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Abstract:

In this paper, the first non-vanishing cohomology of the Orlik-Solomon algebra, A, (G), for a graph G with no
triangles was investigated where a = a; — a;,1 < t < ¥, and ¢ is the number of edges in G. Particularly,
H3(A.(Ag), a), did not vanish if G has chordless 5 -cycles that contain the edges e; and e;.

Keywords: Hyperplane arrangement, hypersolvable arrangement, Orlik-Solomon algebra, cohomology
of the Orlik-Solomon algebra, graph theory, hypersolvable graph.

1. Introduction:

Combinatorics, a branch of Mathematics that organizes and calculates elements under specific constraints, has
implications in a variety of fields, including Computer Science, Physics, and Statistics [1], [2]. The matroid serves
as one of its essential concepts, since it abstracts the concept of independence in contexts such as Graphs, Networks,
and Algebraic structures [3]. Matroids offer a connection between combinatorics and algebraic topology under their
association with pure simplicial complexes, which are crucial for the analysis of topological spaces [4].

Hyperplane arrangement A (shortened to “arrangements”), which are collections of affine subspaces of codimension
one in a vector space V over a field K, have a topology specified by invariants obtained combinatorically from their
intersection lattice L(A) = {N yeg H| B € A} [5], [6]. Orlik and Solomon's construction of the Orlik-Solomon
algebra A, (A) of an arrangement A [7], calculates the cohomology H*(M(A), X) of the complement of the
arrangement M (A) = V \Upey4 H and presents techniques for studying cohomology. H*(M(A), L(a)) with the
rank one local system's coefficients L(a), a € A;(A) [9, 10]. It is possible to generalize H*(M(A),X) to
cohomology with local system L(a), if the non-vanishing cohomology H*(A.(A), @)) of the Orlik-Solomon algebra
A, (A) exists [8], [9].
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Our study integrates two important fields in mathematics with a wide range of applications, “Arrangements” and
“Graphs,” by using matroids for transferring the structure used to construct the Orlik-Solomon algebra A, (Az) of
the graphic arrangement A to reconstruct the Orlik-Solomon algebra A, (G) of a graph G using the duality between
these two fields [6]. Accordingly, the structure of the third cohomological group of the Orlik-Solomon algebra for a
free triangles graph H3(A.(Ag);a) was investigated for a = a; — a,, 1 <t < £. We proved that
H3(A,(Ag); @) not vanished if G has chordless 5-cycles contains the edges e; and e, simultaneously where m the
number of vertices in G. Finally, we provided a few illustrations of our results.

2. Basic Concepts:

This section is motivated to recall the concepts and structures that we need in our work.

2.1 Matroids:

Matroid, a crucial concept in combinatorics, encapsulates the idea of independence in various contexts and was first
introduced by Hassler Whitney in 1935 [10]. Its foundational structure is a pure simplicial complex, which emerged
in the late 19th century via the work of Henri Poincaré [11]. The formal notion of simplicial complexes was later
introduced by J. H. C. Whitehead [4].

Definition 2.1.1: [3]
By a finite matroid, we mean a pair M = (4, A), such that A is a collection of subsets of a finite set A, satisfying:

1. Ais an abstract, non-empty simplicial complex, this means, A# @ and if A" € A and A" c A', then A" € A.
2. All of A's induced subcomplexes are pure, i.e. if B € A, the maximal elements of A N 28 have the same
cardinality, where 28 = {C € A |C € B}.

Members of A are referred to as independent matroid sets, it is thought that the facets represent the matroid's
bases, can be write v € M to mean v € A.

It claims that two matroids, M; = (44,4,) and M, = (4,, A,), are isomorphic if and only if
{¥(q), ..., ()} € A, and a bijection P : A; — A, such that {vq, ..., v} € Aq.

A minimally dependent set is a circuit C € 4, i.e. when we remove any 0-simplex from C, it becomes
independent. Can be define the rank of B by;

1k(B) = maX{IB’||B’ C B and B' € A}
where B € A. Specifically, rk(¢) = 0 and define the following:

1. The matroid M itself's rank by rk(M) = rk(A) = dim(A) + 1 = |F|, where M's facet is F. Matroid's level
isl(M) = |A| —rk(M)-1.

2. A maximum subset of rank k is called a k — flat of M. Here, it is worth pointing, If a matroid M has flats
B and B’, then BNB' is also a matroid's flat. The closure B of a subset B € A, is the smallest flat
containing B, i.e. B = N5 pop B -

3. The poset of matroid M denoted by L(M), ordered by inclusions. L(M) is a lattice, since it has a top
element A, which calls the lattice of flats of M. A unique minimal element 0 = @ has been seen in L(M).

4. Can be define the characteristic polynomial y,,(t) of M, as:

(@) = Zxeron .U(ﬁ, X) ¢k

denotes to the Mdbius function of L(M) and r = rk(M).u
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5. The set C = C\v is a broken circuit of an ordered matroid My, where v is the minimal element of a circuit
C via a total order = on A. The simplicial complex is the definition of the broken circuit complex, also
known as the BC-complex.

NBCo(M) = {B < A | B contains no broken circuit}.
For 0 < k < rk(M), set
;NBCX(M) = {B € A | B contains no broken circuit and |B| = k + 1}

to be the k- skeleton of NBCo(M). It has been noticed that, if f2 = (f&, f2, ..., f21) be the f-vector of
NBCo(M), then |NB(J§< (M)| = f2 and by applying a result of Rota [12];

(0 = AT — AT o (—1)TFA,
wheref%, = 1.

Remark 2.1.2:

It is worth noting the following:

1. For a field K = C, let A be a hyperplane arrangement of a finite dimensional vector space V, we will use
M, = (A, Ay) to denote its related matroid, such that A ; = {B € A:rk(B) = |B|}, i.e. all of the linearly
independent subarrangements of A are contained in A 4, and the lattice of flats L(M_4) will be the lattice
intersection L(A), for more information, see [13].

2. IfG = (V,E) is a simple connected graph such that IV and € be its vertices set and edges set respectively,
then M; = (€, Ag), will denote its graphic matroid, where A is the set of all subgraphs that contain no cycle
and the lattice of flats L(Mg) will be the lattice of bonds L(G) and its characteristic polynomial yy,, (t)
represent the chromatic function of G, i.e. xu, (t) is the number of colorings of G with t colors, see [14].

3. The hyperplane arrangements class has a dual subclass within the class of graphs called the graphic
arrangements class. Precisely, for every simple connected graph G = (V,£), there is an associated
hyperplane arrangement A; via the bijection [vi,vj] €EE o H; € Ag, where H;j = {(xy,..x,) €
C": x; = x;}. Consequently, their matroids M and M4, are isomorphic. So, their lattices of flats L(G) and
L(A) are isomorphic and y . (t) = XMy, ().

