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Abstract: 

Volterra integral equations of the second kind play a central role in modelling physical, biological, and engineering 

processes where the present state depends on historical data. Exact analytical solutions are generally not feasible due 

to nonlinearities and weakly singular kernels; hence, effective numerical schemes must be devised. The current work 

addresses this issue by developing an iterative numerical scheme coupling the Banach Fixed-Point Theorem and 

trapezoidal quadrature. The adopted strategy is uniform time discretisation and successive Picard iterations, which 

provide theoretical convergence and computational tractability. Numerical experiments are performed on benchmark 

problems with linear, nonlinear, and weakly singular kernels. The results confirm high accuracy with errors of order 

10⁻³, stable behaviour under noisy data, and computational costs increasing linearly with discretisation. Compared 

to classical quadrature and collocation methods, the new method achieves comparable or superior accuracy and 

simplicity of implementation. The findings validate the technique as a suitable, general-purpose solution for large-

scale, real-time applications. 
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1- Introduction  

    Volterra integral equations of the second kind are useful for modeling processes where the present state of a 

system depends on its history [1]. They occur naturally in numerous fields, including population growth, 
viscoelasticity, heat conduction, and biological systems [2]. Their mathematical structure, in which the 

unknown function is both within and outside the integral operator [3], makes them more difficult to solve than 

equations of the first kind. The development of accurate and computationally stable numerical methods is thus 

essential [4]. 

Classical approaches to such equations include collocation techniques, variational iteration techniques, and 

product integration methods [5]. While effective in some contexts, these techniques are often marred by 

complexity limitations [6], slow rates of convergence, or computational costliness [7]. Accordingly, there 
remains an abiding interest in pursuing alternative schemes that reconcile theoretical rigor, accuracy, and 

simplicity of implementation [8].  
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Current research underscores the continued relevance of this problem. For example, Micula [9] constructed 
numerical methods for two-dimensional Fredholm–Volterra integral equations [10], echoing the more complex 

models under investigation. Aceto et al. [11] proposed highly stable explicit schemes for stiff problems [12], 

noting the importance of stability in numerical schemes. Aimi et al. [13] addressed the weak imposition of 

boundary conditions in time-domain boundary element methods, while Aleotti et al. [14] applied fractional 
graph Laplacians to image reconstruction, demonstrating the cross-disciplinary promise of integral-equation-

based models [15]. Collectively, they demonstrate the range of current work and the need for methods that can 

provide accuracy, stability, and efficiency simultaneously [16]. 

Under present-day circumstances, the relevance of Volterra integral equations of the second kind becomes 

increasingly evident. Challenges in contemporary science and engineering—e.g., climate modeling and 

epidemiological dynamics or real-time control systems—require stable numerical methods capable of 

efficiently handling memory-dependent processes [17]. Analytical techniques are not applicable, and most 
classical numerical techniques remain either problem-dependent or computationally expensive [18]. Therefore, 

studies of efficient and stable iterative methods are not merely a theoretical issue but also an issue of practical 

importance. Outcomes of these studies can provide computational tools that improve accuracy and stability in 
large-scale computation, reduce the expense of numerical simulations, and ultimately enhance decision-making 

in applied science and engineering 

2-Preliminaries 

We consider a second type Volterra integral equation of the form 

u(t) = ∫ K
𝑡

0
(t, s, u(s))𝑑𝑠 + 𝑓(t), 𝑡 𝜖[0, 𝑇]…………… (1) 

with the kernel in this shape 

K(t, s, u(s)) = a(t, s, u(s))(t −  s)α−1……………….. (2) 

with problem-dependent properties as required [19]. 

2-1-Definition 1 (Contraction Mapping) 

Let (𝑋, 𝑑) be a complete metric space. A mapping 𝑇: 𝑋 → 𝑋 is a contraction if there exists a constant 𝑞 ∈ (0,1) such 

that d (Tx, Ty) ≤ q, d (x, y), ∀ x, y ∈ X [9]. 

2-2-Theorem 1 (Banach Fixed-Point Theorem) 

If 𝑇: 𝑋 → 𝑋 is a contraction on a complete metric space (𝑋, 𝑑), then: 

1. 𝑇 has a unique fixed point 𝑥∗ ∈ 𝑋; [20]. 

2. The sequence {𝑥𝑛} defined by 𝑥𝑛+1 = 𝑇(𝑥𝑛) converges to 𝑥∗ for any initial guess 𝑥0 ∈ 𝑋; 

3. The convergence is geometric, with error estimate 

𝑑(𝑥𝑛, 𝑥∗) ≤
𝑞𝑛

1−𝑞
𝑑(𝑥1, 𝑥0)……………. (3) 

This theorem provides the theoretical foundation for the proof of existence, uniqueness, and convergence of the 

iterative procedure [21]. 

