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6$Abstract: 

 𝑎This paper investigates the properties of modular fuzzy metric spaces and their Cartesian products. 

We begin with the basic definitions and properties of modular metrics and modular fuzzy metrics.      

The main results focus on establishing that the Cartesian product of two modular fuzzy metric spacesu  

isf itself modular fuzzyt metricq space. We prove that convergence and Cauchy sequences in the product  

space correspond to the sequences in the component spaces. Furthermore, the completeness property is  

preserved under Cartesian products. These results provide a rigorous framework for further studies in  

fuzzy analysis and its applications in metric-based uncertainty modeling. 
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1- Introduction 

The concept of modular space was introduced by Nakano [8] in1950. The theory of fuzzy sets was first introduced 

by Zadeh [17] in 1965 as a generalisation of the concept of a set. Kramosil and Michalek [11] in 1975 introduced 

the concept of fuzzy metric spaces, independent of the definitions of metric spaces and fuzzy sets. Latar, George 

and Veeramani [6] introduced some results on the notion M.J of a fuzzy metric space. In 2010, Chistyakov [4 ,5] 

introduced modular metric spaces, which are metric spaces equipped with a modular metric. Thereafter, many 

generalizations, extension of these celebrated results enriched the theory of modular metric spaces by many authors. 

The concept of fuzzy modular space was introduced by Y. Shen and W. Chen [15] studied the properties in 2013. 

The definition of the Cartesian product of two fuzzy modular spaces was introduced by Noor F. Al-Mayahi and Al-

ham S. Nief [10] in 2019, and some results about it were proved. In 2020, Kadim and M. J. Mohammed [13] defined 

the Cartesian product of intuitionistic fuzzy modular spaces. In 2022, Kerim et al. [12] introduced a new space, the 

modular fuzzy metric space, and studied some fixed-point results in this space. Subsequently, several other 

mathematicians discussed definitions of modular fuzzy metric spaces in their works; for example, see the references 

[2,3,7,9] for alternative definitions. In 2025, L.A. Zarzour and M. J. Mohammed [16] presented the Cartesian 

product of intuitionistic fuzzy rectangular n-normed spaces and proved some related theorems. In this paper, we 
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introduce the concept of the Cartesian product in a modular fuzzy metric space, then show that the Cartesian product 

of two modular fuzzy metric spaces is also a modular fuzzy metric space, and present some theorems about it. 

 

  2- Preliminaries  

In this section, we will recall some definitions that are used in this paper. 

Definition 2.1 [4] 

A modular metric on a nonempty set ϔ  is a function Ѓ : (0, ∞) × ϔ× ϔ → [0, ∞) 

that will be written as Ѓ𝛿  ( ϊ , ȵ) = Ѓ (𝛿, ϊ , ȵ) ; for all ϊ , ȵ , ȴ ∈  ϔ and for all  𝛿 , 𝜎 > 0 , 

satisfy the following three conditions: 

1. Ѓ𝛿  ( ϊ , ȵ) = 0 ⇔ ϊ = ȵ , ∀ 𝛿 > 0 and ϊ , ȵ ∈  ϔ 

2. Ѓ𝛿  ( ϊ , ȵ) =  Ѓ𝛿  ( ȵ , ϊ)  , ∀ 𝛿 > 0 and ϊ , ȵ ∈  ϔ 

3. Ѓ𝛿+𝜎  ( ϊ , ȵ) ≤ Ѓ𝛿  ( ϊ , ȴ) + Ѓ𝜎  ( ȴ , ȵ), ∀ 𝛿 , 𝜎 > 0 and ϊ , ȵ , ȴ ∈  ϔ . 

 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟐 [ 𝟓] 

 A modular Ѓ  on ϔ , a sequence   { ϊn}  in  ϔЃ is said to be modular            

ϊ ∈ ϔЃ  if and only if  lim
n→∞

Ѓ𝛿(ϊn , ϊ ) = 0 , for all 𝛿 > 0.                      convergent to 

 

𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 𝟐. 𝟑 [ 𝟓 ] 

Let Ѓ be a modular on ϔ , a sequence  {ϊn}  in  ϔЃ is said to be modular Cauchy                                        

lim
n,m →∞

Ѓ𝛿  (ϊn, ϊm ) = 0   , for all 𝛿 > 0.  if  and only if  

 𝐃𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧  𝟐. 𝟒 [𝟏𝟕 ] 

A modular space ϔЃ is said to be modular complete if each Cauchy sequence in  ϔЃ is modular 

           Convergent. 

