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Abstract

This research presents an in-depth exploration of minimizing rounding errors and improving numerical precision in
the numerical solution of ODEs using high-order Taylor Series Methods (TSM). Rounding errors, inherent in the
IEEE 754 floating-point standard, are a universal challenge in computational mathematics as they accumulate over
time, particularly in simulations of chaotic or stiff systems, leading to significant deviations from true solutions. TSM
surmounts this challenge by approximating ODE solutions by high-order polynomials using Taylor series
expansions, which drastically reduce truncation errors. TSM employs a set of advanced techniques, including high-
precision arithmetic, automatic differentiation, compensated summation, error-free transformations, and interval
arithmetic, to prevent rounding errors. These combined techniques ensure numerical stability and accuracy even in
the most computationally demanding situations. The research rigorously tests the theoretical underpinnings of TSM,
including full error bounds, convergence behavior, and stability analyses. Practical utility is shown through
implementations like the TIDES software, which shows TSM's ability to maintain accuracy over billions of
integration steps. Comparisons with traditional numerical methods, such as Runge-Kutta, multistep, and symplectic
integrators, showcase TSM's better accuracy and computational efficiency for applications ranging from celestial
mechanics to molecular dynamics. Further case studies, such as simulations of N-body problems and stiff
biochemical systems, serve to illustrate the flexibility of TSM. Challenges, including computational intensity,
memory demands, and scalability, are addressed in detail with new solutions being proposed, e.g., parallel computing
frameworks, hybrid integration methods, and machine learning-based adaptivity. This expanded study provides a
unifying framework for the advancement of computational mathematics and applications, positioning TSM as a basis
for high-accuracy numerical analysis.

Keywords: Taylor Series Methods, Rounding Errors, High-Precision Arithmetic, Numerical Integration, Automatic
Differentiation

1- Introduction

Numerical solving of ordinary differential equations (ODEs) is a fundamental computational mathematics tool,
which allows sophisticated physical phenomena to be solved in engineering, physics, biology, chemistry, and
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economics. However, the finite-precision arithmetic conventions established by the IEEE 754 standard introduce
rounding errors that can seriously degrade solution quality [1]. The errors are introduced as a result of computers'
inability to represent real numbers, manifesting themselves as minute inaccuracies in every mathematical operation.
These discrepancies can amplify exponentially in extended time simulations or extremely sensitive systems, e.g.,
chaotic or stiff ODEs, and make numerical solutions unstable [2]. For example, for chaotic systems like the Lorenz
equations, rounding error of 10-16 can lead to order-of-magnitude differences within a few hundred steps.

High-Order Taylor Series Methods (TSM) provide a potent and new approach to these challenges through the
combination of high-order polynomial approximations and sophisticated error control techniques. Compared to
traditional methods like Runge-Kutta or multistep methods, TSM makes use of Taylor series expansions of
approximated solutions to orders of any desired level in order to eliminate truncation errors altogether. Also, TSM
uses advanced computational methods—high-precision arithmetic, automatic differentiation, compensated
summation, error-free transformations, and interval arithmetic- to precisely control rounding errors, providing
unparalleled numerical precision [3]. These capabilities make TSM especially suitable for applications that require
extreme precision, such as long-term orbital simulations in celestial mechanics, sensitivity analysis in dynamical
systems, and high-fidelity scientific computing calculations like climate modeling. Recent studies have demonstrated
the efficacy of advanced numerical techniques, such as the Elzaki Transform-Adomian Polynomial Method for
nonlinear coupled ODEs [4] and the application of Taylor series methods to Lane-Emden-Fowler equations [5],
highlighting the versatility of high-precision approaches in tackling complex differential equations.

This full paper gives a comprehensive analysis of TSM's mathematical foundations, error control approaches, and
industrial applications; It includes robust mathematical derivations, numerical results, and detailed comparisons to
other numerical algorithms. Advanced error control techniques, industrial case studies, and novel computational
paradigms are the new subsections. The paper also addresses implementation considerations, i.e., computational cost
and memory, and offers future directions, i.e., parallelization, hybrid methods, and integration with machine learning.
By being the first to report a comprehensive study of TSM's capability, this research will make it a pillar of high-
precision numerical analysis and inspire further work in computational mathematics.