4. It is known, the Poincare polynomial of A, P(Ag,t) = yum,(—t). Consequently, if b; is a jt" Betti
number of the Poincare polynomial P(Ag, t), thenfor 1 < j < ¢, b; = The coloring's number of j vertices
of G with t colors.

Definition 2.1.3:

By a partition IT = (I, ..., I1p) of a matroid M = (4, A) we mean, a partition of A and by a section S of I, that
mean for each 1 < k < £, a subset S of A satisfied, either S N I}, is empty or a singleton. Let denoted to the set all
sections of I1, by S(IT), and denoted to the set of all sections of IT with |S| = k, by Sy (IT). So, can be call the sections
of I1, as k-sections. The empty section of I] is a 0-sections. Moreover, can be call IT nice if every choice of £-section
of IT is independent. If I is nice, then £ = rk(M).

2.2 Hypersolvable Partition of a Graph:
In addition to hypersolvable graphs, our research emphasizes triangle-free graphs. Papadima and Suciu initially
introduced hypersolvable graphs in 2002 [15]. The hypersolvable partition was subsequently devised by Fadhil and

Ali as a necessary and sufficient condition for any graph to be considered hypersolvable [16]. We shall utilize the
following terminology for defining this concept.
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Definition 2.2.1: [16]

The undirected connected simple graph G = (V, €), refer to two finite sets of m-vertices and n-edges respectively,
V and €. The hypersolvable partition of G, is a pair [1¢ = (I1V,I1¢), and it is denoted by HP, the following facts are
satisfy, if 1V = (117, ..., [1},_,) and [T1¢ = (II%, ..., [1%) are partitions of V and € respectively:

HP: 1Y = {v,,v,} and IT1¥ = {e;}, where e; = [v;,V,], i.e. IIf is a singleton.
HP»: The block H]-V is a singleton, forevery 2 < j < m—1.
HP3: Forevery 2 < k < ¢, the block IT{ satisfying the following:

HP;i: For every e; , e;, € I v ... U I, there is no edgee € IIE,, U ... U I'If such that {e; ,e;,,e} formsa
triangle.

HP,ii: There is a positive integer 1 <my, <m—1, such that V, = II/ U.. U H,‘flk is a subset of V that is

contains every endpoints of the edges in IIf U .. U IS, ie. Gy, = (Vi,, [If U ... U ITI§) makes up a
subgraph of G. Then, either.

1. I = {e} such that V;, = Vy_,, or;
2. It = {eii,...,eidk}, such that Vi \Vj_1 = H,‘ﬁlk_lﬂ =1y, = {v} and for 1< j <d, ey; =

[vi;,v], for some vy; € [T{ U ... U ITy;

my_q» Where {v; , ""Uidk} CVi1=I1 V..U,  createsa

complete subgraph of G.

The number of the blocks of 7€ is called the length of IT¢ and denoted by £(G) = £. The vector d = (dy, ..., d,) is
said to be the exponent vector (or d-vector) of IT if d;, = | ik | for1 < k < #.Therank of II{ defined as rklII§ =
V| =1 and 7k(G) = 1k I§ = m— 1. The block [T can be considered singular if |V _1| = | V|, thus it

is non-singular if | Vie\Vi-1 | = 1. Can be consider a hypersolvable partition I7%is a supersolvable if and only if, IT¢
has no singular blocks. Also, a hypersolvable partition I1¢, is called m-generic if £ > m, the exponent vector d =
(1, ...,1) and every k-eadges of € cannot be an k-cycle, 3 < k <m — 1.

Theorem 2.2.2: [5]

A graph G = (V, € ) is said to be supersolvable if and only if there exists a sequence vy, U, ..., Uy, that arranges its
vertices so that, for any indices 1<i<j<k<m, if [v;,v,] €€ and [vj,vk] € €, then [Ui,Uj] € €. The
neighborhood of v; forms a clique when considering only the vertices v4, ...,v; inG.

Proposition 2.2.3: [16]

A graphic arrangement A is hypersolvable (supersolvable or generic), if and only if, it is graph G is hypersolvable
(supersolvable or generic).

Note 2.2.4:
Let G be a hypersolvable graph. There are important points to take into consideration:

1. The related graphic arrangement Ag; has a hypersolvable partition [1¥% = (I, ...Il,;) derived from the
hypersolvable partition T¢=(1TV,11€) on G as; for1 < k < ¢, H;j €I, if, and only if, [i,j] € . We will
call IT#%6 the induced partition of I1¢ [16].

2. According to remark (2.1.2) and definition (2.1.3), there is a bijection between S(I1¥%6) and the set S(I1%).
There is also a bijection between S (I1¢) and S, ([1#%6), for1 < k < 4.
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2.3 Cohomology of Orlik-Solomon Algebra:

Recalling isomorphic structures of the Orlik-Solomon algebra A,(cA) is the main goal of this section.
Definition 2.3.1: [13]

Suppose that K is a commutative ring and < is an arbitrary total order defined on the hyperplanes of a £-arrangement
A. Define the Orlik-Solomon algebra (or simplicity OS algebra) A.(cA) to be the quotient of the exterior K-algebra
E. = Akso (BPrena Kep), by the homogenous ideal I, (A) is generated by the relations;

(D ey, ey, ey, foralll < iy < <icsm

Ca¥ 1%

where {H iy e Hik} is a dependent subarrangement of A and the circumflex “"“indicates the deletion of ey, .
J

11’

The broken circuit module NBC,(A) is a submodule of the exterior algebra E, is defined as; NBCy(A) =
K and NBC,(A) for1 < k < £, be the free K-module of Ej, with an NBC (no broken circuit) monomial basis
{ec|C € NBCy(A)} S Ey, i.e.;

NBC(A) =@ cenpcy () Kec and NBC.(A) =Bf,_o NBCy(A).
Theorem 2.3.2: [13]
On the broken circuit submodule NBC,(A), the restriction of canonical chain map ¢,:E, - A,(A), is an

isomorphism defined as; for 1 <k < ¢, @i (ec) =ec + Ix(A) = ac, C € NBCi(A). Consequently, the OS
algebra A,(A) embedded by the following structure as a free K-submodule of the exterior algebra: A,(A) =

@1{;:0 (@CENBCK(ﬂ) Kac).
Definition 2.3.3: [9]

Assume that a € A;(A) witha = X)7-; A; a5 for A; € K.