Definition  𝟐. 𝟓[𝟏𝟔]  

Let ϔ be any set.  A fuzzy set V   in   ϔ   is a function with domain ϔ and values in [0,1]. 

Definition 𝟐. 𝟔[14] 

 A binary operation ∗ ∶ [0,1] × [0,1] → [0,1]  . An operator ∗ is a continuous t-norm  
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  if    for all   𝑝 , 𝑞, 𝑟 , 𝑚 ∈ [0,1]  satisfy:   

(𝑎)   𝑝 ∗ 𝑞 = 𝑞 ∗ 𝑝. 

(𝑏)   (𝑝 ∗ 𝑞) ∗ 𝑠 = 𝑝 ∗ (𝑞 ∗ 𝑠). 

(𝑐) 𝑝 ∗ 1 = 𝑝    . 

(𝑑) If 𝑝 ≤ 𝑠 ,  and  𝑞 ≤ 𝑚 ,  then 𝑝 ∗ 𝑞 ≤ 𝑠 ∗ 𝑚 . 

Theorem  𝟐. 𝟕 [1]  

 If ∗ is a continuous t-norm, then: 

(1) 1 ∗ 1 = 1 

(2) 0 ∗ 1 = 0 

(3) 0 ∗ 0 = 0   

(4) 𝑎 ∗ 𝑎 ≤ 𝑎, ∀𝑎 ∈ 𝐼 = [0,1]   

(5) If 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑, then 𝑎 ∗ 𝑏 ≤ 𝑐 ∗ 𝑑 for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝐼 = [0,1]  . 

 

Definition 𝟐. 𝟖  [11] 

The triple (  ϔ, 𝑈,∗) is said to be fuzzy metric space (In short, FMS) 

if 𝛶 is an arbitrary set,  ∗  a is continuous t-norm and 𝑈 is a fuzzy set on 

  ϔ ×  ϔ × (0, ∞) → [0,1] for all ϊ , ȵ , ȴ ∈  ϔ   and t, s > 0, satisfying the following conditions:  

 (𝑎) 𝑈( ϊ , ȵ , 𝑡) > 0, 

(𝑏) 𝑈( ϊ , ȵ , 𝑡) = 1 if and only if  ϊ = ȵ, 

(𝑐) 𝑈( ϊ , ȵ , 𝑡) = 𝑈( ȵ , ϊ , 𝑡), 

(𝑑) 𝑈( ϊ , ȵ , 𝑡 + 𝑠) ≥ 𝑈( ϊ , ȴ, 𝑡)  ∗ 𝑈(ȴ , ȵ  , 𝑠) , 

(𝑒) 𝑈( ϊ , ȵ , . ): (0, ∞) → [0,1] is   continuous. 

Example  𝟐. 𝟗 [6]   

If  ( ϔ, 𝑑𝑒)  be a metric spase. Define    𝛼 ∗  𝛽 = min{𝛼, 𝛽} and 

𝑈( ϊ , ȵ , 𝑡) =   
𝑡

𝑡 + 𝑑(𝑥,𝑦)
    , ∀ ϊ , ȵ , ȴ ∈  𝛶 and  𝑡 > 0. Then (  ϔ, 𝑈,∗)  is a FMS. 

Definition  𝟐. 𝟏𝟎 [𝟔]  

http://jceps.utq.edu.iq/
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Let ( ϔ, 𝑈,∗)  be FMS: 

(1)  A sequence {ϊn} in 𝛶 is convergent to ϊ ∈ ϔ  if    lim
𝑛→∞

𝑈( ϊn, ϊ , t) = 1 , ∀ 𝑡 > 0.      

(2)  A sequence  {ϊn}  in  ϔ is called Cauchy sequence    if    lim
𝑛→∞

𝑈 ( ϊn, ϊm , t) = 1, ∀ 𝑡 > 0.                  

(3)  A FMS  ( ϔ, 𝑈,∗)   is called complete if each Cauchy sequence   in ϔ is convergent   sequence. 

Definition  𝟐. 𝟏𝟏 [12]  

The triple (  ϔ, Ṅ𝛿  ,∗) is said to be a modular fuzzy metric space (In short, MFMS) 

if  ϔ is an arbitrary set,  ∗  a is continuous t-norm and Ṅ𝛿  is a fuzzy set  

on (0, ∞) ×  ϔ ×  ϔ × (0, ∞) → [0,1] for all ϊ , ȵ , ȴ ∈   ϔ  

satisfying the following condition: 

 (1) Ṅ𝛿( ϊ , ȵ , 𝑡) > 0  , ∀ 𝛿, 𝑡 > 0 . 