2- Mathematical Foundations of High-Order Taylor Series Methods

2-1-  rem, which approximates the smooth function f(t) around a point tn as a polynomial series. For a function

2
with sufficient derivatives, the expansion is: (t, + h) = f(t,,) + hf'(t,) + h? ')+ +
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Where the remainder term, representing the truncation error, is: Ry (t) = (Z+1)' FEDE) EE€ [ty ta +h] ()

For an ODE of the form:

2= f(6),yt) =Y (3)

TSM approximates the solution at t, + ; as:

h2 d hk dk—l
y(tp + h) = yn + hf (tn, Yn) +7Ef(tn'Yn) +oet me(tn'Yn) “4)

Higher-order derivatives are computed recursively. For example, the second derivative is:
a _of L of

Higher derivatives are constructed by the chain rule, so that TSM can construct polynomials of arbitrary order k [6].
The truncation error Ry decreases rapidly with increasing k, and one can obtain a high degree of accuracy using
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small step sizes 4. For instance, doubling k reduces the truncation error by orders of magnitude, so TSM can be very
useful for problems requiring very high precision.

2-2- Automatic Differentiation

Manual evaluation of derivatives of higher orders is not feasible in complex systems due to its computational
complexity and sensitivity to errors. Automatic differentiation (AD) provides an accurate, machine-precision method
of evaluating derivatives by constructing a computational graph of the function f (7, y) and using the chain rule in a
1 dk—l
ki atk-1
order approximations. Unlike finite differencing, which introduces numerical errors, or symbolic differentiation,
which is computationally expensive, AD achieves an optimal balance for nonlinear ODEs [8]. For example, consider
the system f(t,y) = y? — t. The second derivative is computed as:

systematic manner [7]. In TSM, AD generates the Taylor coefficients f (tn, yn), enabling efficient high-

S A o I
el =2y =207t (0

AD builds up higher-order terms sequentially with precision and scalability. Additional efficiency comes for high-
dimensional systems by employing higher-level AD techniques, operator overloading, and reverse-mode
differentiation, bringing TSM within the scope of very large-scale applications such as fluid dynamics or biochemical
networks.

3- Rounding Errors in Floating-Point Arithmetic

3-1- IEEE 754 Standard

The IEEE 754 standard governs floating-point arithmetic, and the 64-bit double-precision format can provide 15—
17 decimal digits of accuracy [9]. The floating-point number is represented as:

(_1)5 ‘m- Ze—bias (7)

Where s is the sign bit, m is the normalized mantissa (1 < m < 2), and e is the exponent. The unit roundoff,
representing the relative error of a single operation, is:

ux222*109 (8)
For an operation x oy, the computed result z satisfies:

Z=(xoy)*(1+8),5|<u (9)

In numerical integration over N = T/h steps, where T is the simulation time and h is the step size, rounding errors
accumulate, potentially leading to deviations proportional to N * u [10]. For long-term simulations (e.g., T = 10°, h
=10), N = 10° amplifies errors significantly.

3-2-  Sources of Rounding Errors in TSM

TSM encounters rounding errors at multiple stages:

1. Computation of Derivatives: Recursive calculation of high-order derivatives involves numerous floating-point
operations, each contributing an error of the order of u.

2. Summation of Polynomials: Addition of Taylor series terms, ranging from large (low-order) to small (high-
order), produces cancellation errors, losing significant digits.

3. Step Size Effects: Large h values contribute to truncation errors, adding to rounding errors and contributing to
overall error accumulation.

4. Coefficient Storage: Storage of high-order Taylor coefficients in finite precision introduces additional errors,
especially for large k.

47


http://jceps.utq.edu.iq/

jeeps.utq.edu.iq

5. Conditioning: Poorly conditioned systems, whose input perturbations of small magnitude yield significant
output variations, amplify the rounding errors in TSM's recursive computations.

These errors contaminate the high-order accuracy of TSM and necessitate advanced error control techniques
[11]. For example, in chaotic systems, a single rounding error may alter qualitative behavior, e.g., a transition from
a periodic to a chaotic trajectory.

4- Rounding Error Reduction Strategies

TSM employs a comprehensive arsenal of techniques to minimize rounding errors, ensuring robust numerical
precision across diverse applications

4-1-  High-Precision Arithmetic

High-precision arithmetic goes beyond double precision by at least twice as many significant digits using
packages like MPFR or GMP. Increasing precision to, e.g., 100 digits reduces unit roundoff to:

u=10" (10)

This greatly reduces the accumulation of errors, particularly in unstable models where small errors generate
enormous divergences [12]. For instance, high-precision TSM maintains accuracy in Lorenz equation models to
billions of steps, while double-precision methods break down at thousands [13]. The trade-off is the increased
computational cost, which can be compensated for by optimizing algorithms and hardware acceleration. Recent
advances in arbitrary-precision libraries, such as MPFR's support for fast polynomial evaluation, also enhance TSM
efficiency [14].

4-2-  Compensated Summation

Summing polynomial terms in TSM can result in precision loss due to magnitude differences. Kahan
summation addresses this by maintaining a compensation term:
S@i+n = Si T (@it ¢i), ¢y = (@it ¢i) - (srny - 81)  (11)

Where ci offsets lost precision [15]. This reduces rounding error from O (n u) to O(u) when using n terms,
crucial in high-order TSM where terms span a large number of orders of magnitude. Such extensions as Priest's
double-double arithmetic achieve this a step further, realizing near-quadruple precision on double-precision hardware
[16].

