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Abstract:

In this paper, we introduce two operator roles for the g-exponential operator E (b6), we represent the
bivariate Carlitz polynomial g, (x,y;q) by the operator E(b@) to derive the generating function,
symmetry property, Mehler’s formula, Rogers formula, linearization formula, the inverse linearization
formula, another Rogers-type formula. Also we give an extended generating function, extended Mehler’s
formula extended Rogers formula, and another extended identities for the bivariate Carlitz polynomial by
using the roles of the g-exponential operator E(b@). Finally, we test the convergence conditions of all
identities given in this paper and their effect numerically.

Keywords: The g-exponential operator, generating function, symmetry property, Mehler’s formula,
Rogers formula, linearization formula, extended generating function,

1. Introduction and Notation:

Using of operators approach to some basic hypergeometric series given in the work of Goldman and
Rota [20,21], Andrews [4] and Roman [22]. In 1998 Chen and Liu [13] developed a method of deriving
hypergeometric identities by parameter augmentation, this method has more realizations as in [1, 2, 3, 8,
12,14, 15, 16, 17, 23, 24, 26, 27].

In this paper, we derive some new identities of the polynomials g,, (x, y; q) and give an operator proof
for these identities. Let us review some common notation and terminology for basic hypergeometric series
in [18]. Throughout this paper, we assume that 0 < q < 1, the g —shifted factorial is defined for any real
or complex variable a by:

@D =1, @R =] [a-a),  @an =] [1-a, nez~
k=0 k=0

The following notation refers to the multiple g —shifted factorials:
(a1, Az, ooy Qs O = (a1 P (@2 D v (@ D

(alr Az, -y Am; q)oo = (al; q)oo (aZ; q)oo (am; q)oo '
The g —binomial coefficients, or the Gaussian polynomials, are given by:
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n (4 Dn o<k <
[k] =1 (@ D@ Dk
0 k>n
The basic hypergeometric series r+1¢r are defined by:

4 (611. Az ey Apyq x) yo (a1,a2,.,0r+1;Pn e
r+1 r ) = = - . .
bl’ bz, ey br ’ q' n=0 (q.b1,b2,...,br;q)n ’

where a;, b; , q and x may be real or complex [25].

The Cauchy identity is defined as:
@GPk, (axq)w
XN = —

1 (43 @i (X; @)oo
Putting a = 0, (1.1) becomes Euler’s identity:

) X 1, an 1.2
K (Q;Q)k (‘x; Q)oo

and its inverse relation:
5 (—1)qledx
— (@

The q —difference operator D, and the g —shift operator 7 are given by:

,xl < 1. (1.1

= (% Qoo ..(1.3)

f(a) = f(aq)
a

Dqif (@)} = and  n{f(a)} = f(aq).

In 1998, Chen and Liu [13] constructed the operator 8 = n_qu .
with the Leibniz formula for 6:

0"(f@g@} =[] 0¥ (@}0m*{glag ™))
k=0

Where:
CHR —nk+(k)+k
0% {x"} = ————— 2)TH =k .. (1.4
(@ Dn-k (H
Also, they introduced the following exponential operator:
[e%) k
b6)ql2)
E(b) = Z%, .. (1.5)
(4 D

and gave the following operator identities [13], where they assume that the operator acts on parameter a :
Proposition 1.1.
E(b6){(at; 9)o}

= (at, bt; q) ..(1.6)
E(b8){(as, at; 9)}

_ (as,at, bs, bt; q) s

(abst/q; q)w
where |abst/q| < 1.

(L7
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In 2005, Zhang and Wang [26] proved the following operator identity:
Proposition 1.2.

E(b6) {(at, as, aw; q)oo}
(av; @) o
_ (at,as, aw, bs, bw; q) o <t/v, q/as ,q/aw ) (1.8)
(av,absw/q;q)e ' *\q/av, q*/absw 7))’ A

where max{|av|, |absw/q|} < 1.
Also in 2006, Zhang and Liu [27] derived two operator identities as:
Proposition 1.3.
E(b6){a"(as; q)o}

=a"(as, bs;qQ)e , P, (q " Oq/as ;1 q, bs), ..(1.9)
where |bs| < 1.
E(bO){a™(as,at; q)w}

_ (as, at, bs,bt; q) e (q"",q/as ,q/at 0 ) - (1.10)

(abst/q) o 32 0,q%/abst

where |abst/q| < 1.

