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Abstract:

In this paper, we have defined the notion of hesitant intuitionistic fuzzy two absorbing sub-module, and present
certain related results, including : level of A (AH(%B) ) is two absorbing sub-module of R-module M, and we have

defined the notion of hesitant intuitionistic F-prime sub-module, we also proved the relationship between hesitant

intuitionistic fuzzy two absorbing sub-module and hesitant intuitionistic F-prime sub-module such that every hesitant
intuitionistic F-prime sub-module is hesitant intuitionistic fuzzy two absorbing sub-module of R-module M .

Keywords: Hesitant intuitionistic fuzzy sub-module, hesitant intuitionistic fuzzy prime sub-module, hesitant
intuitionistic fuzzy two-absorbing sub-module

1-Introduction.

Zadeh [1] introduced the fuzzy set, which is a mapping from a set X into the closed interval L=[0,1]. S. Nanda
defined the notion of the fuzzy module over fuzzy rings [2]. Subsequently, Atanassov [3] modified the concept of
intuitionistic fuzzy sets, which expanded on the notion of fuzzy sets and described some of their properties.

The concept of a hesitant fuzzy set presented by Torra [4]. The notion of a two-absorbing sub-module was
introduced by Ahmad and Fatemeh [5] as an extension of a prime submodule. Isaac and John introduced the
intuitionistic fuzzy sub-module [6]. Rashid and Beg have defined a hesitant intuitionistic fuzzy set [7].

Hesitant intuitionistic fuzzy soft sets were introduced by Nazra, Syafruddin, and Wicaksono [8]. Khalaf and
Hanoon introduced the two-absorbing fuzzy modules, two-absorbing fuzzy sub-modules, and some of their
generalizations were presented [9]. Hesitant fuzzy modules were first proposed by Fadhil, Mohammed, and Hadi
[10]. In this paper, we introduce a hesitant intuitionistic fuzzy two-absorbing sub-module of R-module M and give a
number of associated results.

2.Preliminaries

In this section, we provide some definitions, and preliminary results that will be used in the next sections.
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Definition 2.1[4]: A hesitant F-set (HFS) on a non-empty set X is a function £ from X into subset of the interval L.
Such that, #: X » P(L). where E = {(e, /cE(e)): e € X}, and % (e) is a set of some values in L.

Definition 2.2[7]: A hesitant intuitionistic F-set (HIFS) on a non-empty set X is a set E = {(e, pp.(e), vp.(e)) /e €
X}, where 4, v:X — P(L). Such that piz . (e) is a membership and v (e) is a non-membership for e€ X, which
satisfy pj,~(€) +vp, (e)<land pp "(e) + vy, () <l.

Definition 2.3[8]: Let E and F are two be HIFSs of the forms E= {(e, nz,.(e), v} (e)) /e € X}
F={<epp.(e)vp,(e) >/e€X}onX, then:

)E c Fiff up,(e) € ppp(e) and vy, (e) 2 vy, (e) for all e€X.

i) E=F iff EC FandE 2 F.

iii) E€ = {(e, v, (e), u}&E(e)) ‘e € X}.

iV EUF = {( e, g, (@) Upg,(e),vp,.(e)Nn v}ap(e)) ‘e € X}.

Where:

= Uy, i (e).y,€mi,(e) Max{yr, ¥z } and (p, U pp,)(e)

= Uy, e (e).y,6vi,(e) MIn{y1, 2} (Vg N vp,)(e)

iv) ENF = {(x 1, (e) N pia(e), vy (e) Ui, () e € XJ.

Where:

= Uy, epnpg(e)y,€mi,(e) Min{yr, y2 } and (, 0 pp)(e)

(Whg U Vi) (€) = Uy ev; (e)y,evi,(e) Max{y1, ¥z }.

Definition 2.4[11]: Let t () : X —» P (L) be a HIFs of X, such that € X, 1,p € L, define by
terp)(s) = { (t,p) Pot=s , t(rp) is called hesitant intuitionistic F-point (HIFP) of X.