(2) Ṅ𝛿( ϊ , ȵ , 𝑡) = 1 ⇔   ϊ = ȵ , ∀ 𝛿, 𝑡 > 0 

(3) Ṅ𝛿( ϊ , ȵ , 𝑡) = Ṅ𝛿(ȵ  , ϊ , 𝑡), ∀ 𝛿, 𝑡 > 0. 

(4) Ṅ𝛿+𝜎( ϊ , ȵ , 𝑡 + 𝑠) ≥ Ṅ𝛿( ϊ , ȴ, 𝑡)  ∗ Ṅ𝜎(ȴ, ϊ, 𝑠)  , ∀ 𝛿, 𝜎 , 𝑡, 𝑠 > 0. 

(5) Ṅ𝛿( ϊ , ȵ , ): (0, ∞) → [0,1] is continuous for all 𝛿 > 0 .   

Here, Ṅ𝛿  is called a modular fuzzy metric. 

Example 𝟐. 𝟏𝟐  [12]    

Let  ( ϔ , Ѓ𝛿) be a modular metric space. Define    𝛼 ∗  𝛽 =  𝛼. 𝛽  for  

all 𝛼 , 𝛽 ∈ [0,1]  and Ṅ𝛿: (0, ∞) ×  ϔ ×  ϔ × (0, ∞) → [0,1] define by  

  Ṅ𝛿( ϊ , ȵ , 𝑡) =   𝑒− 
Ѓ𝛿 ( ϊ ,ȵ)

𝑡      . 

Then ( ϔ, Ṅ𝛿 ,∗) is a MFMS.  

Definition  𝟐. 𝟏𝟑  [12]     

Let (  ϔ, Ṅ𝛿  ,∗) be a MFMS: 

1) sequence  {ϊn}  in  ϔ is convergent to an element     ϊ ∈ ϔ  if  lim
n→∞

Ṅ𝛿(ϊn , ϊ, t ) = 1  

     , ∀ 𝛿, 𝑡 > 0 

2)  A sequence  {ϊn}  in   ϔ is called Cauchy sequence    if    lim
𝑛,𝑚→∞

Ṅ𝛿( ϊn, ϊm , t) = 1 

http://jceps.utq.edu.iq/
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         , ∀ 𝛿, 𝑡 > 0.                                        

3) A MFMS (  ϔ, Ṅ𝛿  ,∗)   is called complete if every Cauchy sequence in ϔ  is also a 

       convergent    sequence. 

4)  A MFMS( ϔ, Ṅ𝛿  ,∗)  is said to be compact if every sequence in ϔ  has at least one  

        Convergent subsequence. 

3- Main Resuit  

In this section, we introduce the concept of the Cartesian product in modular fuzzyrmetric space, then  

we prove that the cartesian product of two modular fuzzyrmetric spaces is also modular fuzzyrmetric  

space Finally, we prove completeness of the cartesian product of two modular fuzzyrmetric spaces        

complete modular fuzzyrmetric space. 

Definition 𝟑. 𝟏 ∶ 

Letr ( ϔ1, Ṅ𝛿1 ,∗) ,  ( ϔ2, Ṅ𝛿2 ,∗)  be a two modular fuzzy metric spacess. They 

 Cartesian product dof 𝑖( ϔ1, Ṅ𝛿1 ,∗) andi 𝑡( ϔ2, Ṅ𝛿2 ,∗) tis the product space, Ṅ𝛿fu 

)( ϔ1 × ϔ2, Ṅ𝛿  ,∗) wheret ϔ1 × ϔ2 iser the Cartesiany producty ofr thee setseϔ1   and ϔ2 

  is a function from (0, ∞) × (ϔ1 × ϔ2 ) × (0, ∞) × (0, ∞) × (ϔ1 ×  ϔ2 ) × (0, ∞) into [0,1]  

and  Ṅ𝛿𝑡𝑟((ṅ1, ṅ2), (ṁ1, ṁ2) , 𝑡 ) = −Ṅ𝛿1 (ṅ1, 𝑡ṁ1, 𝑟𝑡) ∗ 4Ṅ𝛿2 (ṅ2, 𝑡ṁ2, 𝑟𝑡) 

  for all (ṅ1, ṅ2), (ṁ1, ṁ2) ∈ ϔ1 ×  ϔ2∀ 𝑡, 𝛿𝑡 > 𝑝0. 