In this paper, we introduce two operator roles for the g-exponential operator E (b8) and represent
the bivariate Carlitz polynomial g, (x,y; q) by this operator to derive their basic and extended identities,
where in Section 2, we introduce two operator roles for the g-exponential operator and derive the generating
function, symmetry property, Mehler’s formula, Rogers formula, linearization formula, the inverse
linearization formula and another Rogers-type formula for g,, (x,y; q) polynomial. In Section 3, we give
five extended identities such that: extended generating function, extended Mehler’s formula and extended
Rogers formula. Then, in Section 4, we test numerically the convergence conditions and their effects for
all given formulas.

2. New Operator Roles and the Basic Identities for g, (x, b; q).

In this section, we introduce two operator roles for the g-exponential operator and derive the
generating function, symmetry property, Mehler’s formula, Rogers formula, linearization formula, the
inverse linearization formula and another Rogers-type formula for g, (x,y; q) polynomial.

Theorem 2.1: We have:

E(b0) {—(at' . q)“}
(av; @)oo
_ (at,aw,bw; q) o t/v, q/aw
- (av; Qe g ( q/av P4 qbw), . (2.1)

where max{ |av|, |ghw|} < 1.

Proof: From identity (1.8)

E(b9) {(at, as, aw; q)oo} _ (at,as, aw, bs, bw; q) (t/v, q/as ,q/aw . )
(av; @) o (av,absw/q;q)e ' > \q/av, q*/absw "
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_(at,as,aw,bs,bw;q)oo - (t/v,q/as,q/aw; q), q"

(av,absw/q;q)es 4= (q/av, q*/absw, q;q)n -2
Since:
(q/as;@n (1—q/as)(1 —q*/as) ..(1 — q"/as)
(q%/absw;q),, (1 —q?/absw)(1 — q3/absw) ...(1 — q™*1/absw)
_ 1/(as)" (as — q)(as — q¢?) ...(as — q™)
~ 1/(absw)™ (absw — q?)(absw — q3) ... (absw — q"*1)
(bw)" (as —q)(as —q?) ..(as — q") (23)

- (absw — q?)(absw — q3) ... (absw — gq™*1)
Substitute (2.3) in (2.2), we get:
at,as,aw; q) s
E(b6) {( w;4) }
(av; Qoo
_ (at,as,aw, bs,bw; q) - (t/v,q/aw;q), (as —q)(as —q?)...(as —q™) (ghw)"
- (av,absw/q;@)e &2 (q,9/av,; @n (absw — q*)(absw — g°) ... (absw — q"*1)
n=
Set s = 0, then:

n

(at, aw; q)oo}_ (at,aw, bw; q) C (t/v,q/aw; q), (D" q(z) (qbw)"
@i J  (@i@)o & @aWidn (_1yn4(5) 1

560)]

_ (at,aw,bw; q) o = (t/v,q/aw; q)n

bw)™
(av;@)w 42 (4.9/av;q)n (abw)
_ (at,aw, bw; q) o <t/v, q/aw )
- (av; q)oo 2¢1 q/av 'q'qbw .
O
Theorem 2.2: We have:
aw; q)w
E(b9) {<_q)}
(av; @) o
(aw, bW; Q) o (O q/aw )
=— ! , , b ) 24
(av; Q)oo Zd)l CI/aU q q w ( )
where max{ |av|, |qgbw|} < 1.
Proof: By setting t = 0 in Theorem (2.1).
O

Definition 2.3 The bivariate Carlitz polynomials is defined in [9] as follows:

n
n - -
gn ey ) = Y [ gt k.
k=0

Which can be represented by the g-exponential operator based on the definition of the operator (1.5) and
identity (1.4) as follows:

Theorem 2.4 Suppose that the operator E(b6) acts on the variable x, then we have:
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EO){x"} = gn (x,y; @) ..(2.5)
Proof:
- “ e (o
S e et
= k=0 4 9)k D 9q)n-k

S ey
_ Z [Z] gk yn—k k.
k=0

Which is equal the required identity after setting k > n —k .