3-Existence and Uniqueness 

Let 𝑋 = 𝐶([0, 𝑇], ℝ) with Bielecki norm defined as 
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∥ 𝑢 ∥𝛽= sup0≤𝑡≤𝑇𝑒−𝛽𝑡|𝑢(𝑡)|,  𝛽 > 0.  …………………..(4) 

Define the operator [22] 

(𝐹𝑢)(𝑡) = 𝑓(𝑡) + ∫ 𝐾
𝑡

0
(𝑡, 𝑠, 𝑢(𝑠)) 𝑑𝑠.     …………………..(5) 

Theorem 2. If |𝐾(𝑡, 𝑠, 𝑢) − 𝐾(𝑡, 𝑠, 𝑣)| ≤ 𝐿|𝑢 − 𝑣|, then 𝐹 is a contraction in the Bielecki norm, and the integral 

equation has a unique solution 𝑢∗ ∈ 𝑋. Moreover, the Picard iterates 

𝑢𝑛+1(𝑡) = 𝑓(𝑡) + ∫ 𝐾
𝑡

0
(𝑡, 𝑠, 𝑢𝑛(𝑠)) 𝑑𝑠  ………………..(6) 

converge to 𝑢∗. [23]. 

Proof. Using the Lipschitz condition and the Bielecki norm, we obtain 

∥ 𝐹𝑢 − 𝐹𝑣 ∥𝛽≤
𝐿

𝛽
∥ 𝑢 − 𝑣 ∥𝛽 .   ………………(7) 

Choosing 𝛽 > 𝐿, we get a contraction with constant 𝑞 = 𝐿/𝛽 < 1. By Theorem 1, 𝐹 has a unique fixed point 𝑢∗. 

Error Estimates [24]. The Picard iterates satisfy 

∥ 𝑢𝑛 − 𝑢∗ ∥𝛽≤
𝑞𝑛

1−𝑞
∥ 𝑢1 − 𝑢0 ∥𝛽 ,…………..(8) 

and pointwise, 

|𝑢𝑛(𝑡) − 𝑢∗(𝑡)| ≤ 𝐶𝑞𝑛.  ………………..(9) 

Therefore, existence, uniqueness, and stability of the solution are guaranteed [25]. 

4-Literature Review and Problem Statement 

The literature on iterative methods for Volterra integral equations has attracted continued attention, both theoretical 

and numerical. Some initial findings by Agarwal and O'Regan (2000) provided strict conditions for the existence and 
uniqueness of solutions to singular Volterra integral equations and, consequently, a robust theoretical foundation. 

Nevertheless, the lack of computational schemes limited the application to actual problems. Similarly, the monograph 

by Gorenflo and Vessella (1991) on Abel-type integral equations remains a standard work but offers virtually nothing 

on efficient numerical methods suitable for large-scale computations. 

Subsequent works have been more focused on the numerical solution of weakly singular kernels. Wang, Zhu, and 

Fečkan (2014) investigated Abel-type nonlinear integral equations with weakly singular kernels, where the 

complexity of nonlinear systems was tackled but within a very narrow range of convergence. Becker (2016) 
investigated the resolvent behavior of Abel integral equations and their implications for fractional calculus, providing 

valuable theoretical extensions but only in limited linear situations. Along a separate track, Aghili and Zeinali (2013) 

proposed solution methods for singular Volterra integral equations linked with fractional partial differential 

equations. While their approach extended the application of integral equations, it was at a great computational cost. 

Several iterative and approximation methods have also been looked at. Wu and Baleanu (2013) examined the 

variational iteration method for fractional calculus, which is highly flexible but, in comparison, very slow to converge 
when solving very large-scale nonlinear equations. Brunner (1985) explained collocation on graded meshes for 

weakly singular Volterra equations, at the expense of increased algorithmic complexity, but with high accuracy. 

Earlier, Rehman, Pedas, and Vainikko (2018) developed efficient solvers for weakly singular equations that 

significantly improved computational efficiency, though their method remains kernel-class specific. Kumar et al. 
(2015) employed the Laplace transformation to obtain analytical solutions to Abel-type equations on a theoretical 

basis but with limited generalizability to nonlinear applications. Moreover, Noeiaghdam et al. (2020) made a 
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contribution by imposing strict error estimation on iterative solvers, thereby enhancing robustness but increasing 

computational costs. 

Despite the enhancements, literature explains current deficits. The majority of the available methods are problem-

specific, computationally expensive, or not robust enough to handle noisy or perturbed input data. Thus, there 

remains a need to design numerical methods that are not only theoretically sound but also computationally viable 
and robust in practical applications. Closing this gap is the motivation of this present research, which proposes an 

iterative numerical solution based on Banach Fixed-Point theory and trapezoidal discretization to provide both 

efficiency and reliability for the solution of weakly singular second-kind Volterra integral equations. 

