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Abstract: 

 
This paper develops a new integral transformation, NT, and proposes combining it with the homotopic perturbation 

method (HPM) to obtain efficient approximate solutions to various classes of partial differential equations, including 

nonlinear ones. A background on the importance of partial differential equations and the difficulty of finding exact 

solutions for them is first presented. This was followed by a review of the benefits and multiple uses of the Homotopy 

method. The generalized form of the combined transformation (HPM-NT) was then derived and applied to four 

diverse examples: two linear and two nonlinear functions, and two linear and two nonlinear systems. The results 

demonstrated high accuracy and ease of application, reflecting the effectiveness of the new transformation when 

combined with the Homotopy method. 
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1-Introduction  

     Partial differential equations are an essential tool in the mathematical modeling of many physical and engineering 

phenomena, such as heat propagation, wave propagation, fluid flow, and quantum systems. Due to the nonlinear and 

complex nature of some of these equations, obtaining accurate solutions is a significant challenge, necessitating the 

development of efficient and flexible analytical techniques [15,19]. Among the semi-analytical methods that have 
proven their effectiveness in this context, the homotopic perturbation method (HPM), introduced by Ji-Huan He in 

1999, stands out [1,2]. This method has gained widespread attention, as it has been used to solve a wide range of 

functional equations, including ordinary and partial differential equations, integral equations, and complex nonlinear 

equations. This method is based on constructing a convergent infinite series using an embedding operator [20,21] 
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p∈ [0,1] is treated as a small parameter, allowing solutions to be approximated with high accuracy [3,4]. This method 

has been successfully applied to the Schrödinger equations, nonlinear heat transfer equations, Riccati equations, and 

many other types, making it a powerful tool for solving nonlinear equations in a variety of fields. In this paper, we 
introduce a new integral transformation called "NT" and propose combining it with the Homotopy method to form a 

new joint transformation that combines the advantages of both methods. We first derive the general formula for this 

joint transformation, and then apply it to a set of illustrative examples, including: Two examples of partial differential 

equations: one linear and one nonlinear. Two examples of differential systems: one linear and one nonlinear [5,6]. 
These examples aim to highlight the effectiveness of the new NT transformation when combined with HPM, and its 

ability to simplify solutions and improve their accuracy [9,10]. 

Partibilities 

Definition .1. [ 7,8] Suppose 𝑓(𝑡) is an integrable function defined for values 𝑡 > 0. We define a new 

transformation for the function 𝑓(𝑡) denoted by the symbol 𝑁𝑇{𝑓(𝑡} or 𝑅𝐽(𝑣) in the following form:  

 

𝑁𝑇{𝑓(𝑡} = 𝑅𝐽(𝑣) = ∫  
∞

0
𝑒−√𝑎𝑡𝑓(𝑣𝑡)𝑑𝑡.                                                                                                    (1.1)          

Some useful features 

1.NT(𝑘) =
𝑘

√𝑎
 

 2. NT{t} =
𝑣

(√𝑎)
2 

 3. NT{𝑒𝑏𝑡} =
1

√𝑎−𝑏𝑣
 

 4. NT ( 𝑡𝑛) =
𝑛! 𝑣𝑛

(√𝑎)𝑛+1        

5.NT {Sin (b t)} =  
𝑏𝑣

a+𝑏2 𝑣2 

6. NT {Sin h (b t)} =  
𝑏𝑣

a−𝑏2 𝑣2 

7. NT {cos (b t)} = 
√𝑎

a+𝑏2 𝑣2 

8. NT {Cos h (b t)} = 
√𝑎

a−𝑏2 𝑣2 

Some derivations of the New Transformation (NT)  

 (1)NT {𝑢′(𝑡)}=
√𝑎𝑁𝑇(𝑢(𝑡)}

𝑣
−

u(0)

v
                                                                                                          (1.2) 

(2)NT{𝑢′′(𝑡)} =
𝑎𝑁𝑇(𝑢(𝑡)}

𝑣2 −
√𝑎(𝑢(0)}

𝑣2 −
u′(0)

v
                                                                                       (1.3) 

(3)NT{𝑢𝑛(𝑡)}= 
(√a)𝐧NT{u(x,t)}

Vn −  
(√a)n−1u(x,0)

Vn −
(√a)𝐧−𝟐ut(x,0)

Vn−1 − ⋯ −
un

(𝐧−𝟏)(x,0)

v
                                  (1.4) 

 

                                       Analysis of RJHPM                    
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In this section we will use a new integral transformation with the homotope method to solve n-order partial 

differential equations. 