(@,101]) : t#s
an HIFP t( ) is called belong to a HIFs E of X and denoted by t(r ) S E, if T S py () and p 2 vy, (¢).

Definition 2.5[11]: Let A be a hesitant intuitionistic F-set in X, and 7, p € [0,1], the set
Ay = {w EX:up, (W) 21,05,(w) S p} is called (1, p) -level set.

Definition2.6 [11]: A subset E of a set X is called characteristic hesitant intuitionistic F-set, and defined to be the
structure:  £Xg (W) = (Hpye (W), Vg, (W): WE X'), where:

(w) :{[0,1] if weE Ve (W) :{ @ ifw € E
Moe™ g ifweE e [01] if weE.

Definition 2.7[10] : A hesitant F-set £ of module M is called hesitant F-module ( HFM ) of M if for allw, g €
M,s €R,

H£w—g)2 £w)n£(g) (i) £(sw) 2 £ (w).

Definition 2.8[9]: A proper sub-module H of a module M is said to be a two-absorbing sub-module, if for s, t € R,
w € M and stw € H, then swe H or tw€ H or ste (H:M).

Definition2.9[6]: An intuitionistic F-set E = (ug, vg) of a module M is said to be an intuitionistic F-sub-module
(IFSM) if:

D ug (0) =1, vg (0)=0,
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Dpg W+ g)=pug W) Ape (9) ,veW+ g)<vg (W) Vg () VW, gEM,
Dug (sw)>ug W) ,vg (sw) <vg (w), vw € M, s € R

Definition2.10[5]: Let G be a proper sub-module of M, G is called two- absorbing sub-module of M, if for any
e,de R, we M and edwe G, then ewe G or dwe G or ede (G:M).

3. New Results on Hesitant Intuitionistic Fuzzy Two-Absorbing Sub-module
In the section, we introduced definition of hesitant intuitionistic fuzzy two-absorbing sub-module, and prove some
results.

Definition 3.1: A hesitant intuitionistic F- set E = (1, V3, ) of R-module M is called hesitant intuitionistic F-
module (HIFM) if:

1) wg, (0) =[0,1], vy, (0) = @, where 0 is a zero element of M,

D, W+ g) 2pp, W) Npg(g) and v (W+ g) Svp,(W)Uve (9),VW,geM,

g (sw) 2 pp (W) and vy, (sw) S vy, (W), VweM,seR

E is called a HIFM (M). That is, we mean that E is a hesitant intuitionistic F-sub-module (HIFSM) of some M.

Example3.2: Consider M = Z, as a Z — module. A HIFS E by:

01 if

Hip (W) = {[0.3,0.5] if

w forallw € Z
w

Definition 3.3: Let E and H are two hesitant intuitionistic F-sub-modules. We define their sum E + H as
follows:

E+H= {3, W), Va3, (W) :w €M,
= Ul () O g, (k) ok € M,w = + K}, andyigy.,,, (W)

=N, (Vv (k):jk € M,w=j+k}vg. (W)

Definition 3.4: Let E be a hesitant intuitionistic F-sub-module, for each s € R. We define sE as follows:
E= {(u,;sE‘(w), Vp (W) ):w € M}, where foreachw €M, s

—U{W}, () :j € M, w = sj}, andpz_, (w)

=0 {vi, () 1] € M, w = 5]}.v5, (W)

Definition3.5 : Let E be a hesitant intuitionistic F-sub-module, and s g)€ HIFP(R), where @, 8 < [0,1]. For any
n€EM

U {an g, (n) if y=sn, s€R,n€ M}

,and pp =
n W‘S(a.B)-E(y) {(Z) if other wise
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ve (y) = n{BUv}aE(n) if y =sn, s €R,n€ M}
5 (a,p)E y [0)} if other wise.

Proposition 3.6: Let E and H are two hesitant intuitionistic F-sub-modules, then:
1) s(tE) = (st)E for any s,t € R,
2) s(E+ H)=sE + sH, for s €R.