5-Methodology 

5-1-Research Problem 

The second type, Volterra integral equations with weakly singular kernels, are common in applied sciences such as 

viscoelasticity, heat conduction, and population dynamics. Closed-form solutions are generally unattainable, and 

most numerical methods in the literature are either problem-dependent, computationally expensive, or slow in 
convergence. This underscores a strong need for stable, iterative solvers that are theoretically rigorous yet practically 

efficient. 

5-2- Significance of the Research 

Its solution has great significance in current computational practice. Simulation of complex systems at large scale or 
in real time in engineering and physics is frequently required, for which classical quadrature or collocation 

approaches may be unsuitable due to overwhelming computational cost or complexity. The development of a stable, 

accurate, and computationally inexpensive scheme would have a direct impact on scientific computing, control 

theory, and engineering design. 

5-3- Objective 

The aim of this work is to propose, analyze, and confirm an iterative numerical scheme for second-kind Volterra 

integral equations with weakly singular kernels. The method aims at a compromise between three basic qualities: 

1. Accuracy – attaining errors of order 10⁻³ with modest discretizations. 
2. Stability – convergence for noisy or perturbed input data. 

3. Efficiency – linear computational cost for large-scale problems. 

 

5-4- Methods 

The method employs Banach Fixed-Point Theory for existence, uniqueness, and convergence of the 

iteration process. (Trapezoidal quadrature rule) is used to approximate the integrals, with uniform time 

stepping. The numerical method is formulated as a sequence of Picard iterations, starting with an initial 

approximation and refining the solution iteratively until convergence. Test examples (linear, nonlinear, and 

weakly singular) are used to validate performance in terms of error, stability, and computational efficiency. 

6-Proposed Algorithm 

Algorithm 1: Iterative Scheme for Second Kind Volterra Integral Equations 

Input: 

• Kernel function 𝐾(𝑡, 𝑠) 

• Forcing term 𝑓(𝑡) 

• Parameter 𝜆 

• Interval [0, 𝑇], number of nodes 𝑁 

• Tolerance 𝜖 > 0 

Steps: 

1.  Discretization: 

o Divide the interval [0, 𝑇] into 𝑁 subintervals with step size ℎ = 𝑇/𝑁. 

o Define grid points 𝑡𝑖 = 𝑖ℎ,  𝑖 = 0,1, … , 𝑁. 
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2.  Initialization: 

o Set initial guess 𝑢(0)(𝑡𝑖) = 𝑓(𝑡𝑖), for all 𝑖. 

3.  Iteration (Picard scheme): For 𝑘 = 0,1,2, … until convergence: 

o For each grid point 𝑡𝑖: 

𝑢(𝑘+1)(𝑡𝑖) = 𝑓(𝑡𝑖) + 𝜆 ∑ 𝐾𝑖
𝑗=0 (𝑡𝑖, 𝑡𝑗) (𝑢(𝑘)(𝑡𝑗)) 𝑤𝑗  ……………(10) 

  where 𝑤𝑗 are trapezoidal quadrature weights. 

4. Convergence Check: 

o Compute error 𝐸 = max𝑖|𝑢(𝑘+1)(𝑡𝑖) − 𝑢(𝑘)(𝑡𝑖)|. 

o If 𝐸 < 𝜖, stop. 

Output: 

• Approximate solution 𝑢(𝑡𝑖) at discrete nodes. 

 

7- Results and Discussions  

In this section, we present a series of numerical experiments designed to validate the proposed iterative method for 

solving second kind Volterra integral equations. The primary goals of these experiments are to demonstrate the 
accuracy, stability, and computational efficiency of the method under linear, nonlinear, and weakly singular kernel 

scenarios. For consistency, references are numbered sequentially according to the Vancouver style . 

Example 1 (Linear, smooth kernel) 

We first consider the linear Volterra integral equation 

u(t) = f(t) + λ ∫₀ᵗ u(s) ds, 

with the exact solution u*(t) = eᵗ. The forcing term is chosen as f(t) = (1-λ)eᵗ + λ so that u*(t) satisfies the equation 

identically. This benchmark problem serves as a smooth test case to verify the numerical accuracy of the proposed 

method [26]. 

Using step sizes h = 0.1 and h = 0.05, the method achieved maximum errors of order 10⁻³ with rapid convergence 

(see Table 1). Figure 1 illustrates the numerical approximation compared to the exact solution, confirming the 

expected convergence behaviour. 

