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Abstract: 

   In this paper, we have defined the notion of hesitant intuitionistic fuzzy two absorbing sub-module, and present 

certain related results, including : level of A (A𝐻(α,β)
 ) is  two absorbing sub-module of R-module M, and we have 

defined the notion of hesitant intuitionistic F-prime sub-module, we also proved the relationship between hesitant 
intuitionistic fuzzy two absorbing sub-module and hesitant intuitionistic F-prime sub-module such that every hesitant 

intuitionistic F-prime sub-module is hesitant intuitionistic fuzzy two absorbing sub-module of R-module M . 

Keywords: Hesitant intuitionistic fuzzy sub-module, hesitant intuitionistic fuzzy prime sub-module, hesitant 

intuitionistic fuzzy two-absorbing sub-module 

 

1-Introduction. 

    Zadeh [1] introduced the fuzzy set, which is a mapping from a set 𝕏 into the closed interval L=[0,1]. S. Nanda 
defined the notion of the fuzzy module over fuzzy rings [2]. Subsequently, Atanassov [3] modified the concept of 

intuitionistic fuzzy sets, which expanded on the notion of fuzzy sets and described some of their properties.  

   The concept of a hesitant fuzzy set presented by Torra [4]. The notion of a two-absorbing sub-module was 

introduced by Ahmad and Fatemeh [5] as an extension of a prime submodule. Isaac and John introduced the 

intuitionistic fuzzy sub-module [6]. Rashid and Beg have defined a hesitant intuitionistic fuzzy set [7].  

   Hesitant intuitionistic fuzzy soft sets were introduced by Nazra, Syafruddin, and Wicaksono [8].  Khalaf and 

Hanoon introduced the two-absorbing fuzzy modules, two-absorbing fuzzy sub-modules, and some of their 

generalizations were presented [9]. Hesitant fuzzy modules were first proposed by Fadhil, Mohammed, and Hadi 
[10]. In this paper, we introduce a hesitant intuitionistic fuzzy two-absorbing sub-module of R-module M and give a 

number of associated results. 

2.Preliminaries                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    

In this section, we provide some definitions, and preliminary results that will be used in the next sections.   
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Definition 2.1[4]: A hesitant F-set (HFS) on a non-empty set 𝕏 is a function 𝓀 from 𝕏 into subset of the interval L. 

Such that, 𝓀: 𝕏 →  𝒫(𝐿). where E = {(𝑒, 𝓀𝐸(𝑒)): 𝑒 ∈ 𝕏}, and 𝓀𝐸(𝑒) is a set of some values in L. 

Definition 2.2[7]: A hesitant intuitionistic F-set (HIFS) on a non-empty set 𝕏 is a set E = {(e, µ𝓀𝐸
̀ (e), 𝑣𝓀𝐸

̀ (e)) / e ∈  

𝕏 }, where µ, v : 𝕏 →  𝒫(𝐿). Such that µ𝓀𝐸
̀  (e) is a membership and 𝑣𝓀𝐸

̀  (e) is a non-membership for e∈  𝕏, which 

satisfy  µ𝓀𝐸
̀ −(𝑒) + 𝑣𝓀𝐸

̀ +(𝑒)≤ 1 and   µ𝓀𝐸
̀ +(𝑒) + 𝑣𝓀𝐸

̀ −(𝑒) ≤ 1. 

Definition 2.3[8]: Let E and F are two be HIFSs of the forms E= {(𝑒, µ𝓀𝐸
̀ (𝑒), 𝑣𝓀𝐸

̀ (𝑒)) /𝑒 ∈ 𝕏} 

𝐹 = {< 𝑒, µ𝓀𝐹
̀ (𝑒), 𝑣𝓀𝐹

̀ (𝑒) >/ 𝑒 ∈ 𝕏} on 𝕏, then: 

i) 𝐸 ⊂ 𝐹 iff  µ𝓀𝐸
̀ (𝑒) ⊆ µ𝓀𝐹

̀ (𝑒) and 𝑣𝓀𝐸
̀ (𝑒) ⊇ 𝑣𝓀𝐹

̀ (𝑒) for all e∈ 𝕏 . 

