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Abstract:

In this article, we present existence results for a general class of systems of nonlinear hemi-equilibrium
problems by using a fixed point theorem. Our parse comprises both the statuses of bounded and
unbounded closed convex subset in real reflexive Banach space.
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Introduction:

In the last few years the theory hemivariational inequalities acquired private interests as many
articles were consecrated to the study of existence and plurality of solutions for this type of inequalities
see[ 2,3,5,6,7,9,10,11,19,23].The idea of hemivariation inequality was presented by P. D. Panagiotopoulos
at the beginning of the 1980 see [27,28 | as a variational forging for numerous classes of unilateral
mechanical problems with non-smooth and nonconvex energy functional .The hemivariational inequality
problem trivializes to a variational inequality problem ,if we delimit the involved functionals to be convex
which were studied earlier by many authors (see Fichera [13 ], Lions and Stampacchia [22 ], Hartman
and Stampacchia [ 18]) .In the last decades the theory of hemivariational inequalities has outputted
numerousness significant results both in Pure and applied mathematics besides as in other scopes such as
mechanics and engineering sciences as it permitted mathematical formulation for new classes of
invitingly problems see [ 14,19,24, 25,26 ,29]) .The objective of this article is to proof the existence
of at least one solution for a general class of systems of nonlinear hemivariational on bounded or
unbounded closed and convex subset by wusing a fixed point theorem including set valued
mapping see [21] . In order to accomplishes the objective, the article is divided to the following
sections. In section 2 we present some definitions and results that help us in the study. In section 3 we
formulate the system of generalized hemivariational problem and the main results are proofed

2. Preliminaries with basic assumptions:

We introduce in this section some ideas and results that need to be imposed in order to demonstrate our
main results from non-smooth analysis that will be used throughout the article. We suppose that S; is a
Banach space and Si is the topological dual space of the Banach space S;, with (--); and |[Il;
denote the duality pairing between S; and S; ,respectively for every i € {1, ...,n}.
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We resummons that A: S = R is said to be locally Lipschitz function if for every X € S there exists a
neighborhood Y of x and a constant Ly > 0 in which
IAw) — A(@)| < Ly llw—1z|ls ,VwW,Zz€EY
Definition 2.1.[8] Suppose that A : S — R is a locally Lipschitz.The generalized derivative of A atx € S
in the direction y € S is denoted by A°(x;y) . The following define
0fw. _ limsup A(w+ay)—A(w)
A(X'Y)_w—>x alo a '
In the same way , one can predefine the partial generalized derivative and partial generalized gradient of

locally Lipschitz function in the it" variable.
Definition 2.2:[8] Let A : S; X ... X §; X ... XS, = R be a locally Lipschitz function in the i*!. The
partial generalized derivative of A(Xq, ...,X;, ...,X,) at the point X; € S; in the direction y; € S;,
denoted by AS(Xq, ..., Xj, ---, Xp; Vi) 1S

limsup A(X1,e Wi+ Y, oo Xn) —A (X1, 0y Wi, X))
wi—-x; al0 «
Lemma 2.3.[8]. Suppose that A:S — R is a locally Lipschitz function of rank Ly nigh the pointx € S..
Then
1.y — A°(x;y) the function is positively homogeneous, subadditive,finite and holds

|A°(x; y)| < Lyllylls;

2.A°(x;y) is upper semicontinuous as a function of (X, y).
Definition 2.4.[8] Let A: S — R be generalized gradient of a locally Lipschitz function at point X € S a
subset

A(i’(le v Xj, s X YI) =

of a dual space S*,is defined by
0A(x) = {@ €S": (0, y)s < A°’(x;y),forally € S}.
For a function A:S; X ... X §; X ... X S, = Riis locally Lipschitz in the i*'variable. The partial
generalized gradient
of the mapping x; = A(Xq, ..., Xj, ..., Xp) We denote by 9;A(Xq, ..., X, ..., Xp)»for all y; € S; that is
9;A(Xy, .., Xj, -, Xp) = {0; € S}: (@i yi)s, < AS(Xq, o, Xjy oo, X3 Vi), VY € Si}.

