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Abstract:

This paper introduces the concept of the p-tuple of (7, m)-D-intuitionistic fuzzy normal operators in Intuitionistic
Fuzzy Hilbert Spaces (IFH -spaces). New definitions and theorems are established, and key algebraic and structural
properties are investigated. The results provide a rigorous foundation for extending intuitionistic fuzzy operator
theory and highlight the significance of these operators in the broader context of IFH -spaces.
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1-Introduction

In recent years, intuitionistic fuzzy spaces have attracted significant attention due to their diverse applications in
fields such as artificial intelligence, approximation theory, and the analysis of imprecise data. Despite these
developments, the theory of (7, m1)-D-intuitionistic fuzzy normal operators, particularly in the context of p-tuples,
remains insufficiently explored. This study aims to address this gap by introducing the p-tuple of (n,m)-D-
intuitionistic fuzzy normal operators within Intuitionistic Fuzzy Hilbert Spaces (IFH -spaces), establishing
fundamental definitions, and proving theorems that describe their algebraic and structural properties. Specifically,
the Intuitionistic Fuzzy Hilbert Space (IFH -space) serves as a natural extension of the classical Hilbert space in the
intuitionistic fuzzy framework, playing a central role in the analysis of both algebraic and structural aspects of these
operators. This contribution extends the existing framework of intuitionistic fuzzy operator theory and provides a
solid foundation for future research in this area.

Park [25] was among the first to explore the concept of Intuitionistic Fuzzy Metric Spaces, providing a theoretical
foundation for measuring distances under uncertainty and fuzziness. Later, Saadati [20] extended this concept by
introducing the intuitionistic fuzzy metric and norm, paving the way for more sophisticated analytical constructions.
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In 2009, Goudarzi et al. [22] intrOduced the notion (IFIP-spaces), marking an essential step toward a comprehensive
theory of intuitionistic fuzzy functional analysis. Subsequently, Samanta and Bera [21] redefined and refined this
concept in 2019.

A major development came in 2020, when Radharamani and her collaborators [18, 19] provided a formal definition
of (IFH -Space), highlighting its structural and foundational properties. This advancement enabled the study of linear
operators within an intuitionistic fuzzy environment, analogous to classical Hilbert space theory, but incorporating
the degrees membership and non-membership each element

In this context, the concept of the Drazin inverse has emerged as an important analytical tool for studying linear
operators. It was first introduced for bounded operators on complex Banach spaces by Sheibani, Rashidi, and Rezaei
[17] and King [9]. Since then, numerous detailed studies and applications of Drazin invertibility have been
conducted, which can be explored further in reference [5].

Additionally, significant contributions from functional analysis provide theoretical support for the fuzzy operator
theory presented in this work, particularly those outlined in [1, 8, 11, 12, 13, 14, 15, 23], which address operator
properties and spectral theory in the context of generalized and fuzzy structures

The paper regulations are as follows

Section two includes several preliminary results. In Section three, we introduce the concept the intuitionistic fuzzy
Drazin inverse, present several theorems, and discuss some properties. We also cover D - intuitionistic fuzzy
normal, 72-power D-intuitionistic fuzzy normal, (72, 7m)-power D-intuitionistic fuzzy normal, jointly intuitionistic
fuzzy normal, jointly intuitionistic fuzzy 7- normal, jointly intuitionistic fuzzy (n,7)- normal, p-tuple of D-
intuitionistic Fuzzy normal operator and p-tuple of - power D- intuitionistic Fuzzy normel operator which are
utilized in this paper. In Section four we introduce the concept of a p-tuple of (s, ) - D- intuitionistic Fuzzy
normal operator IF (n,m)- NB,[X]?, present several theorems, and discusses some properties.

2- Preliminaries

Definition 2.1: [22]
A continuous t-norm T is said to be continuous t-representable if and only if there exist a continuous t -norm * , a

continuous t — conorm ¢ defined on the interval [0,1], ¥ elements x = (x4, %;) , ¥V = (¢1,%2) € L*, the following
hold:

T(x,4) = (21 * 41,22 © Y2).

Definition 2. 2: [22]
Let
p: X% x (0,4 0)-[01], 9: X2 x (0,+ ) - [0,1],

u(e,y,t)+ 9(x,y,t) <1L,Vx,y EX& t>0.