ii)  𝐸 = 𝐹  iff  𝐸 ⊆ 𝐹 and 𝐸 ⊇  𝐹.  

iii) 𝐸𝑐 = {(𝑒, 𝑣𝓀𝐸
̀ (𝑒), µ𝓀𝐸

̀ (𝑒)) : 𝑒 ∈ 𝕏}. 

iv) 𝐸 ∪ 𝐹 =  {( 𝑒, µ𝓀𝐸
̀ (𝑒) ∪ µ𝓀𝐹

̀ (𝑒), 𝑣𝓀𝐸
̀ (𝑒) ∩ 𝑣𝓀𝐹

̀ (𝑒)) : 𝑒 ∈ 𝕏}. 

Where:  

(µ𝓀𝐸
̀ ∪ µ𝓀𝐹

̀ )(𝑒) = ∪𝑦1∈µ𝓀𝐸
̀ (𝑒),𝑦2∈µ𝓀𝐹

̀ (𝑒) 𝑚𝑎𝑥{𝑦1 , 𝑦2 }, and  

(𝑣𝓀𝐸
̀ ∩ 𝑣𝓀𝐹

̀ )(𝑒) = ∪𝑦1∈𝑣𝓀𝐸
̀ (𝑒),𝑦2∈𝑣𝓀𝐹

̀ (𝑒) 𝑚𝑖𝑛{𝑦1 , 𝑦2}. 

iiv) 𝐸 ∩ 𝐹 =  {( 𝑥, µ𝓀𝐸
̀ (𝑒) ∩ µ𝓀𝐹

̀ (𝑒), 𝑣𝓀𝐸
̀ (𝑒) ∪ 𝑣𝓀𝐹

̀ (𝑒)) ∶ 𝑒 ∈ 𝕏}. 

Where:  

(µ𝓀𝐸
̀ ∩ µ𝓀𝐹

̀ )(𝑒) = ∪𝑦1∈µ𝓀𝐸
̀ (𝑒),𝑦2∈µ𝓀𝐹

̀ (𝑒) 𝑚𝑖𝑛{𝑦1 , 𝑦2 }, and  

(𝑣𝓀𝐸
̀ ∪ 𝑣𝓀𝐹

̀ )(𝑒) = ∪𝑦1∈𝑣𝓀𝐸
̀ (𝑒),𝑦2∈𝑣𝓀𝐹

̀ (𝑒) 𝑚𝑎𝑥{𝑦1 , 𝑦2 }.  

 

Definition 2.4[11]: Let 𝑡(τ,ρ) ∶ 𝕏 →  𝒫(𝐿) be a HIFs of 𝕏, such that t ∈  𝕏, τ, ρ ⊆ 𝐿, define by  

𝑡(τ,ρ)(𝑠) = {
 (τ, ρ)         ∶      t = 𝑠
(∅, [0,1])   ∶    t ≠ 𝑠

   , 𝑡(τ,ρ) is called hesitant intuitionistic F-point (HIFP)iof 𝕏. 

an HIFP 𝑡(τ,ρ) is called belong to a HIFs E of 𝕏 and denoted by 𝑡(τ,ρ) ⊆ E, if  τ ⊆ µ𝓀𝐸
̀ (𝑡)𝑖and ρ ⊇ 𝑣𝓀𝐸

̀ (𝑡).  

 

Definition 2.5[11]: Let A be a hesitant intuitionistic F-set in 𝕏, and τ, ρ ⊆ [0,1], the set 

 A𝐻(τ,ρ)
= {𝑤 ∈ 𝕏 ∶ µ𝓀𝐴

̀ (𝑤) ⊇ τ, 𝑣𝓀𝐴
̀ (𝑤) ⊆ ρ} is called (τ, ρ) -level set. 

 

set, and defined to be the -is called characteristic hesitant intuitionistic F   𝕏: A subset E of a set]Definition2.6 [11

structure:    𝓀χE (w) = ( μ𝓀χE
(w), 𝑣𝓀χE

(w): w∈ 𝕏 ),  where: 

                     μ𝓀χE
(w) ={

[0,1]     if  𝑤 ∈ E
∅           if 𝑤 ∉ E

           𝑣𝓀χE
 (w) ={

∅           if 𝑤 ∈ E
[0,1]         if   𝑤 ∉ E .