Definition 2.5.[8] Suppose that S is a Banach space and A: S — R be a locally Lipschitz function .We
say that
A isregularatx € S, if every y € S the one-sided directional derivative A(x, y)exists and A(x;y) =
A°(x,y).If this right for each y € S, we say that A is regular.
Definition 2.6 Suppose that S is a Banach space. A mapping f : S = R is said to be

(1) lower sem continuous (for short,(L.s.c)) at X, € S if

f(X,) < lirrln inf f(X,)

(i1))  upper sem continuous (for short, (u.s.c)) at X, € Sif
f(X,) = lim sup f(X,)
n

for any sequence X,, of X such that X;, - X, .
Lemma 2.7 [ 8] Suppose that A:S; X ...X S; X ... X S, = Ris areqular, locally Lipschitz function .
Then
following hypotheses are fulfilled;
LOA(Xq, .o, Xj, ooy Xp) € 01A(Xq, oo X, ooy Xp) X oo X A (Xq, v, Xy ooy X)) X oo X 00A(Xq, oon, X, ooe, Xp);
LA%(Xq, o) Xy s X3 V1o 0 Vib o0 V) < Din1 AY (X4, oo, Xy oo, X3 Vi)s
iii. A°(Xq, o, Xiy oo, X3 0, o0, Vi, oo, 0) < AP(Xq, oov ), Xy voes X3 Vi)-
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This section will be ended with very important theorem (Lin fixed point theorem) for set-valued mapping
which is

key to prove the main results of the study. See[19]

Theorem (2.8) [19]. Let K be a nonempty convex of a Hausdorff topological vector space. Assume that
F< K X K is subset such that:

i. The set H(r) = {t € K: (r,t) € F} is closed in K,for all r € K;

ii.The set Q(t) = {r € K: (, t) & F} is either convex or empty, for all t € K;

iii.For every r € K then (r,r) € F;

iv.K has a nonempty compact convex subset of K,such that the set D = {y € K: (x,y) € F,vx € K.} is
compact.

Then there exists a point y, € D in which that K X {y,} c F.

3. Main Results.

In the section, we introduced formulation of the problem and main results. Let X4, ..., X,, be real
reflexive Banach spaces and let Yy, ..., Y, be real Banach spaces ,where n is a positive integer ,and let
K; be anonempty closed and convex subset of areal reflexive Banach space X; ,for i € {1,...,n}.
We aassume that for i € {1, ..., n} there exist linear compact operators Z;: X; — Y; ,the single-valued
functions
1; : X; X X; = X; and the non-linear functional B;:X; X .. X X; X ... XX, X X; = R. We also
suppose that
J:Y{ X ..xY, = R isareqular locally Lipschitz functional. We present the following notations:
X=X;X..XX,,Y=Y; X..XY, and K=K; X .. XK, ;

u; = Z;j(w;) , ni(w, vy) = Z;(mi(wy, vy) ,Vied{l,..,n};

u=y,..,u,) ,u=~Uy,..,Uu,);

N, v) = (11 (g, v1), ., M (U, ) and 7w, v) = (71 (@ ), ..., T (W, V));
B:XxX- R, B(u,v) =YL B;(uy, ..., uy,n;(u;, vy)).

Now, we present the formulation of the problem, and our objective is study the following system of
nonlinear

hemiequilibrium problems (SNHEP) .

Find (uq, ....u,) € Ky X ... X K,, such that for all (vy, ..., v,) € Ky X ... X K,

(Ty(uy, ..., up),My(ug, vp)) + By (uy, ., up,ny(uyg, vp)) +J5(Ay, ..., Uy, M1 (ug, v1)) = 0

Where for eachi € {1, ...,n}.

Now, we recall special case, if T = 0 reduces to nonlinear hemivariational-like inequality systems
(NHLIS) .(see [4]).

In order to introduce the existence of at one solution for (SNHEP) we shall suppose the following
conditions are satisfied.