Multiplication by a give a differentiation dj,: Ay (A) 5 Ay 4+1(A) such that (4,(A), a) forms a complex. The
cohomology of this complex denoted by H*(A(A), a) and is said to be the cohomology of the Orlik-Solomon
algebra.

3. Main Results:

Our work involves two parts. First, we reconstruct the Orlik-Solomon algebra for a graph by utilizing its
hypersolvable partition structure. Second, we examine the first non-vanishing cohomology for a triangle-free graph.

3.1 The Orlik-Solomon Algebra of a Graph:

Here, we use the hypersolvable partition structure of a triangle-free graph to constrain the cohomology structure of
the Orlik-Solomon algebra. We review the Orlik-Solomon algebra's structure as offered in [17] in order to make our
methodology clearer.

3.1.1 Construction:

Let Q,, be a complete graph with m vertisies and assume Szm is a total order defined on the set of its vertices say

as; Vo, = {v1, ..., U }. Via Sg we will define a total order on its edges that is induced from its supersolvability.
m m

We conduct this by recalling the strong geometrical features of its supersolvable partition on &, _:
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€ € € €
HEQm — (lem,anm,n3Qm,. 11 Qm)

" m—-1
= ({[171, 172]}, {[171, 173], [vZ' 173]}, {[v11v4]1 [172, 174_], [173,174_]}, R {[vlr vm]r [UZ'Um]' R [vm—ll Um]})

to define an order ng on &,  that respect this partition as follows:

[v1,v,] S’%m [v1, v3] S’Bm [v2, v5] ﬂ%m [v1, V4] ﬂ%m [v2, v4] S’%m [v3, V4] S'Zm
DG, W1, o] G [V, 0] DG o S5 (Vi1 Vi)

Straight to the definition of 2, = (ng, ng), we have the following:

LI i<, [vk,visa] € 11;°™ and [V vjsa] € qum’ then [vk;, Vir1] 26, [Viy vjsa], for cach 1 < k; < i
and 1 <k; <.
2. If1<k; <ky < ks <k, then in block [T, %™ we have:
v [vkl;vk+1] i’gm [vkz,vk+1] S’gm [vk3,vk+1] and;
V' v vig] S5, [V v ] S5, (Vi Vi -

We will employ the above structure of =2, on the complete graph @, to establish an order S defined on any
hypersolvable graph G = (V, €) with m vertices through its HP I1¢ = (11", I1¢) via the inclusion map iz: G < Q,p,,
which we designate as hypersolvable order. That is, the order 2 will satisfy:
1. Ifv; € 1} and v; € HjV such that; i < j, then v; Q% v;.
IfeeNfande' € 1'[;‘-3 such that; i < j, then e <& e'.
3. It e,e,e, € n¢  and e, =) e, =) e, , then e ; <t €i, i <t €i,i, ,where
{ei i, €iprei 1€, iy €ipr e )s (€, iy €, €, } are the triangles in G via the solvable property of IT¢.

3.1.2 Construction:

From this point on, we assume that G = (V, €) be a simple connected triangle-free graph such that the number of its
vertices is m >4, the number of its edges is £ and M; = (€,A;) represent its Matroid. Therefore, G is
hypersolvable with an HP say I1¢ = (11", I1%). Consequently, G has an exponent vector w = (1, ...,1) such that the
length of I1¢ is £(G) = £ = |€| = |Ag].

In construction (3.1.1), it is crucial to recollect the hypersolvable order S; on G to establish an order <4, on the

hyperplanes of A, based on the structure of the induced partition IT?%6 as outlined in note (1.2.4). Consequently,
due to remark (2.1.2) and the isomorphism between the lattice of bonds L(G) and the lattice of intersections L(Ag),
we shall derive the following bijections via the hypersolvable order <;:

I. fiNBCa;(Mg) > NBCs, (Mg,).

2. For0 <k <rk(Mg), fi: NBCS_(Mg) - NBC;‘AG (Mcﬂ(;) will be the restriction of f on the k”- skeleton of
NBCE_(My).
g:SsG(HG) - Ssﬂa(nﬂa)-

4. For0 <k <(G), gk:S’ﬂ‘G(HG) - Slﬂ(ﬂc (H‘AG) will be the restriction of g on SQ‘G (o).

According [17], we have,

p(M;) = Max{k||NBCE_(M)| = |SE_(1T9)|} = c - 2;
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where ¢ = ¢(G) = Min{|C|: C is aj — cycle with no chord,j = 4}. As a result, we can categorize the class of
triangle-free graphs into three subclasses, and we can reconstruct the Orlik-Solomon algebra as free K-module and
will be denoted by A, (G) using the following formula:

1. If £(G) = m — 1, then G is a tree which is supersolvable, and the Orlik-Solomon algebra reconstructed as:
A.(G) =}t (Gaces’gc(nc) Kac) and for 1<k<m-—1, A;(G) Eeacesé‘c(n@) Ka; and, by (A,(G)) =
™)

)

2. If ¢(G) = #(G) = m, then G is generic that form’s m-cycle with no chord, and the Orlik-Solomon algebra

reconstructed as: for 1 <k <m —2, Ag(G) =D sk (%) Ka, with b, (A.(G)) = (7,?) and, A,,-1(G) =
<G

®C€NBC;HG_1(MG) KaC s Where NBC;'};_l(MG) = S;nc_l(HG) - {8 - {[171, 172]}} and, bm—l(A*(G)) =m— 1 .

Thus,

A.6) =@ (Dcest, () Kc) © (Bcessri(n9)-e-11o, vy Kc)

3. If c(G) =c<m—1< £, then G is neither supersolvable nor generic and for 1 <k <c—2, A,(G) =
®C€S§G(HG) KaC WIth b](A*(G)) = |NBCk(C’qG)| = (T,?) and AC—l(G) E@CENBC;EI(MG) Kac,
where NBCS_'(Mg) = S5 (I1°) — BCS,* (M), BCS,*(Mg) is the set of all broken c-cycles via <& and
be-1(A.(®) = (") — |BCS.*(M)|. Thus:

0 20T (@ oy )

=278 (@Bcest (1) Kac) @ (Bcessz1(n)-seszione Kac) D (Bcewsct g Kac).
3.2 The Structure of H3(A,(G), a):

From now on, assume G is a triangle-free graph and we reordered its set of edges € = {eq,e5,:+, €7} of G by the
hypersolvable order <, i.e. e; & e, <& .- <€ ¢,. Furthermore, for a fixed a € A4, (G) =®e,cc Ka,,, recall the

complex (A4.(G),a) due definition (2.3.6) for constructing the cohomology of the Orlik-Solomon algebra
H*(A.(G),a).