Definition 3.7: Let (5 ) be hesitant intuitionistic F-point of R, and y(4,7) , X(¢ ) be hesitant intuitionistic F-points
of M, then:

(1) ey *p) = XD @nayup),
(2) X(p) T Vo) = (x+ y)(ana,ﬁur)-

Proposition 3.8: Let E be a HIFSM of M, and y (4,7 , X(o,5) be HIFPs of E, then :
1) X(a'B) + y(U,‘L’) CE. 2) T(S'Y)X(a'[g) c E, for T(&Y) € HIFP(R)

Proof

1) Since x(qp) € E , then g, (x) 2 a, vy (x) €SB and Y S, then pp (y) 20, vz, (y) €T
Since X(8) + Y(o,0) = (X + ¥)(ano,gur) ( by definition 3.7), and is a HIFSM of R-module M, then
e, ) Npg () 2anoand vy, (x + y) Svg, (X)) VU v, () SBUT VX, yeMy, (x +y) 2
Thus pp(x + y)2 ano and vy, (x + y) SpUT

Implies (x + ¥)(ano,pur) € E , S0 X(ap) + Y(o0) S E.

2) Since 1(5y)X(a,8) = (TX)(5na,yup) ( by definition 3.7), and E is a HIFSM of R-module M, then
Wa(rx) 2 wp(x) 2a and v (rx) S v, (x) SB,VxeM,reR.

Implies pp, (rx) 2a and vy, (rx) < B.

Since g, (rx) 2a 2ano and v, (rx) SBSpUT.

Hence pg, (rx) 2 ano and vy, (rx) S fUT.

Therefore (rx)(snayup) € E-

Implies 7(5)X(ap) S E-

Definition 3.9: A hesitant intuitionistic F-sub-module E is called a hesitant intuitionistic F-two absorbing sub-
module (in short, T-ABSO-HIFSM) of M, if for each (4 9,7 (5y) € HIFP(R), X(4 3) € HIFP(M) {s,r €R,x €
M.0,9,0,B,8,y € [0,1]}, such that s(5.9y 7(5,y)X(a,)E E implies that 7(5.) X(8) € E or S(g,9)%(o,8)E E or

S0 Ty & (E : X/aM),where:
(E:xg,,) = U{DID € HIFSM(R) | D - Xp,, € E}
=U{r(p):T €R, &p S[0,1] | 7(zp) Xp,, S E}.

Theorem 3.10: Let E, H are two HIFSM, if E is T-ABSO-HIFSM, then s, 9y (5 )H S E, for each 55 9),75,) €
HIFP(R) implies that 75y H S E or S(5.0)H SE or 5(.9) T(5y) S (E: Xy, ) -
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Proof: Let E be is T-ABSO-HIFSM, and s(49) 7(5,)H S E. Assume that r5,) HZ E and s 9)H € E and
S(e,0) T(5,y) & (E : ka). Then there exist X(q,8), ¥(p,v) E H, such that (5 )X (o,g) € E and s(,0)Y (o) € E.

Since S(4,9) 75, )H € E and x(,g) & H, implies that s(49) 7(5,y)X(a,8) E E-

Since S(q,9) T(s,y) & (E: ka) and 7(5)X(«p) € E and E be is T-ABSO-HIFSM. We have s(4,9)X(q,8) € E.

Also since S(4,9) 75, )H S E and y(, ) S H, implies that 55 9y 7(5,y)Y (o) € E-

Since S(5,9)Y(p0 € Eand 559y 1(5,y) & (E: x;&M), and E be is T-ABSO-HIFSM of M. We have 15,1 € E.
Now, since X(q,8), Y (pr) & H, then x(qg) + y(p) & H [ by Proposition 3.8].

Implies S(g9) 75y (X p) + Yo0) S E.