According to Theorem (2.4) we derive the generating function for the bivariate Carlitz polynomials by
using identity (1.6) of g-exponential operator to give the same results of [9], as follows:

Theorem 2.5 (The Generating Function for g,, (x,y; q)) We have:
(—1)"t"q)
0y )————= (Vt,xXt; Qoo- ..(2.6)
Z Int (a4 Dn )

where lyt] < 1.
Proof

2 s EL D
I Y O D

Dreng(3)
ZE( DB o

—1)" n (z)
:E(yH){Z ( )(q(.’;t)) . }

n=0
= EQyo){(xt; @)}
= (¥t,xt; ) co-

m
It is clear, the polynomials g, (x,y;q) is symmetric with x and y when we set k > n—k in
definition 2.3, also we can prove this symmetry property by using the generating function (2.6) as follows:

Theorem 2.6 ( Symmetry Property for g,, (x,y; q)) We have:

In v q)

=00 (0, % 9). - (2.7)
Proof Since

(—D)"tng
Zgn(x Vv, Q) ————— C =t xt; Q) = (X, Yt @)oo
4 Dn
& (1B o (—1)kqE) ek

(@D e (@
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Set n > n—k, get:

_ Z (") @k & > (~1)% &) ey

(q; q)n_k (@ D

k=0
[ee} n

22 oV ke
— (@ Dn-r (G D '

By comparing the coefficients of t™ in both sides, get:

n - -
gn (0,3 q) = Z ] d<Cmxnk y = g, (v, %5 ).

m
Now we derive Mehler’s formula by using identity (1.7) of the g-exponential operator, where we can
represent the polynomials g, (x, y; q) by this operator as E, (y8){x™} or the polynomials g,,(z, w; q) as
E,(wB){z"} or using the two representations together to get the same following result. Notice that Mehler's
formula was given in another way in [9].
Theorem 2.7 (Mehler's Formula for g,, (x,y; q)) We have:

(~D"t"q)
; 9n (%, ¥; Q) gn (2,w; q) @D
B (xwt, xzt, ywt, yzt; @) o
C (oywzt?/q; Qe
where |xywzt?/q| < 1.
Proof:

Z In (x,y; CI) In (z,w; CI)
n=0

..(2.8)

(— ]_)ntnq(Z)
CHS
(-1)"t"q()
(@ Dn
(D" (xt)q)
CHS

— Z E,(yO){x"} gn (z,w; q)
n=0

= Ex(y0) { Z In (z,w; @)
n=0

= E,(y0){(xwt, xzt; @) oo }
_ (xwt, xzt, ywt, yzt; Q) o

(xywzt?/q; @) e

m
Here, we introduce two forms of the Roger’s formula depending on identity (1.7) of the g-exponential
operator E (b8) .
Theorem 2.8 (The Rogers Formula for g, (x,y; q)) We have:

® =X _q\nsm _q4\m.m
GO DTS @
(@G Dn (@ Dm
_ (vt ys, xt, x5;q) oo
(xyts/q; @),
where |xyts/q| < 1.

In+m (x, 4 Q)

n=0m=0

: ..(2.9)
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Proof:

co 0o . (_1)ntn (_1)msm (721)-'_(1;1)
O;ng,m(x,y,q) @D GDm

[e] . (_1)ntn (_1)msm (121)+(12n)
;()E(ye){x S @on @om °
_ E6y8) i D" S D) q@)}

o (G o (@D
= E(yO){(xt, x5; @)oo}
_ (Yt ys, xt,xS;q) oo

(xyts/q; q),,

OM8

In the R.H.S. of (2.9), the terms (yt, xt; q) and (¥s, xS; q) . can be written as product of generating
functions for the polynomials g, (x, v; q) and g,,(x, y; q) to get the following identity:
(yt, vs,xt,xS; @) o