Lemma 3.2.1:
If a=a, —a,, for2<t<¢ thendim(Imd,) = £ —1;

Proof:

Refer to construction (3.1.2), specifically, A;(G) =@ 42 (116) Ka.. To achieve our aim, we will analyze the
<G

homomorphism, d;: A;(G) 5 A;(G). 1t is significant to highlight that the basis for A, (G) is {ac: C € S5, (11°)}
which includes all the monomials of the 2-sections of IT€. Thus, for 1 < s < ¥, we have:
—a,, a, :s=1lort
dl(aes) = aes(ael - aet) =4 e, ey —Aele, 1 <s<t< ¥
—QAg, A, + Ae Qe :1<t<s< ¥
Indeed G is hypersolvable, hence every 2-section of I7€ is an NBC base of A;. Therefore, d; (aes) # 04,(c), since it
is expressed as a combination of NBC monomials. Moreover, considering that our graph G is devoid of triangles, it
implies that each 3-section of I1 € is either an NBC base or broken circuit of Ag.So, forl <s<t< 4,
6;*(6)(aelaesaet) = A Ay, — Ap, A, + A, A = —dl(aes) — A, A, F 04,6)
= d1(ae5) # —a,, A,
Aswellas, forl<t<s< ¥,
a;*(a)(ahaetaes) = aetaes - a€1a€s + a€1a€t = dl (aes) + ae1aet i OAz(G)
= dl(aes) F —Q, A,
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Therefore, the basis of Im d; included £ — 1 monomials and dim(Imd,) = £ — 1.
Proposition 3.2.2:
If a=a, —a,, for2<t<4?,thenImd, =kerd, and,
. 62 -
dim(Imd,) = ( 5 ) + (£ - 2);
Proof:

We will analyze the homomorphism, d,: A4,(G) 5 A3(G). 1t is significant to highlight that the basis for A3(G) is
{ac:C € S3 G (I19)} which includes all the monomials of the 3-sections of IT¢. Thus, for 1 < k; < k, < £, we have;

d; (aeklaekz) = aeklaekz (a61 - aet)

045(c) tky =1landk, =t
T e, Ay, Qe 1=k <k, <t<?
Ae,Ae, ey, 1=k <t<k,<?
_ ) Ao, Aoy, Aey 1<k <k,=t<? (3.2.2.1)
Ae,Ae, ey, 1<k =t<k, <? R
e, ey ey, — Aeg Ay, Qe 11 < ky <k, <t<?¥
Ae,Aep ey, T ey Ao Oey, 1<k <t <k, <?t

\Qe, Aey, ey, = Ae,Oey Oy, 1<t <ky <ky<?

It is clear, for 1<k <tort<k <4, dz(aelaek) = —dz(aekaet) # 04,(¢), Formula (3.2.2.1) states that,
d, (aeklaekz) = 0y4,(¢) for ky = 1and k, = t, and for the other cases it constitutes a combination of NBC-
monomials. Thus, a,, a., € kerd, buta, a,, € Imd; And since, (4.(A), a) is a complex, therefore, Im d; =

kerd, and dim(Im d,) = ({); 2) + (£ -2).

Propostion 3.2.3:

If a=a, —a,, for2 <t <4, thenkerd; = Imd, and;

1. IfG istree or c(G) > 5, then dim(Im d3) = ({’ ; 2) n ({’ ; 2).

2. Ifc(G) =5, then dim(Im d3) = ({) ; 2) + ({) ; 2) — ug(G), such that ug(G) be the number of chordless 5-

cycles that includes e; and e;.

Proof:

Our objective will drive us to study the homomorphism, d3: A3(G) 5 A4(G). Due construction (3.1.2), the structure
of A4(G) depend on the value of c(G) = Min{|C|: C is aj — cycle with no chord, j = 5}. As previously mentioned,
m > 4, hence either (G is tree or ¢(G) > 5) or (¢(G) = 5). So, either:

NBC;G(MG) = S‘S*G(HG) and A4(G) =@ 44 (%) Ka, or;
2
NBCA, (Mg) = S4,(11°) = BCA,(Mg) and A4(6) =@ cess (n0)-cs_ g Kacs
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where BCZ (M) obtained by removing the minimal edge via S from the 5-cycles with no chord. So, the basis for
A4(G) depend on ¢(G). In general, for1 < k; <k, < ks < ¥,

d3 (a6k1a6k2a6k3) = aeklaekzaek3 (ael - aet)

( 04,6 ki =1and k; = tforsome 1 <i<j<3
ey Gy, Tery Ae 1=k <k,<ky<t<?
Aoy Qep, Ay ey, 1=k <k, <t<ks<?
ey e ley, ey, 1=k, <t<k,<k;<?
T e, Ay Aoy, Aey 1<k <k, <k;=t</?

= —0e, Oey, Oe, ey 1<k <k,=t<ks<? (3231

T e, Ae Aey, Aoy, <k =t<k,<k;</?

Ao, ey, Aoy, Ay, — ey, ey, Aey, Ay 1<k <k, <k;<t<?

A, ey, Aoy, Aey, + Aey, Aoy, Ae ey, l<k <k, <t<k;<?

Qe Aoy, Aoy, Aoy, = ey, Qe ey, Oy, 1<k <t<k,<kz;<?¥

(e, ey, ey, Ay, T Oy Oey Ay, Aoy, l<t<k <k, <k;<?

It is clear,

1. The relation NBC;*G(MG) = S;*G(HG) holds if G is a tree or c(G) > 5. Ifk; = 1and kj = t forsome 1 <i <
j < 3, then the formula (2.2.3.1) indicates that d3 (aeklaek2 aek3) = 04,(¢)» and in all other cases, d3 (aeklaek2a6k3)

forms a combination of NBC-monomials. Hence, for any 1<k <¢ and k #t, +a,, a.a,, € kerd;. But

+a,,a.,.a., € Imd,, as shown in proposition (3.2.2). Consequently, kerd; = Im d; and dim(Im d3) = (g ; 2) +
-2

(°2°)