Since S(o.9) Tsy) € (E: Xy, JWe have 75 (Xwp) + Vo)) S E OF S(o.0)(X(ap) + Y(pr) S E-

If 76) (*(@p) + ¥(pm) S E then 15 Xap + Tey)Ypm S E
Since 7(5)Y(p,0) € E we get 15,)X(a,8) E E, this is a contradiction.

IfS(a‘,g) (X(O(‘B) + y(p,‘t)) € E then S(a’,g)X(a’B) + S(a’,ﬁ)y(p,‘t) CE.
Since $(4,9)X(a,g) & E we get S(5,9)Y(pr) S E, this is a contradiction.

Thus either 7(5,) HEE or s59)HSE or 59 765,y) S (E: X/aM)-
Theorem 3.11: Let A be a T-ABSO-HIFSM, then AH(a 8 is T-ABSO-SM of M .

Proof : Lets,r € R,x € M such that srx € AH(%B)'

Since srx € AH((X.B) implies pg,(srx) 2 a and vy, (srx) € B [ By definition 2.4].

So, by definition (2.5) we get (s7X) (q,p) E A implies S(q, )7 (ap)X(o,p) E A [ by definition 3.7].
Since A be is a T-ABSO-HIFSM of M.

Thus, T(ap) X(ap) & A or S(aB) X(ap)S A or ST (ap) & (A: X/&M)'
If 7o) X(ap) S A then (rx)(p) € A [ by definition 3.7].
Implies pp,(rx) 2 a« and vy, (rx) < B [ by definition 2. 4].

Then rx € AH((x.B) [ by definition 2.5].
IfS(a,B) X(a,B) C A, then (sx)(arﬁ) c A
Implies py,(sx) 2 a and v, ,(sx) < B.

Thus sx € AH((xB)'

If S(ap)T(@p)Xny S A 50, W‘(ST)(;,B)-MM (srm) S pg,(srm)

Since Hhory o gy (y) =u {a 0 by, (m):y = srm, S,TERME M}
=U {a N [0,1]} = a [ by definition 3.5].
Implies pp, (srm) 2 a.
Similarly,
v’k(sr)(; - »=n {[3 Uy, (m):y = srm, s,r€ER,mE M}
=N {B U@} =p [ by definition 3.5] .
Implies vy, ,(srm) < B.
Thus srm € AH(a,B) implies sTM C AH(a,B) , forallm € M.
Then AH(oc.B) is T-ABSO-SM of M.
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Theorem 3.12: Let A be a T-ABSO-HIFSM of B. If Ay, o) # By, » % B S [0,1]. Then Ap g is T-ABSO-SM
Of BH(OL,B)'

Proof: Let AH(a.B) * BH(%B) and srm € AH(%B),for some s,r E Randm € M,

since srm € Ay, . imples pj, (srm) 2 @ and v, (srm) S B [ by definition 2.5].

Then (sTM) (0,8) = S(a,)" (a,p)M(ap) E A [ by definition 3.7] .

Since A is a T-ABSO-HIFSM of B, then

either s(qg) M(gp) S A O T(gp) Mgp) S A O Sp)T(ap) S (A: chB)-

Case (i): If S(q,g) M(q,p) € A then, (sm)(4,) E A [ by definition 3.7].

Implies that g, (sm) 2 @ and vy, (sm) € B [ by definition 2.4]

So,sm € AH(a,B)'

Case (ii): If 7(q,8) M(ap) € A, then (rm) 4y € A [ by definition 3.7].

Implies that g, (rm) 2 a and v, (rm) S B [ by definition 2.4].

So,rm € AH(a,B)'

Case (iii):If S(4,8)T(a,p) (A: ka), then for any y € STBH(%B): y = srx, for some x € BH(a,s)'
So, g, (x) 2 aand vy, (x) € B [by definition 2.4].

Now,

a=anp,(x) U {an Wi (2):y = srz} = W&(sr)l(w)s(y) € uy, (y) [by definition 3.5].
Similarly,

B=pUv,(x)2n {ﬁ Uwvy,(2):y = srz} = vk(sr)'(a’B)B(y) 2 vy, (y) [by definition 3.5].
Implies py, (y) 2 @ and vy, (y) < B.