(xyts/q; q),,

B 1 . (—1)ntnq(rzl) - . (—1)mgmq(7;)
‘(xyts/q-q) Zg"(”"’) G 2 In Gy

- DR ED™S™ () (m)
(xyts/q D, z zg" 6 Y; g (x,7:.9) @ Dn @ D

=0 m=0
Therefore, we get another Roger’s formula as:

(0]

2 Z Gnm (%, 0) @ Dn (G Dm

S - ) EE DTS e
zzgn 6y 9) gm (65 q) @ @ ¢ .. (2.10)

n=0m=0

(xyts/ @A) £ £t
m
Now we derive the linearization formula as an applications of the Roger’s formula (2.10) as follows:

Corollary 2.8.1 For n,m € N, we have:
In (Y Dgm (5, ¥; @)

min{n,m}

= z 0] @ @(—xyyqheizm=2n=nrzg, o (2, y; ). . (211)

k=0
Proof: From (2.10) we have:

(xyts/q; q),, Z i Inim (6,5 9)

n=0m=0
® =2 (=)™ (=1)™S™  my . om
= ¥ 9) gm (%, ¥5 q) G+,
ZZgn Vo Gm Y Uy T O
n=0m=0
Verify the L.H.S. by using Euler’s identity (1.3):

DT CDTST @
@GDn (@GDm
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(xyts/q)k ii sy SR D™y
or- I Y D e @

k=0 =0

AN G20k q(sz (D™ (D)™™ L om

HZ)ZM SN CHOP Gnam (0¥ ) S T @ D a2

Set n > n—k,m - m-—k, the LH.S. equals:

ii & (—xy/a)* ) % y; )(—1)""‘t" (DK™ (nok)y (k)

Lo L L (45 Inam=2ke 0 O D @5 Dok

SRR o (=xy/q)" q@ (=)™ (=)™ (n-k), (m—k
z In+m—2k (X, Y5 9) ("2)+("; )

b bt L (4 D (@ Dk (@ Dm-rk

By comparing the coefficients of t™s™ with the R.H.S. get:

min{n,m} n— e
o PN SN (n)+(m) z (_xy/q)k In+m—2k (X, Y5 q) ( 2k)+( 2k)+(§)

(@ Dn(T D L (G (@ Dk (G Dm—r
Then:
In 0y, ) gm (6, y59) =
"o (@ Dnlq;q) (358 (") ()=~
] n ) m k n—-k + + ]2( _ 721 _ Zl Kk
kz=0 (q:q)k(q:q)n_k(q;q)m_k( )" Gnam-ai (63 4) 41 2
min{n,m}
= > [0 @0k 20 Gnme Gy (TN
miﬁ{=n(?m}
= Z [Z] [r,?] (@; Qi (—xy)kqrkGr-2m=2n=0/2 g 2k (%, 75 Q).
k=0

m
Here we give the second application of the Roger’s formula, it is the inverse relation of the

linearization formula for g,, (x, ¥; q¢) polynomial.

Corollary 2.8.2 Forn,m € N, we have:

In+m (X, Y5 )
min{n,m}
nym o
= Z o] (@ @i Gy)a*Em=m g, (6,93 @) G (6,75 @) . (2.12)
k=0
where |xyts/q| < 1.
Proof: In (2.10), expand 1/(xyts/q; q)« by the Euler’s identity (1.2), the R.H.S. can be rewritten as:

® t k X2 — D" (=1)Msg™ - rm
MZZgn(x,y;q>gm(x,y;q>( VLTS e

e (GO (@ Dn (@ Dm
B © o o (Xy/(])k ( 1)ntn+k (—1)m5m+k (n)+(m)
—nzOTZOk:O @D Gn (6, Y; ) gm (%, ¥ q) CONECT® :

Set n > n—k, m—> m—k, the R H.S. equals:
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SANAN (xy/q)* _ _ (=D ken (=1)mksm (59)+(m5%)
Z Z Z @ e " (6,3 4) gimore (3, 7:.0) @ Dnr @ Dmi