 

 

Definition 2.7[10] : A hesitant F-set 𝓀 of module M is called hesitant F-module ( HFM ) of M if for all 𝑤, 𝑔 ∈

𝑀, 𝑠 ∈ 𝑅,  

(i) 𝓀(𝑤 −  𝑔) ⊇  𝓀(𝑤) ∩ 𝓀(𝑔)                    (𝑖𝑖) 𝓀(𝑠𝑤)  ⊇ 𝓀 (𝑤).   

Definition 2.8[9]: A proper sub-module H of a module M is said to be a two-absorbing sub-module, if for s, t ∈ R, 

w ∈ M and stw ∈ H, then sw∈ H or tw∈ H or st∈ (H:M). 

Definition2.9[6]: An intuitionistic F-set E = (𝜇𝐸 , 𝑣𝐸) of a module M  is said to be an intuitionistic F-sub-module 

(IFSM) if:  

1) 𝜇𝐸  (0) = 1, 𝑣𝐸 (0) = 0,      

http://jceps.utq.edu.iq/
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2) 𝜇𝐸  (𝑤 + 𝑔) ≥ 𝜇𝐸  (𝑤) ∧ 𝜇𝐸  (𝑔) , 𝑣𝐸  (𝑤 +  𝑔) ≤ 𝑣𝐸 (𝑤) ∨ 𝑣𝐸 (𝑔) ∀ 𝑤, 𝑔 ∈ M,   

3) 𝜇𝐸  (𝑠𝑤) ≥ 𝜇𝐸  (𝑤) , 𝑣𝐸 (𝑠𝑤) ≤ 𝑣𝐸 (𝑤), ∀𝑤 ∈ M, 𝑠 ∈ R. 

Definition2.10[5]: Let G be a proper sub-module of M, G is called two- absorbing sub-module of M, if for any 

 𝑒, 𝑑 R, w M and 𝑒𝑑w G, then 𝑒w G or 𝑑w G or 𝑒𝑑 (G:M).    

 

3. New Results on Hesitant Intuitionistic Fuzzy Two-Absorbing Sub-module 

In the section, we introduced definition of hesitant intuitionistic fuzzy two-absorbing sub-module, and prove some 

results. 

 

Definition 3.1: A hesitant intuitionistic F- set E = (µ𝓀𝐸
̀ , 𝑣𝓀𝐸

̀  )  of R-module M is called hesitant intuitionistic F-

module (HIFM) if: 

1) µ𝓀𝐸
̀  () = [0,1] , 𝑣𝓀𝐸

̀  () = ∅ , where  is a zero element of M, 

2) µ𝓀𝐸
̀  (𝑤 +  𝑔) ⊇ µ𝓀𝐸

̀  (𝑤) ∩ µ𝓀𝐸
̀ (𝑔)   and    𝑣𝓀𝐸

̀ (𝑤 +  𝑔)  ⊆ 𝑣𝓀𝐸
̀ (𝑤) ∪ 𝑣𝓀𝐸

̀ (𝑔),  𝑤 , 𝑔  M, 

3) µ𝓀𝐸
̀ (𝑠𝑤)  ⊇  µ𝓀𝐸

̀ (𝑤)   and   𝑣𝓀𝐸
̀  (𝑠𝑤) ⊆ 𝑣𝓀𝐸

̀  (𝑤),  𝑤  M, 𝑠  R.  

E is called a HIFM (M). That is, we mean that E is a hesitant intuitionistic F-sub-module (HIFSM) of some M. 