Then y € AH(a,B) 'STBH((,,B) c AH((x,B)'

Hence AH(O(,B) is T-ABSO-SM of B Hiop)"

Definition 3.13: Let E be a hesitant intuitionistic F-sub-module. Then E is called an hesitant intuitionistic F-prime
sub-module (P-HIFSM(M), in short ) of M, if for each r(5,) € HIFP(R) , x(4g) € HIFP(M)
{r€ERx€EM.a B3y C [0,1]}, where 1(5)X(qp)E E, then either x4 g) € E or 7(5y) Xn,,E E-

Proposition 3.14: If E, H are two P-HIFSM of M, then E N H be a T-ABSO-HIFSM

Proof : let 549y 7(5,)X(a,3)S E N H for each s, ), 7(5,) € HIFP(R), x(4 ) € HIFP(M){s,7 €R,x €
M.o,9,a,B,6yc[0,1]}.
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Suppose that 7(s5y) X(«pg) € ENH and s(9)Xp) € E NH.

Implies 7(5)X(o,g) & E and s(g.9)X(o,p) € E OF 7(5y)X(a,g) € H and S5 9)X(a,p) & H.

Since S(4,9)7(5,y)X (@S E N H implies S5 9)75)X(a,@)S E and S59)75,)%(a,8)< H-

Since S(g,9)Xp) € E » So,9)7(5y)*(a,p)<E E, and E is a P-HIFSM(M), implies r(5,)< (E : XkM)-
Since 7(5,)X(ag) & H, S(5,9)7(5,y)%(a,)S H, and H is a P-HIFSM(M), implies 55 9)< (H : XkM)-
Then s(5,9y7(5,y) (E:ka) N (H1X&M): (E N H:X/aM)-

then E N H is T-ABSO-HIFSM of M.

Proposition 3.15: Every hesitant intuitionistic F-prime sub-module is T-ABSO-HIFSM of M.

Proof: Let E be a P-HIFSM(M). And let 54,9 7(5,)X(a,3)S E for each s(4 9,7 (5y) € HIFP(R), x4 5) €
HIFP(M){s,r ER,x € M .0,9,a,B,8,y € [0,1]}.

Let Si6,9) (5,y) = Y(ev) IMplies Y(g ) X(a,p)E E-

Since E be a P-HIFSM(M), s0, y(¢r)S (E: XfaM) or xqp)<SE.

Therefore s(4,9) 1(5) S (E: ka) or X(q,p)< E.

Since x(4,3)S E and r(s,) € HIFP(R), then 7(5)X(q,3)E E [ by proposition 3.8].
Thus 559y 7(5,y)S (E: ka) or 75 X(p)< E -

Since X(q,3)S E and 5(4,9) € HIFP(R), then 54 9)X(«,3)S E [ by proposition 3.8].
Therefore s(4,9) 7(5)< (E: x,aM) 0T S(g,9)X(a,p)E E-

Then s(4,9) 15) S (E: x,aM) Or S(5,9)X(e,p)E E OF T(5)X(a,3)E E-

Implies that E is T-ABSO-HIFSM of M.

Results

The obtained results introduced the concept of hesitant intuitionistic fuzzy two absorbing submodule and
established several fundamental properties related to this structure. Moreover, the relationships between the proposed
concept and existing notions such as fuzzy two absorbing submodule and intuitionistic fuzzy submodule were

investigated. The study also showed that the new concept represents a generalization of previous fuzzy algebraic

structures.

Conclusion

In conclusion, we study the main definitions and theorems related to hesitant intuitionistic fuzzy T-ABSO sub-
module and we have obtained new results, which is the relationship between hesitant intuitionistic fuzzy T-ABSO

sub-module and hesitant intuitionistic F-prime sub-module such that every hesitant intuitionistic F-prime sub-

module is hesitant intuitionistic fuzzy T-ABSO sub-module of R-module M.
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