An Intuitionistic Fuzzy Inner Product Space (IFIP-Space) is defined as a triplet (X s Fue ) , where X is real Vector
Space, F,y is an Intuitionistic Fuzzy set on X' 2 x R and J is a continuous t —representable , the following
conditions are satisfied for all x, ¢,z € X ands, 7,2 € R:

(IFI-1) % » (x,4,0) = 0and F , (x,x,£) >0,Vt >0.

(IF1-2) F o (2,94, 1) = Fup (g, x,1).

(IF1-3) F,» (x,x,2 ) # H ()

forsomet € Riffx # 0
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1, if >0
Where H () = {0 i £<0

(IFI-4) For all scalars a € R
TIJ.,/D’ (xly'llg)l lf (04 > 0
N <T|,1,v (xyg)) ifa <0

(IFI-5) sup {T (Tw,(x, 3,8),Fyo (4, zm))} =F(x+yy 1)
(IF1-6) F, . (x,%,.): R — [0,1] is continuous on R\ {0}.
(IFI1-7) limg o F o (x, 4, £) = 1.

Note 2. 3: [22]

(i) The standard negator is defined as N (x) =1 —x, Vx € [0,1]

(ii) By defining the inner product as{x, ¢) = F, (%, 4, .), it becomes evident that the Intuitionistic Fuzzy Inner
Product behaves in a manner analogous to the classical inner product.

(iif) Schwarz inequality:

for x,4 € X and for any 8,2 > 0 the following inequality holds

Fowlt,y,t8) 27T (Tw(x,x,tz)Tu,v(y,y,sz)),

(iv) Asequence {x,} € X is said to be t — convergent to x € X ,if for any givene >0, >
0, there exists anatural number ,N° = N°(g, A), such that P(x,, — x,€) > N, (A), whenever n > NO.
(v) Enable #(x) be a continuous linear functional on X . Then its said to be Tr,. - continuous if for any

. T TPy
sequence x, in X x, — x = #(x,) — F(x),

Theorem 2. 4: [18]
Let (X, Fow ,7) exist as any IFIP — Space , where Tis a continuous t - representable suchthat V x,¢ €
X,sup{t € R F,,(x,4,£) <1} < oo .Define(,.): X X X - R by {x,4) =sup{t € R: F, ,(x,4,1) <

1.Then (X{.,.)) is an IFIP-space, that(X, SDW,) is normed space , where P, ,(x,2) = (x,x)l/Z Vx €X.

Definition2. 5:[18]
Let (X,le,j) a denote an IFIP — Space with IP : {(x,4) =sup {# € R: Foovx,y,t)<1},Vx,y € X .If
(X » P 7) is complete in the norm B, , then X is an intuitionistic Fuzzy Hilbert space ( IFH — Space).

Theorem 2. 6: [18]
Enable (X,F, ., 7) be a (IFH- space) with IP(x,4) = Sup {tER :F(x,y,1)<1},Vx,4 €EX. A sequence {x,} on

. . TTp.,v . Puv
X is TTp,v_ convergent (i.e.x, — x) ifx, —x

Theorem 2.7:[18](Riesz Theorem)
Let (X, F,,,7) bean IFH — Space.
For every Tz - continuous linear functional #, there exists a unique vector ¢ € X, Vx € X ,the following

#(x)=sup {t € R:F ,(x,4,1) < 1}.

Theorem 2.8:[18]
Let (JC yFuw ,7) exist as any IFIP-Space, where J isa continuous t — representable and suppose satisfying
that for every
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x,y €EX, sup{;l,L € R:F,p (x,4,1) < 1}< ©,}

supt ER:F o (x + 4,2, <1} =sup{t ER<F, ,(x,51) <1
+sup{t eR:F, ,(y,3t) <1}VryeX.

Remark 2.9:[18]
Let IFB[X] denote the collection of all intuitionistic fuzzy bounded linear defined on the IFH -Space

Theorem 2.10:_(IFA — operator in IFH — Space) [18]
Let (X, Foo 7) exist as any IFH-Space, let S € IFB [X]. Then a unique exists

§*€ IFB[X]2(Sx,y)= (x,S"y)Vx,y4 €X.