2. In case ¢(G) = 5, there are two possibilities:

a. If m =5, then G is 5-generic. Assume € = {e; = [v1,V,],65 = [Vy, V3], €3 = [V1, 4], €4 = [V3,14], €5 =
[v4, Us]}. So, the broken 5-cycle with no chord written as:
ApyQe,Ap, o, = Qg Ao, A, A, — Qg g, Ay, Ap, + Ao Ap, A, Ao, — Ay, A, A, A,
..(3.232)
Below are four cases for values of t:
a.l. If t = 2, then:

d3(a51a52a53) = d3(a91a92a€4) = d3(a€1a€2a€5) = 0A4(G)’

d3(a51a53ae4) = d3(a62a63a64) = _aelaezae3ae4a
d3(aelae3aes) = d3(aezae3aes) = _aelaezae3aesa
d3(aelae4aes) = d3(aezae4aes) = _aelaezae4aesa

and d3(a53a54aes) = d3(aelae3ae4) — d3(aelae3a65) + d3(aelae4aes).
a.2. Ift = 3, then:

d3(a51a52a53) = d3(a61ae3a€4) = d3(a€1a€3a€5) = 0A4(G)’

dS(aelaezae4) = _d3(aezae3ae4) = aelaezaegaqa
d3(aelaeza35) = _d3(aezae3a65) = aelaezaegaesa
d3(aelae4a35) = d3(ae3ae4a65) = _a€1a€3a€4a65’

and d3(a32a64a65) = d3(aelaezae4) — dg(aelaEZaes) + d3(aelae4aes).
a.3. Ift = 4, then:

d3(a51a52a54) = d3(ae1a53ae4) = d3(ae1ae4a€5) = 0A4(G)’

d3(aelaezae3) = d3(aezae3ae4) = _aelaezaesae4a

d3(aelaezaes) = _d3(aezae4aes) =Qa.,a.,0a.,0a.,,
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d3(aelae3aes) = _d3(ae3ae4aes) = Qg Ap,Ac,0Ac,,

and d3(a62a63a65) = d3(aela62a63) —ds (aelaezaes) —d; (aelae3aes).
ad4. If t =5, then:

d3(aelae2a65) = d3(a61a63a65) = d3(ae1ae4a55) = 0A4(G)9

d3(aelae2ae3) = d3(a62a63a65) = _a61a62a63a65a
d3(a51a52a54) = d3(a62a54a55) = T0e, e, e, Ay,
d3(a51a53a54) = d3(a63a54a55) = T0e, ey e, Ay,

and d3(a52a63a64) = d3(a51a52a63) — d3(aelae2ae4) +d3 (aelae3ae4).

Hence, for any 1 < k < £ and k # t, +a,,a,,a,, € kerd;. But +a, a,.a,, € Imd,, as shown in (3.4.1).

5—2) +(5;2)—1 = 3 for this case.

Consequently, kerd; = Im d,. Itis clear, dim(Im d3) = ( 3

b. Ifm > 5 and c5(G) be the number of chordless 5-cycles then for this case,
£

VB2, (Me)| = [52,(19)] = (3) |BC2, (Me)] = c5(6) and;

?

INBC2,(M)| = |54, (19| = [BCA, (Me)| = () = es(6).

Suppose S = {eq,,€q,, €q, €q, €q;} De a chordless S-cycle such that 1 < g; <q, <q3 <qs<gs<+?.

Hence, it’s broken cycle is C = {eg,, €q,,€q,,€q.} € BC;‘G (M;). It is known that every monomial of a broken

S-circuit written as a combination of NBC-monomials as:

Aeq, aglls ae%ae% = Qeg, ae% Qeq, agéls T Qeg, Qeq, Teq, agfls
e, Aoy, Aoy Aoy — ey, Aey, Gy, Aey, ... (3.2.3.3)
Therefore, we have the following possible cases:
b.1. If S is one of (c5 — us) of chordless 5-cycles that do not simultaneously include e¢; and e;, then:
b.1.1. Ife;, e € S, then formula (2.2.3.1) shows that d; (aelaeq_aeq,) and d; (aeq,aeq_aeqk) are written as
i J 3 J
a combination of NBC-monomials, for1 <i <j < k < 5.

b.1.2. For the second case assume either (e; € Sande; € S) or (e; € Sande; € S). If (e; €ESande; ¢
S), then, g1 =1 and q,,q3,94,95 # t . Accordingly to formula (2.2.3.1), we get either
ds; (ae1aeqiaeq].) = +d; (aeqiaeqj aet) = ?aelaeqiaeqjaet is an NBC monomial or
d, (aeqiaeqjaeqk) = aelaeqiaeqjaeqk + aeqiaeqjaeqkaet, is written as a combination of an NBC
monomials, for 1 < i < j <k < 5. Therefore, the number of generators that combine the basis of
Im d; is 4, determined as: (5 ; 2) + (5 ; 2) = 4. Similarly, it's possible to conclude that four
generators will be obtained to be included in Im d3’s basis, if (¢; € S and e¢; € S).

b.2. Assume S is one of the ug chordless 5-cycles, that including e; and e, for the purpose of seeing how one of

the 2-NBC monomial images cannot be including in Im d,’s basis, as follows:
b.2.1. Ift = q,:

d3 (ae% Aeq, aeqs) =d; (ael Qeg, aeq4) —ds (ael Qeg, aeqs) +ds (aelaefm aeqs)'
b.2.2. If t = g3:

ds (a‘eqz Aeq, a‘eqs) =d; (ael Qeg, aeq4) —ds (ael Qeg, aeqs) +ds (aelae% aeqs)'
b.2.3. If t = qq:

d3 (a‘eqz Qeqy aeqs) = ds (ael Qeg, aeqa) —ds (aelaeqz aeqs) —ds (aelae% aeqs)'
b.2.4. If t = qgs:

ds (a‘eqz aeq:«; aetM) = d; (ael agllz aeqa) —ds (aelaeqz aeq4) +ds (aelae% aem)'
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In this case, the generators joining the basis of Im d3, are exactly three elements calculated as: (5 ; 2) +
£—2

5-2 _ . (P=2 _
( ) ) — 1 = 3. For general case, the number of such generators is, ( 3 ) + ( ) ) us (@).

Theorem 3.2.4:

If a=a, —a,, for2<t<4,then:

1. IfG is tree or c(G) > 6, thenkerd, = Im d3 and dim(Im d,) = ({) Z 2) + ({) ; 2) )

It ¢(G) = 6, then kerd, = Im d5 and dim(im d,) = (¥ %) +(* 3 %)+ —us(6).

4
If G is 5-generic graph, then kerd, = A4(G).
If c(G) = 5, then dim(ker d,) = dim(Im d3) + us and:

N

dim(Imd,) = <(’" 2 0) -~ (us@=5) = b) = (c5 - u5)> + <(’5’ 3 7) - (s + v5)> — U,

where cs be the number of chordless 5-cycles, us and ug be the number of chordless 5-cycles and chordless 6-cycles
that includes e, and e; respectively, vs is the number of chordless 5-cycles that includes e; as not minimal edge via
S and by is the number of broken circuits that contains B —{ej,e;}, and B is a chordless 5-cycle that
simultaneously include e; and e;.