Consider the following general nonlinear differential equation: 

        Lt
(m)

u(x, t) + R(u(x, t)) + N(u(x, t)) = g(x, t)                                                                         (2.1) 

  Where 𝐿𝑡
(𝑚)(. ) =

𝜕𝑚

𝜕𝑡𝑚  ,   R denotes to linear operator, N denotes to nonlinear operator 

   and  𝑔(𝑥, 𝑡) is the source term. subject to the initial conditions 

    𝑢(𝑘)(𝑥, 0) = 𝐶𝑘   , 𝑘 = 0 , 1 , …  , 𝑚 − 1 

 Taking NT transform on equation  (5.1)  , we obtain  

       𝑁𝑇{𝐿𝑡
(𝑚)

𝑢(𝑥, 𝑡)} + 𝑁𝑇{𝑅(𝑢(𝑥, 𝑡))} + 𝑁𝑇{𝑁(𝑢(𝑥, 𝑡))} = 𝑁𝑇{𝑔(𝑥, 𝑡)}                                   (2.2) 

By applying the NT transform differentiation property we have   

      
(√a)𝐦NT{u(x,t)}

Wm −  
(√a)m−1𝐂𝟎

Wm −
(√a)𝐦−𝟐𝐂𝟏

Wm−1 − ⋯ −
(√a)𝐦−𝐧𝐜𝐦−𝟏

W
 +𝑁𝑇{𝑅(𝑢(𝑥, 𝑡))} + 𝑁𝑇{𝑁(𝑢(𝑥, 𝑡))} =

𝑁𝑇{𝑔(𝑥, 𝑡)} 

Or equivalent  

   (√a)𝐦NT{u(x, t)} = (√a)m−1𝐜𝟎 + (√a)m−2Wc1 + ⋯ +  Wm−1cm−1 + WmNT{g(x, t)} −

WmNT{R(u(x, t))} − WmNT{N(u(x, t))} 

the source term Operating with NT inverse on both sides of we obtain  

u(x, t) = 𝑔(x, t) −  
𝟏

(√a)𝐦 NT−1[WmNT{R(u(x, t))} + WmNT{N(u(x, t))}]                                    (2.3) 

Where   𝐺(𝑥, 𝑡)  represents the term arising from and the prescribed. 

Now we apply the Homotopy perturbation method: 

  u(x, t) =   ∑ pnun(x, t)∞
n=0  

and the nonlinear is term can be decomposed as: 

  𝑁(𝑢(𝑥, 𝑡)) = ∑ 𝑝𝑛𝐻𝑛(𝑢)∞
𝑛=0  

Where 𝐻𝑛(𝑢) are He’s polynomials of  𝑢0 , 𝑢1 , …  , 𝑢𝑛  and it can be calculated by formula 

  Given below:  

 Hn( 𝑢0 , 𝑢1 , 𝑢2 , … ) =  
1

𝑛!
 

𝜕𝑛

𝜕𝑝𝑛  {𝑁(∑ 𝑝𝑛𝑢𝑛(𝑥, 𝑡)∞
𝑛=0 )} ,   𝑛 = 0 , 1 , 2 , ….  

N0W 

    ∑ pnun(x, t)∞
n=0 = G(x, t) − p NT−1 𝟏

(√a)𝐦
[WmNT {R( ∑ pnun(x, t)∞

n=0 ) +  ∑ pnHn
∞
n=0 }] 

 Comparing the coefficient of like powers  𝑝  ,  we obtain  

http://jceps.utq.edu.iq/
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     p0: u0(x, t) = 𝑔(x, t) 

                p1: u1(x, t) = −NT−𝟏 𝟏

(√a)𝐦
[Wm {NT( u0 (x, t)) +  H0}] 

                p2: u2(x, t) = −NT−1 𝟏

(√a)𝐦
[Wm NT {(u1 (x, t)) +  H1}] 

                   ⋮ 

               pn: un(x, t) = −NT−1 𝟏

(√a)𝐦
[Wm NT {NT( un−1 (x, t)) +  Hn−1}] 

  Applications : 

Example .1: Consider Two-dimensional Wave Equation 

                               utt +  uxx = 0                                                                                                                (3.1) 

with 

                              u( x , 0) =  −ex        ,   ut(x, 0) = 0                                                                     (3.2) 

 

Taking NT on both sides of (3.1) ,we have 

                     
aNT{u(x,t)}

V2 −  
√aNTu(x,o)

V2  – 
ut(x,o)