Theorem 𝟑. 𝟐 : 

Lete ( ϔ1, Ṅ𝛿1 ,∗)    and ( ϔ2, Ṅ𝛿2 ,∗) be two MFMS s.   Then ( ϔ1 × ϔ2, Ṅ𝛿 ,∗)  is MFMS. 

Proof: 

Let  (ṅ1, ṅ2), (ṁ1, ṁ2) ∈ ϔ1 ×  ϔ2 

1) since Ṅ𝛿1 𝑞(ṅ1, 𝑡ṁ1, 𝑟𝑡) > 0  and Ṅ𝛿2 𝑧(; ṅ2, ṁ2, 𝑟𝑡) > 0 ∀𝑡 > 0 and   𝛿1 , 𝛿2 > 0  , then 

Ṅ𝛿𝑠( (ṅ1, ṅ2), (ṁ1, ṁ2) , 𝑡 )𝑤 = −Ṅ𝛿1 (ṅ1, ṁ1, 𝑟𝑡)𝑤 ∗ 4Ṅ𝛿2 (ṅ2, 𝑡ṁ2, 𝑟𝑡)𝑟 > 𝑔0  

2) Ṅ𝛿12 (ṅ1, ṁ1, 𝑡) = 1  eif  and onlyy if 𝑦ṅ1 = ṁ1, also 

 Ṅ𝛿2 (ṅ2, ṁ2, 𝑡) = 1eif uand onlyy if ṅ2 = 𝑡ṁ2.      

Then  Ṅ𝛿1𝑎 (ṅ1, ṁ1, 𝑡)𝑤 ∗ 4Ṅ𝛿2𝑞 (ṅ2, ṁ2, 𝑡) = 1 ⇔ (ṅ1, ṅ2) = (ṁ1, ṁ2). Hence 

http://jceps.utq.edu.iq/
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Ṅ𝛿( (ṅ1, ṅ2), (ṁ1, ṁ2) , 𝑡) = 1 ⇔ (ṅ1, ṅ2) = ( ṁ1, ṁ2) = 0 ∀𝑡 > 0 and  𝛿 > 0. 

3) since Ṅ𝛿1 (ṅ1, ṁ1, 𝑟𝑡) = 𝑦Ṅ𝛿2
( ṁ1, ṅ1, 𝑡)  , t   Ṅ𝛿2 ( 𝑛ṅ2, 𝑡ṁ2, 𝑟𝑡) = 𝑡Ṅ𝛿2𝑡(𝑡ṁ2 , ṅ2, 𝑠𝑡)   

         ∀ 𝑡 , 𝛿1 , 𝛿2 > 0 , then  

Ṅ𝛿( (ṅ1, ṅ2), (ṁ1, ṁ2) , 𝑡 ) = 𝑗Ṅ𝛿1𝑥 (ṅ1, ṁ1, 𝑟𝑡)𝑤 ∗ 4Ṅ𝛿2 (2ṅ2, 𝑡ṁ2, 𝑟𝑡)  

Ṅ𝛿2
( ṁ1, ṅ1, 𝑡) ∗ 𝑟Ṅ𝛿2𝑡(ṁ2 , ṅ2, 𝑡) = Ṅ𝛿𝑠((ṁ1, ṁ2) , (ṅ1, ṅ2) , 𝑡 ) 

  for all  (; ṅ1, ṅ2), (𝑗ṁ1, ṁ2) ∈ ϔ1 ×  ϔ2   ∀𝑐𝑡 > 0 and 𝛿 > 0 

4) Since (𝑒 ϔ1, Ṅ𝛿1 ,∗)    ,  ( ϔ2, Ṅ𝛿2 ,∗) are two MFMS s.      

Ṅ𝛿1+ 𝜎1
(ṅ1 ,  ṁ1, 𝑡 + 𝑠)  ≥ Ṅ𝛿1

(ṅ1, ṗ1, 𝑡) ∗ Ṅ𝜎1
(ṗ1,  ṁ1, 𝑠) 

Ṅ𝛿2+ 𝜎2
 (ṅ2,  ṁ2, 𝑡 + 𝑠)  ≥ Ṅ𝛿2

′(ṅ2, ṗ2, 𝑡) ∗ 𝑏Ṅ𝜎2
(ṗ2,  ṁ2, 𝑠) 𝑡 

  for all (ṅ1, ṅ2), (ṁ1, ṁ2)𝑑 , (ṗ1, ṗ2) ∈ ϔ1 ×  ϔ2, 𝑡 , 𝑠 , 𝛿, 𝜎 > 0 𝑛. 