(Ry) The functional B;: X; X ... X X; X ... X X, X X; » R, Vi € {1, ...n} holds.

(i) B;(uy4, ..., u;, ...,u,,0) =0,V u; €X;;

(ii) V v; € X; the mapping (uy, ..., u,) = Bi(ul, o, U, My (U, Vi)) is weakly upper semi continuous ;
(iii)v(uy, ..., u,) € X; X ... X X, the mapping v; — Bi(u1, e, Up, M (U, Vi)) is convex.

(R3) The mapping n;(+,-): X; X X; » X; , foreach i € {1, ..., n} satisfied the following conditions ;
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(@) ni(u;u) =0, Vu€X;

(ii) M;(u;,-) is linear operator ,for ever u; € X ;

(iii) ni(u", v;) = n(u;,v;) Vv; €X; ,whenever ui" - u;

(R3)

(D) limsup, (T;(u", ..., up’), N (ui", vi))x, < (Ti(uy, ..., uy), M;(wy, vi))x, where

(uf, ..., uf) - (uy,...,u,) asm — oo andv; € X is fixed.

(i) v; = Y 1(Ti(uy, ..., uy),Ni(u;, v;)) is a convex for every u; € X; .

The first major result of this article refers to the state when the sets K; are bounded, closed and convex it
is given by

the following theorem.

Theorem 3.1. Assume that K; c X; be a nonempty, bounded closed and convex set for every i €
{1, ...,n} If the

condition Ry R; and R3 are satisfied ,then the system of non-linear hemiequilibrium problems
(SNHEP) admits at least one solution.

In what follows, we are going to introduce formulation of the following vector hemiequilibrium
problems:

(VHEP) Find u € K such that for all v € K

(Tyn(u,v)) + B(w,v) + J°(@,77(w,v)) =0.

Remark 3.1.Suppose that the conditions (Ry)_(i) , and (R,)_(i) are satisfied, then any solution u°® =
(ug, ...,ud) € K; X ... x K, of the vector hemiequilibrium problems (VHEP) , then u®is a solution of the
system (SNHEP).

Proof: In work, if for an i € {1, ..., n} we fix a point v; € Kjand for j # i we suppose that v; = uj ,by

Lemma 2.7 and the fact that u® is a solution (VHEP) we get that

0 < (Tu®,n(u®v))x + B(u°,v) +J°(u%n(u°v))

n

n
< Z(Ti (g, ..., up), m;(wf, v;)) + Z B; (u‘l’, s u?, ...,ug,nj(u;’,vi))
=1

j=1
n
+ > ¢ (uy, .., udn;(uf,v)
i (U Un MY Y
j=1

= (Ty(us, ..., ud), n;(u?, v)) + Bi(ug, ..., u, n;(wf, vp)) + J3(uy, ..., ug, M (uf, v))
Vie€{1,..,n}andv; € K; a fix point implies that (uf, ..., u3) € K; X ... X K}, is a solution of the
problem (SNHEP).

Remark 3.2. Since J{ (uy, ..., u,; v;) is convex and n;(u;, . ) is linear for each i € {1, ..., n}and for each
(uy, ..., uy) € Xg X ... X X,, ,it follows that the mapping v; = ]i"(ul, ey Up; ni(ui,vi)) is convex.
Proof of Theorem 3.1.According to Remark 3.1 it is adequately to prove that problem (VHEP) admits a
solution. We deem the set F c K X K as follows

F={(v,u) € KxK:(Tu,n(u,v))x + B(w,v) + J°(w; 7(u,,v)) = 0}.
Now, we shall prove the set F holds the assumptions needed in Theorem 2.8 for the weak topology of the
space X.
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Dunning 1.The set H(v) = {u € K: (v,u) € F} is weakly closed in K ,for every v € K.
To prove the relation above, for a fixed v € K we let us consider the functional 8: K — R defined by
8(uw) = (Tu,n(w,v))x + B(u,v) + J°(u; 7w, v)).
And we shall prove that it is weakly upper semi continuous .Assume that {u™} c K be a sequence such
that u™ — u as m— oo. Using (Rq)_(ii) we get that
limsup grym vy = limsubyn g (uf, ..., up, m;(uf®, v)))

m—0oo m-—0co

<2 11:?_?3 Bi(ul", ..., up, n; (ul, vy))
< YLy Bi(ug, . uy,mi(uy, vy)
= B(u, V).