Definition 2. 11: (IFSA — operator) [18]
Let (X, F,+,J) adenote an IFH -Space with

IP: (x,y)=sup{t € R:F,, (x,4,£) < 1},Vr,y €X
LetT € IFB [X]. NextT is Intuitionistic Fuzzy Self- Adjoint operatOr, if T = T* ,where of T* € IFSA of T.

Theorem 2.12:[18]
Let (X, 4, 7) existas any IFH -space with

IP: < x,4 > = sup {t € RF, (x42) < 1},Vx,y € X,letT € IFB[X].
T is IFSA operator.

Theorem 2.13:[18]

Let (X,F,,,J)a denote an IFIP -space with IP: <x,4 >=sup{t€ RiF,, (x,4,t)< 1} ,Vxy €
X and let T* a denote the IFA — operator of T'. Next the following properties hold:

1. T =T

2. 8T =6T*

3. (677 +YT,)" = 877" + yT," where 6, y are scalars.

4 (M) =77 .

3. MAIN RESULTS
In the following section, we introduce the concept of the intuitionistic fuzzy Drazin inverse (IFH -space) and
examine some of its fundamental properties. Furthermore, we explore the structure and behavior of (7, m) - power

D-intuitionistic fuzzy normal.

Definition. (3.1): (Intuitionistic fuzzy Drazin inverse)
Enable (X P 7) be any IFH -space using

IP: {(u,v) = sup{x € R F(u,v,x) < 1}Vu,vr € X

92


http://jceps.utq.edu.iq/

jeeps.utq.edu.iq

as well as let T € IFB[X], thereafter intuitionistic fuzzy Drazin inverse of T'is that unique operator 72 € IFB[X]
in case present as well as meets the following requirements

Puo (TPT = TT)u, t) = 0

pue ()7 =77)at) = 0

Puo((TVFTP = TV, ) = 0
Given an integerv = 0
Denoted by IFB,[X] all elements of intuitionistic fazzy Drazin invertible elements of IFB[X] for T € IFB,[X]
It became evident that intuitionistic fazzy Drazin inverse T2 of T conforms to the following rules

P (@D = (%) Ju,t) = 0

pue (097 = (7)) ut) =0 vken
Furthermore, it was noted that in the case where T € IFB,;[X] and V' € IFB[X] is an invertible operator then
N7ITN € IFBy[X] and p,, (W LTN)P = N 1TPN ), £) = 0

Definition (3.2):
Let (X, %, 7) be an IFH-space with
IP: {u,v) = sup{t ER:F, ,(u,v,%) < 1} VY u,v € X and let T € IFB[X],
then 7 is called
(i) intuitionistic Fuzzy normal if pM,((T T* —T*T)u,t) = 0 denoted by IF- NB[X]
(i1) intuitionistic Fuzzy 7- normal operator if P;w((T nT* — T*T™)u,t) = 0 denoted by IF(n)-NB[X]
(iii) intuitionistic Fuzzy (7, 71)- normal operator if p;w((T nprm — TMT Yy, ¢) =0 denoted by IF (n, m)-
NB[X] for some positive integers 7, m

Definition (3.3):
Let (X, %, 7) be a IFH -space with

IP: {u,v) = sup{t ER:Fyp(u,v,1) < 1}V w,v € X and let T € IFB4[X ].
then T is called
(i) D - intuitionistic Fuzzy normal If p,, ((T Py —T*TP)u, t) = 0 This is denoted by IF- NB,[X]
(ii) n- power D- intuitionistic Fuzzy normal if p,, (((T DY 7 —7(72) u, t) =0 This is denoted by
IF(n)- NB,[X]
(iii) (n, m)-power D-intuitionistic Fuzzy normal if p,, (((T DY grm _ pem (T D)n)u, t) = 0 This is denoted

by IF(n,m)- NB4[X] for certain positive whole numbers 7 , m

The study p-tuples (collections of p operators) has garnered significant attention from several researchers In recent
years. Notable advancements have occurred this area discussed [2,3,4,6,7,10,16,24]and additional information can
be found within those sources.
Given a p-tuple
T = (T e .., T,) € IFB[X]?
we define
Puo (T =TTHu,t) =0 € IFB[X D .......D X]
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as the self- commutator of T, defined by
Do ((T°T =TT 10, £) = Py ((g;*n ~ T ) t) V0, 7) € {1 ... pP

Note thet this definition of self- commutator for p-tuples of operators on a (IFH - Space)
Where T7* := (Tll*, wir Ty ) that T is jointly intuitionistic fuzzy hyponormal if