0
min{n,m}

_ AN (xy/q)* _ _ (D)™™ (—1)™ms™ (%5)+(m5%)
_Zmz kz @@y I @YD Ik By Dy ey

By comparing the coefficients of t™s™ with the L.H.S. of (3.2), get:
min{n,m} ) q(n;k)"'(mz_k)
Y/ D" gn-x %, ¥: @) Gm-1 (%, ;)
k=0

In+m (%, Y5 q) M+ _

(@ Dn(G Dm (@ Dk (C Dm—i (@ D

Therefore:
gn+m(x: Y CI) =
min{n,m} ( ) ( )

D\ Q)m Kk (n—k)+(m—k)_(n)_(m)_k

x OV q) G- (6, v;9) g\ 2 2 2)~ (3
kz=0 @ Dk @ Do (@5 Dy ) I V3D G (17300 G

Hence

min{n,m}

njm o
Inim (6, ¥;9) = z [l ] @ @ Gon)am=m g, e, y;.0) Gmere (2,75 0).
k=0

m
In the following theorem we deriving the Rogers-type formula for the bivariate Carlitz polynomials
by using identity (2.4) of the g-exponential operator E(b6) .

Theorem 2.9 (The Rogers-Type Formula for g, (x,y; q)) We have:

o

C t" -n" (121) mn (tl t; )oo 0,
Ezgmm(x'%@ ()" q+s = aRlk z¢1< s ;q,qyt),(2.13)

— L @D (@G Dm (XS5 @) o q/xs
n=0m=0
where max{ |xs|, |qyt| } < 1.
Proof:
(x, y;q) -1 q'\
L, L, I @D @D

[ee] [oe] tn Sm
n+m 1\ %)
Z Z EGO™™ (@G Dn (@G Dm (=14

n=0m=0
_ o (DM O (k)"
a E(ye) {; (q; Q)n foogur (q; Q)m }
_ (xt; @) o
= EO0) {(xs; q)oo}

The proof will be completed after substituting w - t, v = s, b -y and a — x in identity (2.4).
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3. An Extended Identities for g, (x,y; q) Polynomials:

In this section, we introduce some extended identities: an extended generating function which is
deriving by using the identity (1.9) of the g-exponential operator involving a 2¢1 sum, an extended Mehler's
formula which is deriving by using the identity (1.10) of the g-exponential operator involving a 3¢> sum,
an extended Rogers formula which is deriving by using the identity (1.10) of the g-exponential operator
involving a 3¢> sum and another two extended identities for the bivariate Carlitz polynomials.

Firstly, an extended generating function identity is deriving by using the identity (1.9) of the g-
exponential operator as follows:

Theorem 3.1 (Extended Generating Function for g,, (x,y; q)) We have:
ji sy D

XY q) <
— gn+k y q (q, q)n
-k

=x* (yt,xt; Q)oo , B, (q 0 q/xt;q,yt), (3.1

where |yt| < 1.

Proof:

ji sy CD" M
XY Q)
— gn+k y q (q, q)n

AN ey D"
- ;E(yg){x '@
N (—1Y%x0"q@)}
=E(y9) { xk :
~ (@ dn

= E(O){x* (xt; @)oo}
=x* (yt,xt; Q)0 , P, (q_k "0 Q/Xt:q,yt)-

i
Secondly, we give an extended Mehler's formula by using the identity (1.10) of the g-exponential
operator.

Theorem 3.2 (Extended Mehler's Formula for g, (x,y; q)) We have:
1"t

¥ q) gn (z2,w;q)
;grwk Yiq) gn q (q; q)n

x®(xwt, xzt, ywt, yzt; q) ko oqg/xwt, q/xzt
= 3¢2(q ! VX g, >, - (3.2)

(xywzt?/q; q)., q?/xywzt* , 0 '
where |xyzwt?/q| < 1.
Proof:
(-)"e"q()

(x,y:9) gn (z,Ww; q)
nz=0gn+k gn (q; q)n

267



Journal of Education for Pure Science- University of Thi-Qar
Vol.10, No.2 (June, 2020)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq

< —Dreng(3)
= Z Ex(ye){xn+k} In (Z,w;q) ()—q
n=0

CHAB
® —1)n n, (%)
= Ex(yH)ix" Zgn (z,w;q) ( )(q(.);t)) 1 }
n=0 ! n

= E (yO) {x" (xwt, xzt; q) oo}
_ x*(xwt, xzt, ywt, yzt; q) oo s q7 %, q/xwt, q/xzt
(xywzt?/q; q),, e q*/xywzt? , 0 T T)7

m
Thirdly, we derive an extended Rogers formula by using the identity (1.10) of the g-exponential
operator.
Theorem 3.3 (Extended Rogers Formula for g,, (x,y; q)) We have:
m

AN N tt s _ynm o (D4(T)
D D G (6 Vi) g s (<D™ g

n=0m=0

x*(yt, ys, xt, x5; Q) oo ko q/xt, q/xs
= 3¢2 (q a d ;q;q>; ..(3.3)

(xyts/q; q),, q*/xyts , 0
where |xyts/q| < 1.
Proof:

n m

(— 1)n+m q(g)+(72n)

In+m+k (x' Y; CI)

Nk

(@ Dn (@ Dm

0 (@ Dn (@ Dm

_ K o (_1)n(xt)nq(rzl) > (_1)m(xs)m (T;)
E(y9) {x L @o. 4L @on q

= E(y0){ x"*(xt, x5; q) oo}

:xk(yt,ys,xt,xs;q)oo s g%, q/xt, q/xs
(xyts/q;q)., T2 q?/xyts , 0 P

s
il

E(yg){xn+m+k}

&)
I
3
i

Now we give the following extended identity with triple summations for the bivariate Carlitz
polynomials by using Theorem 2.1.
Theorem 3.4 We have:

Z In+m+k (x, Vs Q)

n=om=0 k=0

(D" gDt (—mgGlsm vk
(@ Dn @GDm (@D

_ (xt,x8,¥85 @)oo t/v, q/xs
Qe ) ( q/xv
where max{ |xv|, |qys| } < 1.
Proof:

1 q, qys), (34

268



Journal of Education for Pure Science- University of Thi-Qar
Vol.10, No.2 (June, 2020)

Website: jceps.utq.edu.iq Email: jceps@eps.utq.edu.iq
i N Z sy ED B CDmg@sm o

g X, Y q

ek (@ Dn @GDm (@ Dk

n=o m=0 k=0

_ w o o . (_1)1’1 q(g)tn (_1)m q(gl)sm 'Uk
Z Z)ZE(ye){x J CHAON @GDm (@G Dk
i(—l)nq@(xo" o (—D)™ g (xs)™ O (ev)*

(@ Dn (@ Dm £ (4; 9k

n=0 m=0
(xt,xS;q) oo
_ pyo {CL550a),
(XV; @) o
The required identity will be followed when we setting a - x, w - s and b — y in identity (2.1).
O

Here, we derive the following extended identity with four summations for the bivariate Carlitz
polynomial by using identity (1.8) of the g-exponential operator.
Theorem 3.5 We have:

c© oo oo oo

D" gD m g@sm (—1F B wk ol
Z Z Insm+kr1 6V @)
=01

(@ Dn (@ Dm CHO)” CHY

n=0m=ok

_ (xt, x5, XW, Y5, yW; q) oo t/v, q/xs ,q/xw
(v, xYsW/q; Q) o 9 (CI/XV; q*/xysw 4 q)
where max{ |xv|, |xysw/q| } < 1.

Proof:

..(3.5)

©w o o oo (_1)71 q(;’)tn (_1)m q(Tzn)Sm (_1)k q(IZ()Wk ‘Ul
Z Z Z Z Inm+k+1 6V Q)

L L L Ly (@ Dn (@ Dm CHOTEENCHT
©® o oo oo N (_1)11 q(rzl)tn (_1)m q(Tzn)Sm (_1)k q(lzc)wk Ul
Z Z Z Z EGO)x ) CHON (@ Dm CHOPEENCHT

D B ED™ & )™ g ) o (- DF ¢ w)k & ()’

= E(y0)