Now, the other hand ,we suppose that Z; is a compact operator, for each i € {1, ..., n}.So, we get that u™
converges strongly to some U € K for i € {1, ..., n} andv; € K; ,7;(uj", v;) converges strongly to
1;(u;, v;),hence N(u™, v) converges

Strongly to 77(u, v), for each v € K .Implementing this verity, together with Lemma( 2.3)-(ii) we get that

limsup Je(™n™, v)) < Jo(wnu, v)).

m — oo
Finally, using R3_(i) we obtain

li li
ISP T m), nm, v = P S (T, - ul), e, v))x,

< Z llmSllp <T (ul ) e, u:ln)’ T]i(u%n; vi))xi

< Zi=1<T1(u1' o W), M (U, v))x,
= (T(w),m(u,v))x .
Consequently ,8 is weakly u.s.c. So,the set [ = B] = {u € K: 8(u) = B} is weakly closed for any B € R.
Take B = 0 .We get that the set H(v) is weakly closed.
Dunning.2. Q(u) = {v € K: (v,u) & F} is either convex or empty, for eachu € K.
Assume that fix u € K and itis clear Q(u) is a nonempty for u € K. Let us choose v,v? € Q(u),t €
(0,1) and vt = tv! + (1 — t)v2. By (R,) — (iii) , we get that
B(u,v) = XL Bi(uy, ..., up, m;(uy, v))
<Y'.,B; (ul, o Uy, M (gt + (1 — t)viz))
<tY',B; (ul, e, U, M (u, vil)) +(1-

t) XL, B; (“1; vory Up, m(ui, Viz))'

=tB(u,v) + (1 - t)B(u,v?) ,vte (0,1).
This means that v — B(u, v) is convex ,V t € (0, 1) .On the other hand side ,from Remark 3.2 we deduce
that the mapping

V- ]°(ﬁ, 1;(u, vi)) is convex .Then Q(u) is a convex set for the fixed u € K.

Dunning .3.For every u € K then (u,u) € F.
Assume that u € Kis a fixed point .From (R;) — (i) and (R;) — (i) we get that

(Tu,m(u,u)) + B(u,u) + lo(ﬁiﬁ(“' “)) =
> KTy, e u), (05 0)) +By Uy, o, W, e, U, 1 (05, 20))
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+],(i) (ﬁlr ey ﬁn' ﬁi (ui: ui))
=0
This means that (u,u) € F.

Dunning.4.The set D = {u € K: (v,u) € F,V v € K} is compact .
It clear K is a weakly compact subset of reflexive space X as it is bounded and convex. We notice that the
set D can berecount written in the following form:

