a t) =N (%, ) o N (0, 8) forall (1Y) EXXY and t>0.

Theorem (4.2):
Let (X, My, N1,%,0) and (Y, M2, N2,%,9) be two b-intuitionistic fuzzy normed. Then

(X X Y,M,N,*°) s an b-intuitionistic fuzzy normed.
Proof:
Since (X, M1, N1,%,0) and (Y, M2, N2,%,°) be two b-intuitionistic fuzzy normed space,
let (), (r,h) € X XY e have
1- Since Mi(x,t)>0ang M2(¥,)>0 | wvt>0 Since Ni(x,t)>0and
Ny, ) >0  vt>o0
= M((x,y),t) >0 ’ N((x,),t) >0
2- Since Mix,t) =1 x=0 g0 M,(y,t) =1y =0 Since
Ni(x,t) =1 x=0 450 () =1y =0
= M((x,y)t)=1ex=0 , N((xy)t)=1ex=0

¢ t
3- Since My(ax,t) = My (x’ﬁ) and M,(ay,t) = M, (%m) , Vt>0

= M(a(x,y),t) = M((ax, ay),t)
= M, (ax,t) * M,(ay,t)

= M (o 7) * M2 (2.7)

=M, ((x, y),ril)

t t
Since M1(@x0) =N, (x'm) g M@ t) =N, (y.m) , Vt>0
= N(a(xl y)a t) = N((ax, a'y), t)
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= N;(ax,t) ¢ N,(ay,t)
t t
= Ny (x57) o Nz (7.77)
¢
=N ((x, J’).m)
4- Since Ml(x +r(t+ S)) =M, (x ’9 * M, (T ’E) and
My(y +h, (t+5)) = M, (y %) * M, (h %)
= M((x,y) + (r,h), (t+5) =M((x+1,y+h),(t+5))
t s t s
= My (x,5) « Mi(r.3) « My (v.5) = Mz (h3)
2 My (x,5)* My (y.5) < M (r,3) = M ()
>M ((x, y) %) * M ((r, h),i)
Since Ni(x+7({E+s) <N (x,%) * Ny (r %)
Nz(y + h, (t+ s)) <N, (y %) * N, (h,%)
= N((x,y) + (r,h),(t+5) =N((x +7r,y+h),(t+5))
t s t s
<Ny (x,g) o Na(ro3) o Mo (v.5) o V2 (h3)
t ¢
<My (x.5) oMo (v,5) o Ma(r.3) o Na ()
<N (@) on(h).2)
5- Since M1(x,t):(0,0) = [0,1] is continuous and M2(y,t) :(0,0) = [0,1] s
continuous.
Since N1(x,t):(0,) = [0,1] s continuous and N2(¥ ,t): (0,0) = [0,1] is continuous.
Then M((x, ), t): (0,00) — [0,1] , N((x, ¥), t): (0,0) = [0,1] is continuous.
6- Since iMoo M1(x,t) =1 ang limee Ma(y,t) = 1Since limee Ni(x,t) =1
and lim Np(y,t) =1
Then limt_,mM((x,y), t) =1 , limt_,mM((x, y),t) =1

and

Theorem (4.3):
Let {*n} bea sequence in an b-intuitionistic fuzzy normed space (X, My, Ny,*,0) converge to x in X

and Wnl} isa sequence in an b-intuitionistic fuzzy normed space (Y, M3, Np,*,0) convergeto Y in Y.
Then {(xn,¥)} isa sequence in an bintuitionistic fuzzy normed space (X XY,M,N,x*p0) converge to

(%Y) in XXY.

Proof:
We show that for each @ € (0,1) and t > 0 , there exist Mo € Z* such that

M((xn ryn) - (er)rt) >1—-a and N((xn 'y?l) - (x!y)!t) <a forall M > No
By theorem (3.3.23) (X XY,M,N*2°) isb-intuitionistic fuzzy normed spaces
Since {*n} bea sequence in (X, M1, N1,%,°) convergence to x
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Then for each @ € (0,1) and t > 0, there exist Mo € Z* such that

t t
Ml(x“_x’ﬁ) >1-a, Nl(xn—x,g) <a:‘ forall N =Ny Vb =1
Since {¥n} be a sequence in (¥, Mz, N2,%,9) convergence to ¥
Then for each @ € (0,1) and t > 0 , there exist Mo € Z™ such that
t t
Mz(y"_y’g) >1l-a, Nz(yn—y,g) <a’ forall n=Ng Vb >1
Then that for each @ € (0,1) and ¢t > 0 , there exist Mo € Z* such that
t t
M((xn Jyn) - (x,y), t) = Ml (xn - x,g) * MZ (yn - y:%)
>(l-a)*(1l-a)=1-a)
t t
N((xnryn) - (x:y)’t) < Nl (xn - x;E) ° NZ (yn - y»z)
<aoa=a, forall N=Ng  Vb=>1
Thus {(xn, ¥} converges to (x, ),

Theorem (4.4):

If {Xn} bea Cauchy sequence in an b-intuitionistic fuzzy normed space (X, M1, N1,%,°) and {¥n} isa
Cauchy sequence in an b-intuitionistic fuzzy normed

space (Y, Mz, N2,%,°) then {(xn,¥n)} isa Cauchy sequence in an b-intuitionistic fuzzy normed space
(X XY,M,N,x*0)

Proof:
By theorem (3.3.23) , (X X Y, M, N,*,9) is b-intuitionistic fuzzy normed space