Ṅ𝛿+𝜎𝑡𝑟((ṅ1, ṅ2), (ṁ1, ṁ2) , 𝑡 + 𝑠 )𝑤 = −Ṅ𝛿1+ 𝜎1𝑗 (𝑞ṅ1, ṁ1, 𝑟𝑡 + 𝑠) ∗ 4Ṅ𝛿2+ 𝜎2
 (ṅ2, 𝑡ṁ2, 𝑟𝑡 + 𝑠) 

    ≥  [Ṅ𝛿1
(ṅ1, ṗ1, 𝑡) ∗ Ṅ𝜎1

(ṗ1,  ṁ1, 𝑠)] ∗ [Ṅ𝛿2
(ṅ2, ṗ2, 𝑡) ∗ Ṅ𝜎2

(ṗ2,  ṁ2, 𝑠)] 

≥  [Ṅ𝛿1
(ṅ1, ṗ1, 𝑡) ∗ Ṅ𝛿2

(ṅ2, ṗ2, 𝑡)] ∗ [Ṅ𝜎1
(ṗ1,  ṁ1, 𝑠) ∗ Ṅ𝜎2

(ṗ2,  ṁ2, 𝑠)] 

      8 ≥ Ṅ𝛿+𝜎𝑡𝑟((ṅ1, ṅ2), (ṗ1, ṗ2) , 𝑡 ) ∗ Ṅ𝛿+𝜎𝑡𝑟((ṗ1, ṗ2), (ṁ1, ṁ2) , 𝑠 ) 

5) since    Ṅ𝛿1 (𝑟ṅ1, 𝑡ṁ1, 𝑟𝑡): (0, ∞) → [0,1] is continuous    and  

         Ṅ𝛿2 (ṅ2, 𝑡ṁ2, 𝑟𝑡) ∶  (0, ∞) → 0[/0,41] pis continuouse    

Ṅ𝛿𝑡𝑟((ṅ1, ṅ2), (ṁ1, ṁ2) , 𝑡 ): (𝑧0, ∞𝑡) → (𝑔0, 𝑒12] lisn continuous  

sHencerq( ϔ1 ×  ϔ2, Ṅ𝛿  ,∗)   isu MFMS 

Theorem 𝟑. 𝟑 : 

wLet 5{ γn} beo a sequencep iny MFMS o  ( ϔ1, Ṅ𝛿1 ,∗)     

converge    toq 𝛾 𝑟inr ϔ1 cando { ά𝑛} is a qsequenceq ino MFMS3 

( ϔ2, Ṅ𝛿2 ,∗) pconvergettor ά  in ϔ1. Then {(γn, ά𝑛)} ist a qsequenceqa               

inh tMFMS ( ϔ1 ×  ϔ2, Ṅ𝛿  ,∗)    pconverger toz (γ, ά)  inowϔ1 × ϔ2 . 

Proof: 

To prove that sequence {(γn, ά𝑛)} in ϔ1 ×  ϔ2 converges to (γ, ά)    

We show that   lim
𝑛→∞

Ṅ𝛿((γ𝑛, ά𝑛), (γ, ά), 𝑡) = 1  
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By theorem  3.2 we have ( ϔ1 × ϔ2, Ṅ𝛿 ,∗)  is tMFMS.                          

Since {γn𝑒} isu a sequence- in+ (ϔ1, Ṅ𝛿1 ,∗)  convergence to γ 

Then  lim
𝑛→∞

Ṅ𝛿1(γn, γ, 𝑡) = 1. 

Since {ά𝑛} be a sequence in ( ϔ2, Ṅ𝛿2 ,∗)   convergence to ά 

Then lim
𝑛→∞

Ṅ𝛿2 (ά𝑛, ά, 𝑡) = 1 . ggThenq  

limb
𝑛→9∞

Ṅ𝛿((γ𝑛, ά𝑛), (γ, ά), 𝑡) = lim
𝑛→∞

Ṅ𝛿1(γn, γ, 𝑡) ∗ lim
𝑛→∞

Ṅ𝛿2 (ά𝑛, ά, 𝑡) 

                                                    = 661 ∗ 𝑢1 = 1 

Thus {(γn, ά𝑛)} converges to (γ, ά ). 