D= nvekH(V) ’
which implies that D is ditto a weakly compact set as it is an intersection of weakly closed subset of K
,therefore, by
applying Theorem 2.8 ,we obtain that there exists u® € D c k such that K X {u®} c F.Which implies
(Tu®,n(u°v))+ B°v) + ]°(u°,n(u°,v)) >0, VveK
So,u® is a solution of (VHEP) and ,from Remark 3.1, it is a solution of the system of nonlinear
hemiequilibrium problems(SNHEP).
We will show next that if we change able the conditions on the nonlinear functional B; we are still able
to prove the existence of at least one solution for our system. Let us consider that alternatively of (Ry) we
have the following set of conditions:
(Ry) For everyi € {1, ...n}, the functional B;:X; X ... X X; X ... X X, = R holds
(i) Bj(uy, ..., 4j, ...,u,, 0) =0, Vz; €X;;
(ii) For every i € {1, ..., n} and any couple (uy, ..., U;, ..., Up), (V1, ..., Vj, ..., V) € X3 X .. X X; X ... X Xy
we have
B;i(uy, ..o, Wy, oo, up, M (uy, v)) + By (s (e, v), uyq, o, uy, o, uy) =0,
(iii) For every (uy, ...,u,) € X4 X ... X X, the mapping v; — Bi(ul, s un,ni(ui,vi)) is weakly lower
semi continuous;
(iv) For every v; € X; the mapping (uy, ..., u,) = B;(uy, ..., uy, m;(u;, v;) ) is concave.
Theorem 3.2. Suppose that the nonempty ,bounded, closed and convex set K; c X; for eachi €
{1, ..., n} .If the conditions (R3)_ (R4) hold true. Then the system of nonlinear hemiequilibrium
problems (SNHEP) admits at least one solution.
For proof Theorem 3.2. we must prove the following Lemma;
Lemma 3.3.Let condition (Ry) be satisfied:
(1))B(u,v) +B(v,u) >0, VuveX;
(2) For every v € X the mapping u — —B(v, u) is weakly upper semi continuous;
(3) For every u € X the mapping v - —B(v, u) is convex.
Proof:
(1) From (Ry)_(ii) ,we have
B(u,v) + B(v,u) = T14[B; (uy, ..., up, m;(u, v)) + Bi(mi(u;, vi), vy, ..., u,)] = o0.
(2) Assume that {u™} c X is a sequence which coverages weakly to some point u € X .From (R,4)_(iii)
and the fact z™ — z ,one can get

l:;“i“fo [-B(v,u™)] = _:;m_i)noi B(v,u™)
liminf
= Mt s B (0w, v;), u)

m — oo
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liminf
< — ik n;nl:noo B;(m;(u;, vi), ui")

< — Xic1 Bi (Bi(u;, vp), uy)
= —B(v,u)
(3) Let u,vl,v? € X .Using (R,)_(iv) such that, vt = tvl + (1 — t)v?, vt € (0,1), then
B(v',u) = X1 [Bi(1;(us tvi! + (1 — ©)vf), u;)]
> Y [6B; (1 (wy, vit), uy, o uy) +

(1 — ©)B;(n;(w, v3), uy, .., uy,) | =tB(vi,u) +
(1 — t)B(v?,u).
This means that the mapping v — B(v%, u) is concave, then v » —B(v, u) must be convex.
Proof of Theorem 3.2.Assume that the set F € K X K ,the following defined by

F ={(v,u) € Kx K:—B(v,u) + (Tu,n(w,v)) + J°(w, 7(w,v)) = 0}.
In the same way as the proof of Theorem 3.1 to deduce that the assumption is bespoken in Theorem 2.8
are satisfies. So, there exists u® € K such that K X {u°} c F .Then

—B(v,u®) + (Tu’,n(u’,v)) + J°(u°, 7(u’,v)) = 0 Vv €
K. (3.1)
From Lemma 3.3, we get

B(u°v) + B(v,u®) > 0, vv e K. (3.2)
Adding relation (3. 1) and (3.2) we conclude that u®is a solutions of the problem (VHEP), which
applying Remark (3. 1).Then u® is a solution of problem (SNHEP) .

Now, let us assume the state when at least one of subset K; unbounded and either hypotheses R4, R, and
R; or R,
R; and Rysatisfies. Let Bg(0; P)be the closed ball of the space S centered in the origin point and of
radius P,defined
as follows:

B,(0,P) = {veES:|v|s <P}.
Let us consider P > o such that the set K;p = K; N By, (0, P) is a nonempty for every i € {1, ..., n}
.Therefor, the set K; p is a nonempty, bounded, closed and convex and from Theorem 3.1 or Theorem 3.2
the following problem:
(SP) Find (uy, ...,uy) € Ky, X ... X K, p such that for all (vq, ..., vy) € Ky p, ..., Ky p