Puo((T*T =TT u, t)

Do (T =TT, 8) (T~ 1T ) P (T - BT ) t)
Puo (BT =BT E) Puo((B R = BTDwt) o p, (137 - 173w t)
P (T~ T 0t) Puo (BT, - 57w t) oo pue (757, — 7,75 )0 t)

is a non-negative operator on X’ @ ... X, or equivalently

z Puv ((7;*7; - 7;;7;*)%, /t') >0 VxeX

1<if<p

T is called jointly intuitionistic fuzzy normal if T satisfying

{Pm (@7 - 57w t) =0 ij €L, ... p)
Pue (T =TT Dut) =0 i=1,..,p

This is denoted by IF- NB[X]?

T is called jointly intuitionistic fuzzy 7- normal if I satisfying

{ Puv ((71‘7} - 7}'71)44«, f) =0 4,7€{1,..,p}
Puo (T T =TT t) =0 i=1,..,p

This is denoted by IF (n)- NB[X]#

T is called jointly intuitionistic fuzzy (7, m)- normal if T satisfying

Py ((TL:]; - 7;71)’14'; ’t) =0 4,7€ {1, ,;’)}
Puo (T T =TT u,t) =0 i=1,..,p

This is denoted by IF (n, m)- NB[X|#for certain positive integers 7 and m

Definition (3.4):
LetT == (Tl, e T;,) € IF-NB4[X]? we say that T is p-tuple of D-intuitionistic Fuzzy normal operator if T

satisfying

=
=
<
—~
~
o éﬁ
Ny
I
<3
QA
~—
8
Y
~—
Il
o
:\A‘
N,
m
~—
=
AN
)
N

Py ((IL :T:L* - IL*TLD)M,t) =0 i=1..,p
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This is denoted by IF-NB4[X]?

Definition (3.5):
Let T := (7"1, e Tzn) € IF(n)-NBy[X]? we say that T is p-tuple of 7- power D- intuitionistic Fuzzy normel
operator if ' satisfying

P ()7 =7 (@) t) =0 i=1,.p

This is denoted by IF (n)-NBy[X]? for certain positive integers 7

4.p-tuple of (n, m) -Drazin intuitionistic fuzzy normal operators

" This portion is concerned with investigating the behavior IF (n, m)- NB4[X]? in IFH -spaces, including their
transformations under powers, adjoints, and unitary equivalence."

Definition (4.1):
Let T = (T, e eoe e ..,Tﬁ) € IF(n,m)-NB;[X]?we say that T is p-tuple of (n,7) - D- intuitionistic Fuzzy

normal operator if T satisfying

Pue (0T, = TiT)ut) =0 dje (L, ., p
n k. * n .
P ()77 =73 k) =0 i=1ep
This is denoted by IF (n, m)- NB,[X]? for certain positive integers 7 and m
Example (4.2):

Let T € IF(n,m)- NB4[X] be an (n,m)-D- intuitionistic Fuzzy normal operator, then 7= (T, . . . ,T)€
IF(n,m)- NBy[X]?

Lemma (4.3):
Let 73,7, € IFB[X] and », 8 € N*then
r—18-1
Pue (G T2 =TT 8) = 3 ) T g, (VT - BT, 6)77 7
=0 7=0
Proof: Observe that
7r—1
Pue (7T, = BT £) = ) (T 70 = 7571 7,777+)
=0
=20 T T e (T — BT )T (1)

Since puo (RT3 — 7T ), 1) = —puo (BT — T )u, t),

95


http://jceps.utq.edu.iq/

jeeps.utq.edu.iq

We immediately get
Puo (T — TpTu, t) = T3 77 py (BT — BTy ), ) T oo (2)

SubstitutingT;? for T,in (1) and (2)—

r—1s8-1

8 8 —i—1md—f—1 P .
i=0 7=0

Proposition (4.4):
Let T € IF(n,m)-NBy[X]. If T € IF(n,m)-NB,[X], then so is T For all positive integersk.