Example3.2: Consider 𝑀 = 𝑍2 as a Z – module. A HIFS E by: 

µ𝓀𝐸
̀ (𝑤) = {

[0,1]          𝑖𝑓        𝑤 = 0 ̅

[0.3,0.5]    𝑖𝑓        𝑤 = 1 ̅
        𝑣𝓀𝐸

̀ (𝑤) = {
     ∅      𝑖𝑓     𝑤 = 0 ̅

[0.2,0.4]  𝑖𝑓   𝑤 = 1 ̅
        for all 𝑤 ∈  Z     

Definition 3.3: Let E and H are two hesitant intuitionistic F-sub-modules. We define their sum E + H as 

follows:                           

E + H = {(µ𝓀𝐸+𝐻
̀ (𝑤), 𝑣𝓀𝐸+𝐻

̀ (𝑤) ) : 𝑤 ∈ M},  

µ𝓀𝐸+𝐻
̀ (𝑤) = ∪{µ𝓀𝐸

̀ (𝑗) ∩ µ𝓀𝐻
̀ (𝑘) : 𝑗, 𝑘 ∈  𝑀, 𝑤 = 𝑗 + 𝑘}, and 

𝑣𝓀𝐸+𝐻
̀ (𝑤) = ∩{𝑣𝓀𝐸

̀ (𝑗) ∪ 𝑣𝓀𝐻
̀ (𝑘) : 𝑗, 𝑘 ∈  𝑀, 𝑤 = 𝑗 + 𝑘}. 

Definition 3.4: Let E be a hesitant intuitionistic F-sub-module, for each 𝑠 ∈ R. We define sE as follows:    

𝑠M,      ∈𝑤 M}, where for each  ∈ 𝑤) :  µ𝓀𝑠𝐸
̀ (𝑤)̀ , 𝑣𝓀𝑠𝐸

̀ (𝑤)E = {( 

µ𝓀𝑠𝐸
̀ (𝑤) = ∪{µ𝓀𝐸

̀̀  (j) : 𝑗 ∈ 𝑀, 𝑤 = 𝑠𝑗}, and 

𝑣𝓀𝑠𝐸
̀ (𝑤) = ∩{𝑣𝓀𝐸

̀ (𝑗) : 𝑗 ∈ 𝑀, 𝑤 = 𝑠𝑗}. 

Definition3.5 : Let E be a hesitant intuitionistic F-sub-module, and  𝑠(𝛼,β)∈ HIFP(R), where 𝛼, β ⊆ [0,1]. For any 

n ∈ M 

  𝜇𝓀𝑠(𝛼,β).E
́ (𝑦) = {

∪ {𝛼 ∩ µ𝓀𝐸
̀ (𝑛)            𝑖𝑓           𝑦 = 𝑠𝑛, 𝑠 ∈ 𝑅, 𝑛 ∈ 𝑀}

∅                                    𝑖𝑓                                 other wise 
 , and 
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 𝑣𝓀𝑠(𝛼,β).E
́ (𝑦) = {

∩ {β ∪ 𝑣𝓀𝐸
̀ (𝑛)             𝑖𝑓          𝑦 = 𝑠𝑛, 𝑠 ∈ 𝑅, 𝑛 ∈ 𝑀}

∅                                    𝑖𝑓                                 other wise .
     

Proposition 3.6: Let E and H are two hesitant intuitionistic F-sub-modules, then:  

1) 𝑠(𝑡𝐸) = (𝑠𝑡)E for any 𝑠, 𝑡 ∈ R,  

2) 𝑠(E + H) = 𝑠E + 𝑠H, for  𝑠 ∈ R. 

Definition 3.7: Let 𝑟(δ,γ) be hesitant intuitionistic F-point of R, and 𝑦(𝜎,𝜏) , 𝑥(𝛼,𝛽) be hesitant intuitionistic F-points 

of M, then:  

(1)  𝑟(δ,γ)𝑥(α,β) = (𝑟𝑥)(𝛿∩𝛼,𝛾∪𝛽 ), 

(2) 𝑥(α,β) + 𝑦(𝜎,𝜏) = (𝑥 + 𝑦)(𝛼∩𝜎,𝛽∪𝜏). 