V
 + NT{uxx}  = 0                                                        (3.3)                                                                                                    

or                        aNT{u(x, t)} = −√𝑎ex − V2NT{uxx} 

 The inverse of NT transform implies that                 

                              𝑢(𝑥, 𝑡) = −𝑒𝑥 −  𝑁𝑇−1 {
1

𝑎
𝑉2𝑁𝑇 {𝑢𝑥𝑥}} 

                       Let  𝑢(𝑥, 𝑡) = ∑ 𝑝𝑛𝑢𝑛(𝑥, 𝑡)∞
𝑛=0             

Now, applying the Homotopy perturbation method we get 

                 ∑ pnun(x, t) =  −ex − pNT−1 {
1

a
 V2NT (∑ unxx

∞

n=0

)}

∞

n=0

 

Comparing the coefficient of like powers of  𝑝  we obtain: 

                  𝑝0: 𝑢0(𝑥, 𝑡) = −𝑒𝑥 

                 p1: u1(x, t) = −NT−1 {
1

a
V2NT(u0xx)} = −NT−1 {

1

a
V2NT (−ex)} 

                                    = NT−1 {
𝟏

(√a)
3 V2ex} =  

𝐭𝟐

𝟐!
𝐞𝐱    

                  p2: u2(x, t) = −NT−1 {
1

a
 V2NT (u1xx)}  = −NT−1 {

1

a
V2NT (

t2

2!
ex)} 
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                                   = −NT−𝟏 {
𝟏

(√a)
5 V4ex} = −

t4

4!
ex 

               p3: u3(x, t) = −NT−1 {
1

a
V2NT (u2xx)} = −NT−1 {

1

a
V2NT (−

t4

4!
ex)} 

                                 = NT−𝟏 {
𝟏

(√a)
6 V6ex} =

𝐭𝟔

𝟔!
𝐞𝐱        

                         ⋮ 

Therefore, the solution is given  

               u(x, t) = −ex +
t2

2!
ex −

t4

4!
ex +

t6

6!
ex +  … = −ex (1 −

t2

2!
+  

t4

4!
−

t6

6!
+ ⋯  ) 

                                = −ex. cost 

 

Example .2: Consider   Nonlinear equation 

                                      ut + uux = 0                                                                                               (3.4) 

with 

                                      u( x , 0) = −x                                                                                             (3.5) 

Taking the NT transform on both sides of equation (6.4) we have 

                                  
√a NT{u(x,t)}

V
−   

u(x,o)

V
+ NT{uux} = 0 

 or                            √a  NT{u(x, t)} = −x − VNT{uux} 

 The inverse of NT transform implies that                 

                                            𝑢(x, t) = −X −  NT−𝟏 𝟏

√a
{VNT {uux}} 

 

Let 

u(x, t) = ∑ pnun(x, t)

∞

n=0

     

             uux = ∑ pnHn  

∞

n=0

 

Comparing the coefficient of like powers of  𝑝  we obtain: 

              p0: u0(x, t) = −x 

                 p1: u1(x, t) = − 
1

√a
NT−𝟏{VNT (H0)} = − NT−1 𝟏

√a
{VNT (u0u0x)} 
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 Reda et al., Vol.16, No. 1(2026)                                                      Website: jceps.utq.edu.iq, ISSN: 2710-429X 

101 

 

                               = −NT−1 𝟏

√a
{VNT ((−x)(−1))} 

                   = −xNT−1 {
V

((√a)
2

)
} =  −xt               

            p2: u2(x, t) = −NT
𝟏

√a
{VNT (H1)}   

                             = −NT−1 𝟏

√a
{VNT (u0u1x + u1u0x)} = 

                             = −NT−𝟏 𝟏

√a
{VNT [(xt) + (xt)]} 

                                    =− NT−1 𝟏

√a
{VNT(2xt)} 

 

 

                    = − NT−𝟏 𝟏

√a
{V (2x

V

((√a)
2

)
)} = −2xNT−1 {

V2

((√a)
3

)
} 

                    = −xt2 

 

                  ⋮ 

Therefore, the solution is given  

                 u(x, t) = −x − xt − xt2 −  …  =  −x( 1 + t + t2 + ⋯ ) =
−x

1−t
 

 

Example 3: Consider 

                               ut +  vx = 0            

                               vt +  ux = 0                                                                                                 (3.6) 

With    u( x , 0) =  ex   v( x , 0) =  e−x                                                                                       (3.7)                                                                             

Taking the NT transform on both sides of equation (3.6) and (3.7), we have 

                  
√a NT{u(x,t)}

V
−  

u(x,0)

V
+ NT{vx} = 0 

                 
√a 𝐍𝐓{𝐯(𝐱,𝐭)}

𝐕
−

𝐯(𝐱,𝟎)