Proof:
To show thatT* € IF(n,m) — NB,4[X], we have to prove that

Dy <(((Tk)”)” )™ = (7)™ (")), t), k=123

We establish the validity of the statement through mathematical induction on k . Given that T € IF(n,m)-
NB4[X], the statement holds for the base case k = 1 . Now, we assume as the induction hypothesis that the
statement holds true for some arbitrary k , that is

e (@) @™ =™ () e

And prove it for k + 1

Do <(((7~k+1)9)” (Th+1) — (The1)"™ ((Tk+1)D)n) w, t)
e (@) - e (@) )

= Duw <((Tk+1)*m ((Tk+1)73)” — (TR ((Tk+1)1’)”) “, t) —0

Hence, T#*1 is (n,m)- power D- intuitionistic fuzzy normal operators. Hence, we verify the truth of the proposition.

Theorem (4.5):
LetT = (%, ..., T,) € IF (n,m)- NB,[X]? then
(1) T € IF(rn,sm)- NB4[X]? for some positive integers 7, 8
i) 79 = (T, .., T}) € IF(n,m)- NBy[X]?for g = (41, ..., q,) € N?
Giiy T = (7, ..., T;) € IF (n,m)- NBy[X]?
(iv) If Uis an unitary operator, then UW*TU = (U*T;U, ..., ‘U*Tp‘U) € IF(n,m)- NB,[X]?

Proof (i)
Since T € IF (n, m)- NBy[X]?, This implies that

Puo (BT~ TT)ut) =0 forij=1,...p.
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Do <((ILD)¢%I}*(5M) _ fi*(am) (:DD)ML) “, ’t’)

= Dy <(7;D)” (@) L — g (TP) (TP)") w, t

r—times s—times s—times r—times

= Pu <Ti*’"---7;*’"(729)”---(7;1’)”—7;*’”---@*’”-(TP)” ---(Tﬁ’)")u.t =0

s—times r—times s—times r—times

(i) If g, = 1V 4 € {1,...,p}, thenp,, ,, ((7;%17}%1 _ Tijim) “ t)
If g, >1V4i€{],..,p}Inlight of (Lemma (4.3)), It is obtained that

pue (7977 =797 we) = > 755 b (57— 57 £) 77
a+a’'=pi-1

B+B'=pj-1

Provided that we assume T € IF (n, m)- NB,[X]#, This implies that

p[,t,/v' ((g’:i%lg;%i _ g;@ig’:iq)l)u' t) — z 7—;(17;/? p#’v (( ig} _ :7—]':7—;)%, t) :7'}_(1 :7';5

at+a'=pi-1

B+B'=pj-1
v(i,7) €{1,.., p}¥ ‘
Considering that T; € IF(n,m)- NB4[X], then from (Proposition 4.4) , we obtain that7;** is an (n,m)-D-
intuitionistic Fuzzy normal V4 € {1, ..., p} . This means that

(77, .. T37) € IF (n, m)- NBy[X]¥
(iii) By Definition 4.1 we have under the condition that T € IF (n, m)- NB,[X]? that is
Pue (BT~ TiT)wt) =0 i€, p¥

p,u,v (((ZD)nTL*m - ‘TL*m(:E,D)n) u, ’L’) =0 1= 1, R %

and therefore

Do ((:T;T; — T;T:) u, t) =0
Pﬂm(((TiD)mTim - T,"™(T )", ’L') =0
Therefore T* € IF(n,m)- NB,[X]?
(iv) It is obvious that

Puw (((U*Ti‘u}(‘lt*ﬂ;u) - (‘u*ﬂ;u)(u*ﬂgu)) W, t)

= Puo ((u*m;u - (u*ﬂ;u)(u*zu)) w, t)
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= Duw ((u*ﬂ;@u - (UTU) U TY) ), t)

= pue (W@ T - (T W W) w2

-0
Moreover
P (W WP (W)™ = (W) ™ W RWP" Y t)
Pue (W (T uw T, u - (W) " (WU ), t)
pue (W (@T2) "™ - (W T W) " W T WP Y, t)
P (W T (T2) U~ (W) ™ (W T, )
e (UTW) " W TW - (U Tw) " W TUWP ) t) =0
Therefore
UWTUE IF(n, m)- NBy[X]?
5.CONCIUSION

"The concept of a IF (n, m)- NB,[X]? in (IFH-space) represents a relatively recent contribution to this field. This
study explored certain properties related to this class of operators. The findings offer valuable insights that can
contribute to the development and refinement of fuzzy functional analysis, thereby enhancing the theoretical
understanding of this branch of mathematics."
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