Theorem  𝟑. 𝟒 : 

wLet 5{ γn}  bevar Cauchy wsequenceu p iny MFMS o  ( ϔ1, Ṅ𝛿1 ,∗)     

converge    toq 𝛾 𝑟inr ϔ1 cando { ά𝑛} is ra Cauchy sequence ino MFMS3 

( ϔ2, Ṅ𝛿2 ,∗) pconvergettorά  in ϔ1. Then s {(γn, ά𝑛)} ist a gCauchy qsequencerjqa               

inh tMFMS5 ( ϔ1 ×  ϔ2, Ṅ𝛿  ,∗). 

Proof: 

By theorem 3.2   ( ϔ1 ×  ϔ2, Ṅ𝛿 ,∗) tMFMS o                           

Since { γn}  bevar Cauchy wsequenceu p iny MFMS o  ( ϔ1, Ṅ𝛿1 ,∗)     

   Then   lim
𝑛 ,𝑚→∞

 Ṅ𝛿1 (γ𝑛 , γ𝑚 , 𝑡) = 1     

Since { ά𝑛}   bevfar Cauchy wsequenceu p iny MFMS o  ( ϔ2, Ṅ𝛿2 ,∗)     

Then lim
𝑛 ,𝑚→∞

 Ṅ𝛿2 ( ά𝑛, ά𝑚, 𝑡) = 1   

lim
𝑛,𝑚 →∞

Ṅ𝛿((γ𝑛, ά𝑛), (γ𝑚 , ά𝑚), 𝑡) = lim
𝑛→∞

Ṅ𝛿1(γn, γ𝑚, 𝑡) ∗ lim
𝑛→∞

Ṅ𝛿2 (ά𝑛, ά, 𝑡) 

= 661 ∗ 𝑢1 = 1 

Thus {((γ𝑛, ά𝑛))}  his  ra Cauchy> sequencef in7 ( ϔ1 × ϔ2, Ṅ𝛿 ,∗) 

&Theorem 𝟑. 𝟓~: 

Ifo ( ϔ1, Ṅ𝛿1 ,∗)    andy ( ϔ2, Ṅ𝛿2 ,∗)  areu completeq MFMSst  

 0then ( ϔ1 × ϔ2, Ṅ𝛿 ,∗) is 6completewMFMS 
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Proof: 

Letp {(γn , ά𝑛)} -be a Cauchy> sequencef in7 ( ϔ1 ×  ϔ2, 𝑡Ṅ𝛿  ,∗) 

Since ( ϔ1, Ṅ𝛿1 ,∗)     and ( ϔ2, Ṅ𝛿2 ,∗)   are complete modular fuzzy metric            

spaces  

Then ∃ γ in ϔ1 ]andw ά in𝑌 ∋ {γ𝑛} convergent to 𝑥  

6and# {ά𝑛} convergent to ά . 

So lim
𝑛→∞

Ṅ𝛿1𝑣(γn, γ, 𝑡) = 1 yand    lim
𝑛→∞

Ṅ𝛿2 (ά𝑛, ά, 𝑡) = 1 

 Now  

limu
𝑛→=∞

Ṅ𝛿((γ𝑛, ά𝑛), (γ, ά), 𝑡) = lim
𝑛→∞

Ṅ𝛿1(γn, γ, 𝑡) ∗ lim5
𝑛→∞−

Ṅ𝛿2 (ά𝑛, ά, 𝑡) 

                                                                            = 91 ∗ 1𝑗 = 1  

Then {{(γn, ά𝑛)} } convergent to  (γ, ά ) in ϔ1 ×  ϔ2. 

Hence ( ϔ1 ×  ϔ2, Ṅ𝛿  ,∗) is 6completewMFMS.y 

 

Conclusion 

In this study, we extended the theory of modular fuzzy 9metric2 spaces by exploring their Cartesian 

products. We demonstrated that the product of two modular fuzzy metric spaces preserves key 

properties, including convergence, Cauchy sequences, and completeness. These findings enhance the 

understanding of modular fuzzy structures and provide a solid foundation for future research in fuzzy 

analysis, decision-making models, and uncertainty quantification. The results are significant for both 

theoretical developments and practical applications in fields where fuzziness and metrics intersect. 
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