Since {*n} bea Cauchy sequence in b-intuitionistic fuzzy normed space
(X, Ml! le*ro)
Then for each @ € (0,1) and t > 0 , there exist Mo € Z™ such that
t t
My (= 55) > 1= @ M (5= m50) <@ g mm =y | wb > 1
Since (¥n} isa Cauchy sequence in b-intuitionistic fuzzy normed space
(Y, M3, Np,*,0)
Then for each @ € (0,1) and t > 0 , there exist Mo € Z™ such that
t t
Mz (yn_YmJE) >1l-a, N2 (yn_ymaz) <a
t t
Then M((xn :yn) - (xm :ym)r t) = Ml (xn — Xm ,%) * MZ (yn ~ VYm r%)
>1-a)*x(1—-a)=(1-a)
N((xn, ¥) — Com Y, t) < N (x —X i)<>N (y -y i)
n:’n m»Jmsh» 1 n moo,y 2 n moo,
<aoa=a ,foral LM=2ny Vb=>1
Thus {0, )} isa Cauchy sequence in (X XY, M, N,x,0)

Theorem (4.5):
If (X, My, N1,%,0) and (Y, M2, N2,%,0) are complete b-intuitionistic fuzzy normed spaces then the

product (X XY, M, N,*0°) s complete b-intuitionistic fuzzy normed space.

Proof:
Let {(n, )} bea Cauchy sequence in X X Y
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Since (X, M1, N1,%,0) and (Y, M2, N2,%,0) are complete b-intuitionistic fuzzy normed spaces.
Then 3xin X and Y in Y such that {Xn} convergent to X and O} convergent to Y So for each
a € (0,1) and t > 0, there exist Mo € Z* such that

Ml(xn—x,%)>l—a and Mz(yn—y,é)>l—a:

t t
Nl(x“_x’ﬁ) <@ 4nd N (yn—y%) <a , forall =Ny Vb =1
Now
Then for each @ € (0,1) and t > 0 . there exist Mo € zZ* such that

t t
M((xn Jyn) - (ny)Jt) = Ml (xn —X,E) * MZ (yn _y’g)
>1l-a)«x1-a)=1-a)
t t
N((xn!yn)_(x!y)!t)<N1 (xn_x’g)oNz (yn_yig)
<aoa=a, foral N=2Ng Vb=>1
Then {(n, ¥)} convergentto (X,¥) in X XY .

Theorem (4.6):

If (X XY, M,N,*,°)is an b-intuitionistic fuzzy normed space, then (X, My, N1,%,°) and
(Y, M3, Np,%,0) are  b-intuitionistic fuzzy normed space by defining
Mi(x,y) = M((x’ 0), t) and M2(,8) = M((O’y)’t) forall X€X, YEY and t > 0.

Ni(x,y) = N((x, 0), t) and N2(v, 1) = N((O'Y)* t) forall X€EX, YEY and t > 0.

Proof:
1- My(x,y) = M((x,0),t) >0, VxeX

N;(x,y) = N((x,0),t) > 0
= M;(x,y) >0, N;(x,y) >0

2 Forall £>0,1=M(x,t)=M((x,0),t) &x=0
1=N;(xt)=N((x,0),t) & x=0
= Mkxt)=1x=0 Nxt)=1x=0
t > 0 :Ml(ax! t) = M(a(x’ 0)! t) = M ((x !0)!ﬁ) = Ml (x ;L)

|al

3- Forall
t

N;(ax,t) = N(a(x,0),t) =N ((x,[]),—) =N, (x ,i)
|a]

||

4- Mi(x+y,(t+5s)) =M((x+7y,0),t+s)
=M((x,0) + (5,0),t +5s)
>M ((x ,0),%) * M ((y ,0),%)
> My (x.5) My (v.5)

Ni(x+y,(t+5s) =N((x+y,0),t+s)

131



Journal of Education for Pure Science- University of Thi-Qar
Vol.10, No.2 (June, 2020)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq

= N((x,0) + (¥,0),t +5)
<N (@0 v (0.0.7)

=M (x.g) oM (yg)
5- My(x,.) = M((x, 0)'-) , Ny(x,.) = N((x, 0)'-) are continuous from (0, ) to
[0,1] forall x € X
6- im0 My (x,y) = lim;_, M((x,0),t) = 1
limg_eo N1 (x,y) = limeo, N((x,0),t) = 1
Then (X, M1, N1,%,0) is b-intuitionistic fuzzy normed space
Similarly we can prove that (Y, M3, N2,%,0) is b-intuitionistic fuzzy normed space.

Theorem (4.7):
If (X XY, M,N,%,°) pe a complete b-intuitionistic fuzzy normed space , then (X, M1, N1,%,0) and
(Y, M3, N2,%,°) are complete b-intuitionistic fuzzy normed

spaces.
Proof:

(X, M1, N1,%,0) and (Y, M3, N2,%,0) are complete b-intuitionistic fuzzy normed
spaces by theorem (3.3.27)
Let {Xn} be a Cauchy sequence in (X, M1, N3,%,0)
Then {(*n, 0)} be a Cauchy sequencein X XY
But X XY is complete b-intuitionistic fuzzy normed space

Then there is (%,0) in X X Y such that {(*n, 0)} convergent to (¥, 0)
Now , 1Myco My (6, = X, ) = limy,_q, M((x, —x,0),t) =1
lim,, e Ny (%, — %, ) = lim, oo N((x,, — x,0),t) = 1
Then (X, My, Ny,%0) g complete b-intuitionistic fuzzy normed space
Similarly we can prove that (Y, M3, Np,%,0) g complete b-intuitionistic fuzzy normed space.
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