4-3-  Adaptive Order and Step Size

TSM dynamically adjusts the polynomial order k and step size h to balance accuracy and efficiency. The
remainder term is:

hk+1 dk
Ri(tn + h) = oo gm f (6. S E ltn tn + R] (12)
Through approximation of the kth derivative, TSM selects k and h to keep Rk within an acceptable tolerance
and minimize truncation error [17]. Adaptive methods can increase k or decrease h in stiff systems for stability
purposes, while non-stiff systems allow for larger h in economic considerations. Advanced adaptive algorithms,

including those through the application of error extrapolation, further improve by predicting optimal k and h values
[12].

4-4-  Error-Free Transformations

Error-free transformations (EFTs) decompose floating-point operations into exact and error components. For
addition a + b:
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s=atb,e=(a-s)+b (13)

Where s is the sum calculated, and e is the exact error [18]. EFTs enhance the precision of polynomial evaluation
in TSM without losing a large number of digits to cancellation. This is most relevant to multi-dimensional systems,
where summation error is more evident. Later deployments of EFT, such as two-product transforms of multiplication,
also enhance high-order term accuracy [19].

4-5-  Interval Arithmetic

Interval arithmetic represents numbers as intervals [a, b] containing the true value, ensuring rigorous error
bounds. For an operation x o y, the result is:
[Zmin, Zmax] (14)

To enclose the exact solution [20]. Interval arithmetic in TSM quantifies and bounds rounding error, especially
in long integrations. Although computationally intensive, it enhances reliability in safety issues, e.g., spacecraft
trajectory optimization [21]. Optimized interval libraries with low overhead, e.g., INTLAB, enable the scheme to
carry over to high-precision TSM [22].

4-6-  Advanced Error Control Techniques
Apart from the basic methods, TSM also employs advanced techniques to minimize rounding errors further:

e Stochastic Rounding: Randomizing rounding directions to avoid bias in error accumulation, with particular
usefulness for iterative algorithms [23].

e Symbolic-Numeric Hybrid: Combining symbolic algebra used for calculating derivatives with numeric
computation for reducing rounding errors in coefficient generation [24].

e Dynamic Precision Scaling: Dynamically scaling precision based on estimated error, trading off accuracy and
computational cost [25].

These methods, employed regularly in codes such as TIDES, make TSM more robust in ultra-high-precision
applications, such as integrating exoplanetary orbits over millennia.

5- Improving Numerical Precision
5-1-  Theoretical Framework

Numerical precision in TSM is enhanced by minimizing both truncation and rounding errors. The local
truncation error for a kiy-order TSM is:
Elocal = O(hk+1) (15)

Over N = T/h steps, the global truncation error is:
Etrune = N - O(hk+1) = O(Thk) (16)

Rounding errors accumulate as:
Eoma=Nu=(T/h)u (17)

High-precision arithmetic reduces u, and adaptive order selection optimizes k, ensuring both errors are minimized
[26]. TSM’s high-order nature allows arbitrarily small truncation errors by increasing k, while compensated
summation and EFTs keep rounding errors negligible. Theoretical analyses, such as backward error analysis, further
quantify TSM’s precision by modeling it as an exact solution to a perturbed ODE [27].

5-2- Practical Implementation

TIDES software demonstrates the accuracy abilities of TSM, using high-accuracy arithmetic and AD to provide
errors orders of magnitude smaller than for conventional methods [3]. In celestial mechanics, TIDES sums up the
three-body problem over billions of steps with orbital stability preserved, where Runge-Kutta breaks down [28].
TIDES uses variable-order integration with dynamic k adaptation depending on local estimates of error. The recent

49


http://jceps.utq.edu.iq/

jeeps.utq.edu.iq

developments, namely, GPU acceleration of AD and sparse matrix optimizations, extend TIDES to high-dimensional
systems, e.g., galaxy formation models [29].

5-3- Error Propagation Analysis

Consider error propagation in a scalar ODE, where the total error at step n, €, = yn - y(ta), evolves as:

€m+l) =€n T h* [f(tn, yn) ‘f( s y(tn)) ] + Eiocat + Eround (18)

with Eround = U * |y @r1)]. Using a Lipschitz condition:
Jf(t;J/) ‘f(t, Z)|SL*|y_Z| (19)

the error bound is:
e men| < (1 +hL)*[en| + [Eocall + |Eroundl  (20)

Over N steps, the global error is bounded by:

LT k+1
-1
ley I<ell lep | +5 Ch

' ((k+1)!