Proof:

According to construction (3.1.2), the structure of A5(G) depends on the value of ¢(G). As we mentioned, the graph
G has no triangles, hence either (G is tree or c(G) > 5) or (c(G) = 5). So:

1. If G is tree or c(G) > 6, then NBCS(M;) = S3,(11°) and A5(G) 5@66526(176) Kac.
2. Ifc(G) = 6,then NBC3,(Mg) = S3,(I1°) — BCS,(M;) and;

A5(6) =@cess (n%)-sc5,01e) K e
3. Ifc(G) = 5, then NBC5,(Mg) = S5_.(I1°) — (BC3,(M¢) U €3, (M) and;

A5(6) =@ cess (19)-(8c3, M) U c3,Me)) K

where, where BCS G (M) contains the sections that obtained by deleting the minimal edge via <; from the chordless
6-cycles and C5 G (M) include the sections that related to chordless 5-cycles ordered via ;.

Now, we need to examine the homomorphism, dg: A,4(G) 5a 5(G), according to the value of c(G). In general, for
1<k, <ky<hs<hy<?,

dy (aek1 aekz aek3 aek4) = aekl aekz aek3 aek4 (ael - aet)
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( 04,00 tki=1andk; =tforsome 1<i<j<4
—0e, ey, ey Oey, e, 1=k <k, <ks<ky,<t<?
e, ey, ey, Ae, ey, 1=k <k, <ks<t<k,<?
Q¢ Qe A, gy, Oey, 1=k <k, <t<ky <k, <4
e, O, Oey, Aoy, Aoy, 1=k <t<k,<k;<k,<?
Ao, Ay Aoy, ey, Oe, 1<k <ky<ks<ky=t<?
) Qe Aey Oey, Qe ey, 1<k <k, <ks=t<k,<?
Qe Aoy Qe ey, Ay, 1<k <ky,=t<k;<k,<?
Qe O, Oy, Aoy, Ay, 1<k =t<k, <ks;<k,<?
Ao, ey, Oy, ey, Aoy, — Oey, Aoy, Oy, Ay, T, 1<k <ky<ks<k,<t<?
Ao, ey, Oy, ey, Aoy, T Oy Aoy Oy, Aoy Ay, 1<k <ky<ks;<t<k,<?
Qe Aoy, Aoy, Aoy, ey, — ey, Oy, Doy ey, Aey, 1<k <k, <t<ks<k,<?
Ao, ey, Oy, Aoy Aoy, T Oy Ao Qey Oy ey, 1<k <t<ky,<ky;<k,<?
\ @, ey ey, Qe Aeye, — ey Oy, Aoy, Oey, Dey, tl<t<ki <k, <ks<k,<<?

...(3.24.1)
Within the type G, we will look at all possible cases that follow:
1. The relation NBC3,(Mg) = S3,(11°) holds if G isatree or ¢(G) > 6.1fk; = 1and k; = t for some 1 <i<
j <4, then the formula (3.2.4.1) indicates that d, (aeklaekzaek3aek4) = 0g5(6)» and in all other cases,
d, (aeklaek2 ey, aek4) forms a combination of NBC-monomials. Hence, forany 1 < k; < k; < € and k;, k; # ¢,
$a61aetaekiaek,- € kerd,, But ?aelaetaekiaekj € Im d3, as shown in proposition (2.2.3). Consequently, kerd,

Im d; and dim(Im d,) = ({) ; 2) + ({) ; 2) :

2. In case ¢(G) = 6, there are two possibilities:

a. If m=6, then G is 6-generic. Assume € = {e; = [vy,V,], €3 = [Vy, V3], €3 = [V3, V4], €4 = [V4, V5], €5 =
[v1, V6], €6 = [Vs, V6]}. So, the broken 6-cycle with no chord written as:
Ae, e, e, Ao Ao, = Qe Qe A, Ao Aoy — Ao, A, A, Ae Ao, + A A, Qe Qe A, — A, A, A, Ae, Qe T
Ap,Ap,Ap,Ap, Ay, -.(2.2.4.2)
Below are five cases for values of t:
a.l. Ift = 2, then:

d4(aelaeza53ae4) = d4(aelaezae3aes) = d4(aela62a63ae6) = d4(aelaezae4aes) =
d4(a51a52a54a66) = d4(a61a€2a€5a€6) = OAS(G)’

d4(aelae3ae4a65) = d4(aezae3ae4aes) = ael aezae3ae4aesa

d4(aelae3ae4ae6) = d4(aezae3ae4aeé) = aelaezae3ae4ae6a

d4(aelae3aesae6) = d4(aezae3aesaeé) = aelaezae3aes ae6a

d4(aelae4aesae6) = d4(aezae4aesa66) = a,,a,,a,,a,.a,,,and

d4(a53a34a35a66) = d4(aelae3ae4aes) — d4(aela63ae4a66) + d4(aelaegaesaeﬁ) - d4(aelae4aesaes).

a.2. If t = 3, then:
d4(aelaezae3ae4) = d4(aelaezae3aes) = d4(aelaezae3aeﬁ) = d4(aelaegae4aes) =
d4(a31a53a54a66) = d4(a€1a53a55a56) = OAS(G)’

d4(aelaezae4a65) = _d4(aezae3ae4a65) = —Q,,0.,a.,4,.,04,,,
d4(aelaezae4a66) = _d4(aezae3ae4a66) = —Qa,,0a.,a.,a.,0.,,
d4(aelaezaesa66) = _d4(aezae3aesa66) = —Qa,,0a.,a,,a, 0,
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d4(aelae4aesae6) = —d4(a63ae4a65a66) = —a,,Q,.,0a,,0a,.0a,,and

d4(aezae4aesae6) = d4(a61a62a64a65) — d4(a61a62a64a66) + d4(a61a62a65a66) — d4(aelae4aesaeﬁ).