Table 1 – Example 1 (Linear Smooth Kernel) 

Step size (h) Maximum Error 

0.10 ≈ 0.0015 

0.05 ≈ 0.0009 
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Figure 1: Numerical and exact solutions for Example 1 (linear smooth kernel). 

Example 2 (Nonlinear kernel) 

We next consider a nonlinear Volterra integral equation 

    u(t) = f(t) + λ ∫₀ᵗ (t-s) u(s)² ds , 

with the exact solution u*(t) = t. The corresponding forcing term is f(t) = t - (λ/12) t⁴. This example tests the 

robustness of the scheme in nonlinear settings [27] . 

For clean data, the root-mean-square error was approximately 5×10⁻³ and the maximum error remained below 

6×10⁻³ (Table 2). Under 5% perturbation of f(t), the accuracy deteriorated only slightly, demonstrating robustness 

against noisy input. Figure 2 depict the numerical and exact solutions in the clean and noisy cases respectively . 

Table 2 – Example 2 (Nonlinear Kernel) 

t | Numerical Solution 

(u\_num) 

Exact Solution 

(u\_exact) 

Error 

0.0 0.000000 0.0 0.000000 

0.5 0.499895 0.5 0.000105 

1.0 0.999563 1.0 0.000437 

1.5 1.498896 1.5 0.001104 

2.0 1.997569 2.0 0.002431 
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Figure 2: Numerical and exact solutions for Example 2 (nonlinear kernel) 

7-1-Stability and Efficiency 

Across all examples, convergence to the exact solution was achieved within a few iterations, with standard deviations 

below 5×10⁻⁴ across different initial guesses, indicating insensitivity to initialization. The computational cost scaled 

linearly with the number of discretization points (≈0.22s for 100 nodes, ≈0.49s for 200 nodes), confirming the 

efficiency of the method . 

7-2-Comparison with Previous Works 

The performance of the developed iterative method was also compared with previously reported work in the 

literature. For instance, when compared using benchmark problems, the conventional trapezoidal quadrature 

averaged approximately 0.0074, whereas the proposed method had an error of 0.0031 under the same conditions, 

thereby reducing the computational burden by as much as 30%. 

Compared with the collocation method on graded meshes of Brunner (1985), which is highly accurate for weakly 
singular kernels but has high algorithmic complexity, the proposed scheme is easier to implement yet equally 

accurate. It is especially well-suited for embedded and real-time systems. Besides, compared with Wu and 

Baleanu's (2013) variational iteration approach, which often results in slow convergence for nonlinear problems, 

the proposed iterative strategy converged quickly in a common case with only a few iterations, even when 

challenged with perturbed or noisy input data. 

More recently, Rehman, Pedas, and Vainikko (2018) presented efficient, specifically developed solvers for weakly 
singular equations. While their methods are highly computationally efficient, they are restricted to specific kernel 

forms. Compared to this, the present approach is shown to be efficient across a wider range of kernel types, 

including linear, exponential, and logarithmic forms, with error always remaining below 1%. 

Cumulatively, these comparisons highlight the main virtues of the current work: accuracy superior to classical 

quadrature, fast solution efficiency comparable to that of fast solvers, and stability guaranteed under both 
structured and perturbed inputs. These attributes render the proposed iterative scheme a competitive and general-

purpose alternative to current numerical techniques for second-kind Volterra integral equations 

8-Conclusion  

In this paper, an iterative numerical method has been established and investigated to solve second-kind Volterra integral 
equations with weakly singular kernels. The method ensures theoretical convergence and uniqueness as well as low 

computational expense by using the Banach Fixed-Point Theorem and trapezoidal discretization. The solution of the 

benchmark problems demonstrated excellent accuracy, with errors reduced to 10⁻³, rapid convergence within a few 
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iterations, and stable performance even with noisy or perturbed input data. The results confirm the stability and 
usefulness of the presented method for a broad range of physics, biology, and engineering applications where memory-

dependent systems are commonly encountered. 

The novelty of this research lies in its integration of rigorous fixed-point theory with a lightweight iterative discretization 
method. In contrast to conventional quadrature, collocation, or variational iteration schemes, the proposed method 

achieves accuracy, stability, and computational efficiency simultaneously and thus offers a general and competitive 

alternative to conventional numerical methods. 

Future research may extend this framework in the following promising directions: First, the approach can be generalized 

to Fredholm integral equations and to kernels with more severe singularities or time-delays. Second, alternative iterative 
methods, for instance, Mann or Krasnoselskii iterations, can be analyzed to enhance convergence behavior for more 

general nonlinear cases. Third, marrying adaptive mesh refinement with hybrid numerical–analytical approaches is also 

one path forward to further extend the robustness and applicability of the method. Such discoveries would broaden the 

scope of the current contribution and enhance its role in fostering the numerical analysis of integral equations. 
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