𝐕
−    NT{ux} = 0 

Or                 √a NT{u(x, t)} = ex − VNT{vx} 

                √a NT{v(x, t)} = e−x − VNT{ux} 

 The inverse of NT transform implies that                 

http://jceps.utq.edu.iq/
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                u(x, t) = ex −  NT−𝟏 𝟏

√a
{VNT {vx}} 

                v(x, t) = e−x −  NT−𝟏 𝟏

√a
{VNT {ux}} 

      Let  u(x, t) = ∑ pnun(x, t)∞
𝒏=𝟎  

Now, applying the Homotopy perturbation method, we get 

                ∑ Pnun(x, t) =  𝒆𝒙 − pNT−𝟏 𝟏

√a
{VNT (∑ vnx

∞
n=0 )}∞

𝒏=𝟎  

               ∑ pnvn(x, t) =  𝒆−𝒙 − pNT−𝟏 𝟏

√a
{VNT (∑ unx

∞
n=0 )}∞

𝒏=𝟎       

Comparing the coefficient of like powers of  𝑝  we obtain: 

              p0: u0(x, t) = ex 

                     ∶  v0(x, t) = e−x 

              p1: u1(x, t) = − NT−𝟏 𝟏

√a
{V NT {v0x}} 

                       

          = −NT−𝟏 1

√a
{VNT(−e−x)}

 = NT−𝟏 {
𝑉

((√𝑎)
2

)
e−x}

= te−x                        

 

                 : v1(x, t) = −
𝟏

√a
NT−𝟏{V NT{u0x}} 

                                = −NT−1 𝟏

√a
{VNT (ex)} = −NT−𝟏 {

V

((√a)
2

)
𝐞𝐱} = −te𝐱 

  

              p2: u2(x, t) = −NT−1 1

√a
{V NT {v1x}} 

                              = − NT−𝟏 1

√a
{VNT (−tex)} = NT−𝟏 {

V2

((√a)
3

)
𝐞𝐱} =

𝐭𝟐

𝟐!
𝐞𝐱 

 

            : v2(x, t) = −NT−𝟏 𝟏

√a
{VNT {u1x}} 

                        

= −NT−1 𝟏

√a
{VNT (−te−x)}

= NT−1 {
V2

((√a)
3

)
𝐞−𝐱} =

𝐭𝟐

𝟐!
𝐞

 

              p3: u3(x, t) =
t3

3!
e−x    

http://jceps.utq.edu.iq/
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                  ∶ v3(x, t) = −
t3

3!
ex  

               p4: u4(x, t) =  
t4

4!
 ex  

                   : v4(x, t) =  
t4

4!
 e−x 

              p5: u5(x, t) =  
t5

5!
 e−x 

                  : v5(x, t) =  −
t5

5!
 ex 

Therefore, the solution is given  

u(x, t) = ex. cosht +  e−x. sinht                                                                

v(x, t) =  e−xcsht −  exsinht                                                                 

Example .4: Consider 

                 ut −  vxwy = 1     

                vt −  wxuy = 5  

                wt −  uxvy = 5                                                                              (3.8)        

with   u( x , y, 0) = x + 2y ,  v( x , y, 0) = x − 2y , w( x , y, 0) = −𝑥 + 2𝑦     (3.9)  

Taking the NT transform on both sides of equation (3.8), we have  

  
√𝑎 NT{𝒖(x,y,t)}

𝒛
−  

u(x,y,0)

z
− NT{(vxwy)} = NT(1) 

√𝑎 NT{𝒗(x,y,t)}

𝒛
−  

v(x,y,0)

z
− NT{(wxuy)} = NT(5) 

√𝑎 NT{𝒖(x,y,t)}

𝒛
−  

u(x,y,0)

z
− NT{(uxvy)} = NT(5) 

Solve in the same way as before from equation (2.3). We get:  

                  u( x , y, t) = x + 2y + 3t    

                  v( x , y, t) = x − 2y + 3t    

                  w( x , y, t) = −x + 2y + 3t   

 

  Conclusion 

In this paper, a new integral transformation (NT) is proposed and combined with the homotopic 

perturbation method (HPM) to form a joint transformation that enhances the ability to find accurate 

approximate solutions to complex partial differential equations. The examples studied demonstrate the 

effectiveness of the joint transformation in handling both linear and nonlinear models. This opens new 

horizons for its application in broader fields. In the future, this approach could be expanded to include 
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higher-dimensional systems or systems with more complex initial and boundary conditions, and it could 

be compared with other analytical and semi-analytical methods in terms of efficiency and accuracy. 
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