+u) (1)

Where C bounds the (k+1) th derivative [30]. Large k and small u give close bounds. More sophisticated analyses,
such as probabilistic error models, make these bounds closer by taking rounding error distributions into account [31].

5-4-  Case Study: N-Body Problem

To demonstrate TSM's precision, let's take an N-body simulation of a planetary system. ODEs underlying such
a simulation are very sensitive to initial conditions, so rounding errors are crucial. Using k = 50 and 100-digit
precision, TIDES maintains energy conservation to 10 ©* for 106 years, as compared to 10 © for RK4 in double
precision [32]. Adaptive order selection changes k dynamically to handle close encounters, demonstrating TSM's
robustness in chaotic systems.

6- Comparison with Other Numerical Methods
6-1-  Runge-Kutta Methods

Runge-Kutta (RK) methods like RK4 are simple and stable but of fixed order (typically 4 or 5). They require
repeated function calls per step and introduce more rounding errors. TSM, with adaptive k of 100, achieves orders
of magnitude lower error and is up to 15.8 times faster for high-accuracy use [33]. In the simulation of a double
pendulum, TSM maintains energy to 105 periods, while RK4 diverges at 103 [34].

6-2-  Multistep Methods

Multistep methods like Adams-Bashforth reduce function calls but are unstable for stiff systems. TSM's high-
order adaptability and high-precision arithmetic yield greater accuracy and stability. For stiff chemical kinetics
problems, TSM converges to errors of 10-20 while multistep methods diverge because of instability [35].

6-3-  Symplectic Integrators

Symplectic integrators preserve the geometric structure of Hamiltonian systems but are lower than TSM orders.
TSM's higher-order solutions yield higher quantitative precision for planetary orbit determination, with 10~° errors
as opposed to 10 for symplectic algorithms [36].

6-4-  Emerging Methods

More recent techniques, like exponential integrators and spectral deferred correction, are very accurate but do
not provide TSM's flexibility in the choice of order. TSM's capacity to scale k arbitrarily and the use of high-precision
arithmetic make it especially well-suited to extreme-precision applications [37].
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Applications in Mathematical Research

TSM’s precision has transformative implications across mathematical research:

Dynamical Systems: TSM computes Lyapunov exponents in chaotic systems like the Hénon-Heiles model,
identifying chaotic regions with errors below 10~° [38].

Celestial Mechanics: Long-term simulations of exoplanet orbits over 10"9 years maintain stability with TSM,
critical for habitability studies [39].

Numerical Analysis: TSM benchmarks new integrators, providing near-exact solutions for computational fluid
dynamics and electromagnetics [40].

Scientific Computing: In molecular dynamics, TSM ensures accurate energy conservation, improving
simulation reliability for protein folding [41].

Control Theory: TSM optimizes spacecraft trajectories with sub-micron precision, essential for deep-space
missions [42].

Case Study: Biochemical Networks

In stiff biochemical ODEs modeling enzyme kinetics, TSM’s adaptive k and high-precision arithmetic achieve

errors of 102, enabling reliable prediction of reaction rates. Standard methods like implicit RK diverge due to
stiffness, highlighting TSM’s advantage [42].

8-

Challenges and Future Directions

TSM faces several challenges:

¢ Computational Intensity: High-order derivative computations require significant resources, especially for
k > 100.

e Memory Requirements: High-precision arithmetic increases memory usage, challenging for large-scale
systems.

¢ Error Estimation: Rigorous rounding error bounds for high-dimensional systems remain elusive.

e Scalability: TSM’s sequential nature limits its application to distributed systems like PDE solvers.

Future directions include:

9.

e Parallelization: GPU and distributed computing frameworks to accelerate TSM, enabling real-time
simulations.

e Hybrid Methods: Combining TSM with low-order methods for non-critical regions, reducing costs while
maintaining precision.

¢ Robust Error Bounds: Probabilistic and machine learning-based error models to quantify rounding errors.

e Machine Learning Integration: Deep learning to optimize k and h selection, improving efficiency in
adaptive TSM.

Conclusion

High-order Taylor Series Methods constitute a breakthrough in numerical integration, offering unprecedented
accuracy, clever error control, and high-order approximations. Through the union of high-precision arithmetic,
compensated summation, error-free transformations, interval arithmetic, and adaptivity, TSM delivers hard-won
accuracy in applications from celestial mechanics to biochemical models. Deepening studies, case studies, and
contrasts with traditional techniques emphasise TSM's preeminence, while new methods such as stochastic
rounding and machine learning integration expand its possibilities. With advanced computational technology,
the strength of TSM in mathematical work will grow, fueled by discoveries that address its shortcomings and
enhance its application, establishing it as a cornerstone of high-precision numerical computation.
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