— o (GO (@ Dm e (@D £ (q; )
_ (xt, x5, xW; @) oo
B E(yg){ (xV; q) o }

1,XS,XW,YS,YW;q) o t/U, CI/xS»Q/xW
=(x XS, XW,YS,YW;q) 3¢ ( ;q,q). -

(Xv,xysW/q;q)eo q/xv, q*/xysw

4. Numerical Applications:

In this section, we shall explain the convergence condition of the operator results (2.3) and (2.4),
also for the generating function (2.6), Mehler's formula (2.8), Rogers formula (2.9), Rogers—type formula
(2.13), Theorem (3.4) and Theorem (3.5) for the bivariate Carlitz polynomial g, (x,y; q) by testing
convergence intervals of those formulas, where we take different values for x,y,z,w,t,s and 0 < g <
1, we notice that the formulas are converge when their convergence condition less than one and undefined
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or infinity when the condition is greater than one. The values tables and figures below shows the numerical
results .( The symbol NaN mean that the result is not a number).
Notice that there is a similarity in the convergence condition between generating function and  it's
extended identity, also between Mehler's formula and it's extended identity, so that between Rogers formula
and it's extended identity. We use the numerical approximations of infinite values by using (a; q)e =

lim (a; q)y.
n—oo

a=b=w=v Theorem Max The .

B 2.1 x { generating |yt
¥ 11076 lav|,|gbw]} | function

O e Ve d e ©,AVVA NI
Y T Coeden ALY ek
Kz IR T ZER N
N/ YAy N T SO -RAA YT e
.0 TR TR BT VYo
R GYEV. T GYYA T
Y o ARy e 0144 i
oA e YA YR Y Y
.4 AN AN
\ NaN AP NaN AP
Y, NaN VLEYY o0 Y00
\,¥ NaN VLVYYAS 0o BT
VY NaN Y N4V, 0 VM4
\, ¢ NaN YVEE o e
\,0 NaN ¥,¥Ve. oo Y Yo..
V)1 NaN £,04%, o0 Y, 0%
Y NaN T o0 Y AR
Y, A NaN o AYY . o0 VoY
Y,4 NaN ",Aed. 0 R
Y NaN Ayvenn (o) 000

Table 1: Theorem (2.1) of operator E(bB) and the generating function formula (2.6)
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x10" Theorem (2.1) Rate of convergnce
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Figure 1: Rate of convergence for Theorem (2.1)
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Figure 2: Rate of convergence for the generating function
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Mehler's Ixywz t? Rogers Rogers-type Max
YW formula /4| formula Ixyts/ql formula ¢
|xs|, lqyt[}

B v,4401 Va0V e s ~0.0090 A
.Y ANy NN GAYEY Y -0.0038 N
LY AOAN T EEEE IR -0.0020 T
't Gevy ey Y OAA RSN -0.0011 AT
.0 YVEN ATy YD GAYe. ~0.0006 LYo,
oA KKK Vo VYA Y NETER ~0.0002 ¥
VY e ATAN Y GYEY. -0.0001 9
A VYYVY KR -0.000 G E
.4 R «,049.0 SRR AR 0.000 GAY
\ NaN PRI NaN Voo NaN Voveans
K NaN Y000 NaN VLY NaN KIXE
K NaN Y EAAY NaN VLVYA NaN VLYYA
K3 NaN ¥oVYYY NaN Y04V NaN Y 4V,
V¢ NaN o, FVAY NaN YVEE. NaN YVEE
\,e NaN V,04¥A NaN ¥ ¥Vo. NaN ¥ rVvoe.
Y, NaN Y NaN £, NaN £,09%.
VLV NaN Y£,19A% NaN R NaN R
A NaN YA,Ad oV NaN o,AYY . NaN o,AYY .
\,4 NaN YEVIN NaN TWYTH NaN TWYTH
A NaN AP NaN Ayvaan NaN Asvvan

Table 2 : Mehler's formula (2.8), Rogers formula (2.9) and Rogers—type (2.13).

The Mehler Formula Rate of convergnce
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Figure 3 : Rate of convergence for Mehler's, Rogers and Rogers—type formulas
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Table 3: Theorem (3.4) and Theorem (3.5)
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Figure 4 : Rate of convergence for Theorem (3.4) and Theorem (3.5
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