By(uy, ...,y 1y (Ug, 1)) + (T1(Uq, oo, ), My (Uq, 1)) + 1§ (W, -, U, 11 (Ug, 1)) = 0
Bn(ulJ -y Up, nn(un! vn)) + (Tn(ub ] un): nn(un' vn)> + ],(1)1(1_11' L] ﬁn' ﬁn(un' vn)) >0
admits at least one solution.
Now, we have below existence result includes the state of at least one unbounded subset.
Theorem 3.4.Assume that the nonempty, bounded, closed and convex set K; € X;,for every i €
{1, ...,n} and
supposed there exists at least one index i € {1, ... n}such that K; is not bounded and eitherR4 ,R; and

R; or R, , Rz and Ry fulfilled ,then the system of nonlinear hemiequilibrium problem (SNHEP) admits
at least one solution if and only if the following assumption satisfies
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(R5) 3 P > 0 such that K; p is a nonempty for each i € {1, ..., n} and admits at least one solve
(ug, ..., ud) of problem
(SP) holds:

uy € int By, (0, P), vie{l,..,n}

Proof. The necessity is obvious.
In order to proof the a dequation for every i € {1, ..., n} assume that fix v; € K; and defined the scalar

2 ifud =v;
% = min {%, %} otherwise
iy,
Assumption (Rs) secures that a; € (0,1), so wy, = uf + o;(v; — u?) is an element of K; p due to the
convexity of the set K; .
State 1.(R;) _(R3)holds.
Applying verity (u$, ..., ug) is a solution of (SP) for every i € {1, ..., n} we get
(Ti(ug, ..., ud), mi(u), wy,)) +B;(us, ..., ud, n;(u?, wy)) +15(us, ..., ud, 7 (ud; wy,) =
0 (3.3)
From (3.3),we get
0 < o [(T; (s, ..., uf, m;(ud, vp)) +B;(us, ..., uf, m; (g, v;)) +J3(TY, ..., WY, 7;(uf, vy)]
+(1 — ) [(T;(ug, ..., up), n;(uf, ud)) + B;(us, ..., up, m;(ud, ud)) +
Ji(ag, ... g, m(uf, ud))]
= “i[(Ti(“g; o u), mi(ud, v)) + Bi(ug, ..., uf, m;(uf, vy)) +J5 (s, ---'“ﬁ'ﬁi(“?'vi)]
Portioning by a; the relation above, since v; € K; fixed we deduce that (u, ..., ug) is a solution of
problem (SNHEP).
State 2.(R,)_(R,) satisfies.
From Theorem 3. 2 secures that (3.1)
—B(n(u° w),u®) + (Tu®,n(u’,w)) + J°(u°, n(u®,w)) > 0, VweKp=Kpx..xKyp.
Let us consider w; = w,, and w; = u]p for j # i in the haut relation we get
0< a;[~B(p; (uf, v; — u,), uf, .., up) +(T(wf, .., up), n(uf, v; — u)) +

1@, - up, 1w, v — ud))]

n
= Z[—Bi (n(u), w; — u;’) u, ..., uy) +(T;(ug, .., ud), n;(uf, w; — u]‘-’))
=1
+J5 (@, ..., w7 (uf, w; — )
= —Bi(mi(ud, wo, —u?), ug, .., ul) + (T;(ug, ..., ud), n:(ud, wg, — u?)) +J5(us, ..., ug; wy, — uf)
< o[-Bi(mi(ui, v —ud), up, .., up) +(Ti(uy, ..., up), n;(ui, v; —up)) + )3y, ..., ug; i (ui, v; —
u?))l
Partitioning by «; we get that
—Bi(m(wi, v; —u),u) +(T;(uy, ..., up), n;(wi, v; —u)) +J3(uy, ..., up;vi —uf) = 0
Addition the relation above and (R4)_(ii) we obtain that
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(T;i(u$, ..., ud), ni(uf, v; —u)) B;j(ug, ..., ud, niwf, v; —uf)) +J3(ug, ..., ug; v; —uf) >
0 vie{1,..,n}
This implies that (ug, ..., u§) is a solution of problem (SNHEP),since v; € K;was arbitrary fixed .
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