a.3.Ift = 4, then:
d4(a61a62a63a64) = d4(a51a62a54a65) = d4(ae1a32ae4a36) = d4(aelae3ae4aes) =
d4(aelae3ae4ae6) = d4(a61a64a65a66) = OAS(G)a
d4(aelae2ae3a65) = d4(a62a63a64a65) = a61a62a63ae4a659
d4(aelae2ae3ae6) = d4(a62a63a64a66) = a61a62a63ae4a669
d4(aelae3a65ae6) = d4(a63a64a65a66) = a61a63a64a65a669
d4(a51a62a55ae6) = d4(a32ae4a35a36) = A, Ay, 00,00, Ae,
and d4(aezae3agsa36) = d4(a51a32ae3a65) - d4(aelaezae3a66) + d4(aelaezaesaes) -

d4(a51a53a55a86).
a.4. If t = 5, then:
d4(a51a62a53a55) = d4(aglaezag4aes) = d4(a51a32a65a66) = d4(aelae3ae4aes) =
d4(aelae3aesae6) = d4(a31a34a35a36) = 0A5(G)a
d4(a€1a52a53a64) = _d4(a€za€3a€4a€5) = _a€1a€za€3a€4aes’
d4(aelaezae3ae6) = d4(aezae3aesa66) = aelaezae3ae5ae6a
d4(aelaezae4ae6) = d4(aezae4aesa66) = aelaezae4ae5ae6a
d4(a51ae3ae4a66) = d4(ae3ae4aesa66) = a,,Q,,0Q,,0,. 4, ,and
d4(a52a53a54a56) = d4(a€1a52a53a54) - d4(a€1a€zae4aes) + d4(a€1a€2ae3a€6) - d4(ae1ae3ae4aee)‘
a.5. t = 6, then:
d4(aelaezae3a36) = d4(aela32ae4a36) = d4(aelaezaesaes) = d4(aelae3ae4a66) =
d4(a€1ae3aesa36) = d4(a€1a€4a35a36) = OAS(G)’

d4(aelaezae3ae4) = _d4(aezae3ae4aes) =70 A, Qe e, g
d4(aelaezae3aes) = _d4(aezae3aesae6) = 0., Ae, Qe Ap Aey
d4(aelaezae4aes) = _d4(aezae4aesae6) =700, Ap,Ae g
d4(a61ae3ae4aes) = —d4(ae3ae4aesa36) = —a,a.,a,,4a,.a,.,and

d4(aezae3ae4aes) = d4(aelaezae3ae4) - d4(aela62ae3aes) + d4(aelaezae4aes) - d4(aelae3ae4aes).

Hence, for any 1 < k; < k; < £ and k;, k; # t, ?aelaetaekiaekj € kerd,. But +a,, a,a,,a,, €Imds, as

shown in proposition (3.4.2). Consequently, kerd, =Imd; . It is clear, dim(Imd,) = (6 Z 2) +
(6 -2

3 ) — 1 = 4 for this case.

b. If m > 6 and c4(G) be the number of chordless 6-cycles then for this case,

NBes, (o) = [s2,a1)] = (£),

INBCS,(Mp)| = |55, (10| - [BEZ, M| = (%) - ¢6(6):

Suppose S = {€q,,€q, €qs) €q,4r €q5r €q,) DE @ chordless 6-cycle such that 1 < g, < q; < q3 < qu <gs <
ge < ¥ . Hence, it’s broken cycle is C = {eq,,€q,, €q, €. €q.} € BC;‘G(MG). It is known that every
monomial of a broken 6-circuit written as a combination of NBC-monomials as:

BCsSG(MG)l = ¢6(G) and;

Aeq, Teqs Teqy eqs Mas = Aeq, Aeqy Teq, CeqsAas — Qeq, Aeq, Aeq, Peqs s + Qeq, Feq, Teqs Teqs as
0, Aoy Aoy Oey Qg+ Qe Qe e, Qe Qg ...(3.2.4.2)
Therefore, we have the following possible cases:
b.1. If S is one of (c¢g — ug) of chordless 6-cycles that do not simultaneously include e; and e;, then:
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b.1.1. If e, e €S , then formula (3.2.4.2) shows that d, (aelaeq_aeq,aeqk) and
i 4
d3(aeq,aeq_aeqk e, ) are written as a combination of NBC-monomials, for1 <i <j <k <
L ] n

n<6.
b.1.2. For the second case assume either (e E Sande; € S) or (e € S and e, €S5). If
(e; €Sande; € S ), then, g; = 1 and q5, q3,94,9s, Qe # t. Accordingly to formula (3.2.4.2),

we get either dy (aelaeqiaeqjaeqk) = +d, (aeqiaeqjaeqkaet) = +aelaeqiaeqjaeqkagt is an
NBC monomial or d, (aeqiaeqjaeqkaeqn) = aelaeqiaeqjaeqkaeqn + aeqiaeqjaeqkagqnagt , 1S
written as a combination of an NBC monomials, for 1 <i < j < k <n < 6. Therefore, the
: . . . 6—2 6—2
number of generators that combine the basis of Im d, is 4, determined as: ( ) + ( ) =

4 3
4. Similarly, it's possible to conclude that four generators will be obtained to be included in

Im d,’s basis, if (e; € Sand e; € S).

b.2. Assume S is one of the ug chordless 6-cycles, that including e, and e;, for the purpose of seeing
how one of the 2-NBC monomial images cannot be including in Im d5’s basis, as follows:

b.2.1. If t = q,:
ds (ae% Qeq, ag‘ls aeqs) =d, (aei ae% Qeq, agéls) —dy (aelae% e, ae%) tdy (aelae% aeqs aeqe) B

dy (ael e, ag‘ls aeqs)'
b.2.2. If t = q3:

ds (aelh aelM aeqs aeqs) = d, (aei agllz ae[“ aeqs) —dy (aelaeQZ aefu aeqe) +dy (aelaeQZ aeqs aeqe) B

ds (ael Qeq, Aeqq aeqs)'
b.2.3. If t = q,:

ds (ae% ag(ls aeqs aeqs) = d4 (ael aeQZ ae¢13 aeqs) —dy (aelaeth aeqs aeqe) +

ds (ael ang ag(ls aeqs) —d4 (ael ae% aeqs aeqs)'

U
w
N
Q
A\
[y
Q
A
Q
N
Q
A
Q
~
Q
A
Q
[}
N—
I
U
w
N
Q
Q
[y
Q
A
Q
w
Q
A
Q
o~
Q
A
Q
o

t
ds (aeQZ ae% ae% aeqs) = ds (ael aeqz aeq3 aeq4) —ds (ael agflz aeq3 aeqs) +

e, aeqz ae% agéls) —ds (ael ae% aem aeqs ’

In this case, the generators joining the basis of Im d3, are exactly four elements calculated as: (6 Z 2) +

6—2 _ . (=2 £—2
( 3 ) — 1 = 4. For general case, the number of such generators is, ( 4 ) + ( 3 ) —ug(G).

3. Ifc(G) =5, then,
[NBCS, (Mp)| = |55, (19| — [Bd, M5)] = (3) = 5(6) and;
INBCS,(Mg)| = |S5,(1%)| = (|BCS,(Mg)]| + ¢5(G)
= (§) - @ + 5@,

where ¢5(G) and cg(G) be the numbers of chordless 5-cycles and chordless 6-cycles

respectively. Here, we need to know wither the G is generic or not:
a. If G is generic, then A5 (G) = 0. Thus, kerd, = A4(G), since d,: A4(G) — 0 is the zero homomorphism.
b. If G is not 5-generic (i.e. cs(G) > 1), we will be partitioned NBC2 (M) by using the type of the chordless

5 cycles. Put N BC;'C? (Mg) to be the set of all NBC bases that not related to any chordless 5- cycles or related
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to chordless 5 cycle that contain e; or (e; as minimal edge). Put N Bng (M) and BC;’Gt (M;) to be the set
of all NBC bases and broken circuits that related to chordless 5 cycle that contains e; as not minimal edge
via S, respectively, and let vs(G) = |BC§’£ (MG)l. Put NBC;‘G”(MG) be the set of all NBC bases that
related to chordless 5-cycles that contains each of e; and e;. It is clear:

NBC2,(Mg) = NBCS (Mg)UNBCZ: (Mg)UNBCZ " (M).

Now, we will study the behavior of d4 as follows:

b.1.If ¢s(G) = 0, then BC3_(Mg) = @ since every 5 edges either they are in a chordless 5-cycle or they cannot
be broken circuit for a chordless 6-cycle. Thus, for this case NBC3_ (Mg) = S3.(I1¢) — C5_.(Mg), where
cS G (M) is the set of all chordless 5-cycles. According to the formula (3.2.4.1):

b.1.1. For 1<k;<kj<¢,1<i<j<4 and kj,kj #t, {ej, ex,ex; e} € NBC3,(Mg) and

d, (iaelagk1 ey, aet) = 04, (¢)- These monomials contained in the basis of Imd3, and their number is (£ — 2).

b.1.2 For 1 <k; <kj<k,<¢ ,1<i<j<n<4 and k;kjk, #t, if {el,eki,ekj,ekn} €
NBC;'G“(MG) then d, (aeiaek_aek,aek ) = 04,(g)- There are us(G) such  monomials, and Imd;
i j n
does not include them.
b.1.3 If {ey, ex,, ek, ex,} € NBCS, (M), such that 1 < ky < kp < k3 < ks < £ and ky, ky, ks, ks #
t, as a direct result to formula (2.2.4.1), each of d, (aelaeklaek2 aek3) , dy (aelaeklaek2 aek4) ,
dy (a51a5k2aek3aek4)’ dy (aelaek2a3k3aek4) dy (aeklaek2a6k3aek4) are written as a combination of NBC
monomials.
b.1.4 If{ekl,ekz,ek3,ek4} € NBC;L’Gt(MG), such that 1 < k; <k, < k3 <k, < ¥ and ky,k,, k3, ky #

t, hence d3 (aek1 ey, Oey, aek4) = Qe Ay gy Aoy Aoy, is an NBC monomials and,

dy (aelaek2 ey, aek4) =d, (aelaek1 ey, aek4) —d, (aelaek1 ey, aek4) +
dy (ael ey, Qe aek3) —dy (aek1 ey, Tex, aek3)'

The number of such monomials is [NBCS: (Mg)| = vs.

b.1.5IfB = {el,eki,ekj,ekn} € NBC;}‘Gl’t(MG), 1<k;<kj<k, <+t andk;kjk, # t, then for all
1<k <{withk # k;, kj, k,, t and {ekl, €k, €lyr ek} not a broken 4-crcuits;
dy (aek1 ey, Oey, aek) = +d, (aelaek1 ey, aek) +d, (aelaekla@k3 aek) T

d, (aela,ik2 ey, aek).
The number of such monomials is (us (£ — 5) — bs), where bg is the number of broken circuits
that contains B — {e,}, and B € NBC;*’Gl’t(MG).

For this case, dim(kerd,) = dim(Imds) + us(G ) and:

. -2 {2
dim(Imd,) = <( 4 ) — (us(# —5) — bs) — (c5 — u5)> + <( 3 ) — (us + v5)>.
b.2. The discussion of the case that cg(G) # 0 is a mixture among all the cases that we analyzed in item 2
(c(G) = 6) and item b.1 (c(G) = 5 and c4(G) = 0) above. Thus, dim(kerd,) = dim(Imds) + usand:
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dim(Imd,) = <({’ 2 )~ (us(e—5) = bs) — (cs - u5)> + <(f 3 0) - s+ v5)> — u.

n
Theorem 2.2.5:
If a=a, —a,, for2<t<4,then:
1. The Orlik-Solomon algebra A4, (G) has vanished second cohomological group, i.e. H*(4,(G); a) = 0.
2. The structure of H3(A,(G); a) depending on the value of c(G), as follows:
i. IfG istree or c(G) = 6, then A, (G) has vanished H3(A.(G); a).

ii. Ifc(G) =5, then the Orlik-Solomon algebra A, (G) has non vanished second cohomological group with
dim (H3(4.(G); a)) = us(G), where us(G) be the number of chordless 5-cycles that includes e; and e;.

Proof:

This is a direct result of proposition (3.2.3) and theorem (3.2.4).

4. Illustrations:
We will illustrate our results as follows:
4.1 Trees:

All the trees in figure (4.1) are hypersolvable with 15 vertices, 14 edges and each one of them has hypersolvable
partition with exponent vector (1,1, ...,1). According to theorem (3.2.4), they have vanished second and third
cohomology of the Orlik-Solomon algebra:

Figure (4.1): Trees with 15 vertices and 14 edges.

4.2 generic Graph:

In figure (4.2) G is a hypersolvable 5-generic Graph with 5 vertices, 5 edges and has a hypersolvable partitionwith
exponent vector (1,1, ...,1), where us(G) = 1 According to theorem (3.2.4), it has vanished second cohomology
of the Orlik-Solomon algebra and dim (H3(A4.(6); aQ, — aet)) =1.
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Us

Figure (4.2): 5-generic Graph with 5 vertices and 5 edge
5. Conclusion

This study is intended to investigate the first non-vanishing cohomology H*(4,(G); a), of the Orlik-Solomon
algebra A, (G) for a free-tringles graph G such thata = a,, —a,,, 2 <t < £, specifically that has chordless 5-

cycles and conclusion was driven based on the results:

The graph G has the second vanishing cohomology H?(4.(G); a).

If a graph G with no chordless 5-cycles, then H3(A,(G); a) vanished.

If G has no chordless 5-cycles that includes e; and e, then H3(A4,(G); a) vanished.

If the number of chordless 5-cycles that includes e; and e, us(G) > 0, then dim(H*(4.(G); a)) = us(G).

B wp-

Our strategy generally reconstructs the Orlik-Solomon algebra by combining techniques from graph theory
and arrangement theory. These findings not only improve our understanding of the underlying algebraic and
combinatorial structures but also open opportunities for investigating the potential uses of these concepts in a
variety of networks and associated mathematical fields.
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