 

then : E,  be HIFPs of  𝑦(𝜎,𝜏) , 𝑥(𝛼,𝛽)be a HIFSM of M, and  : Let EProposition 3.8 

1) 𝑥(α,β) + 𝑦(𝜎,𝜏) ⊆ 𝐸.    2)  𝑟(δ,γ)𝑥(α,β) ⊆ 𝐸, for  𝑟(δ,γ) ∈ HIFP(R).     

Proof   

1) Since  𝑥(α,β) ⊆ 𝐸 , then µ𝓀𝐸
̀ (x)  ⊇ α ,  𝑣𝓀𝐸

̀ (x)  ⊆ β  and  𝑦(𝜎,𝜏) ⊆ , then  µ𝓀𝐸
̀ (y)  ⊇ σ, 𝑣𝓀𝐸

̀  (y)  ⊆ τ  

Since 𝑥(α,β) + 𝑦(𝜎,𝜏) = (𝑥 + 𝑦)(𝛼∩𝜎,𝛽∪𝜏) ( by definition 3.7), and is a HIFSM of R-module M, then  

µ𝓀𝐸
̀ (𝑥 + 𝑦) ⊇ µ𝓀𝐸

̀  (𝑥) ∩ µ𝓀𝐸
̀ (𝑦) ⊇ 𝛼 ∩ 𝜎 and 𝑣𝓀𝐸

̀ (𝑥 +  𝑦) ⊆ 𝑣𝓀𝐸
̀ (𝑥) ∪ 𝑣𝓀𝐸

̀ (𝑦) ⊆ 𝛽 ∪ 𝜏,  𝑥, 𝑦  M. 

Thus  µ𝓀𝐸
̀ (𝑥 +  𝑦) ⊇  𝛼 ∩ 𝜎   and  𝑣𝓀𝐸

̀ (𝑥 +  𝑦) ⊆ 𝛽 ∪ 𝜏. 

Implies  (𝑥 + 𝑦)(𝛼∩𝜎,𝛽∪𝜏) ⊆ 𝐸 , so 𝑥(α,β) + 𝑦(𝜎,𝜏) ⊆ 𝐸.  

2) Since  𝑟(δ,γ)𝑥(α,β) = (𝑟𝑥)(𝛿∩𝛼,𝛾∪𝛽 ) ( by definition 3.7), and E  is a HIFSM of R-module M, then 

 µ𝓀𝐸
̀ (𝑟𝑥)  ⊇  µ𝓀𝐸

̀ (𝑥) ⊇ α   and   𝑣𝓀𝐸
̀ (𝑟𝑥) ⊆ 𝑣𝓀𝐸

̀ (𝑥) ⊆ β,  𝑥  M, 𝑟  R. 

Implies  µ𝓀𝐸
̀ (𝑟𝑥)  ⊇ α   and   𝑣𝓀𝐸

̀  (𝑟𝑥) ⊆ β.  

Since µ𝓀𝐸
̀ (𝑟𝑥)  ⊇ α  ⊇ 𝛼 ∩ 𝜎   and    𝑣𝓀𝐸

̀ (𝑟𝑥) ⊆ β ⊆ 𝛽 ∪ 𝜏. 

Hence µ𝓀𝐸
̀ (𝑟𝑥) ⊇ 𝛼 ∩ 𝜎  and  𝑣𝓀𝐸

̀ (𝑟𝑥) ⊆ 𝛽 ∪ 𝜏. 

Therefore  (𝑟𝑥)(𝛿∩𝛼,𝛾∪𝛽 ) ⊆ 𝐸. 

Implies  𝑟(δ,γ)𝑥(α,β) ⊆ 𝐸.                         

Definition 3.9: A hesitant intuitionistic F-sub-module E is called a hesitant intuitionistic F-two absorbing sub-

module (in short, T-ABSO-HIFSM) of M, if for each 𝑠(𝜎,𝜗), 𝑟(δ,γ) ∈ HIFP(R),  𝑥(𝛼,𝛽) ∈ HIFP(M) {𝑠, 𝑟 ∈ 𝑅, 𝑥 ∈

𝑀 . 𝜎, 𝜗, α, β, δ, γ ⊆ [0, 1]}, such that  𝑠(𝜎,𝜗) 𝑟(δ,γ)𝑥(α,β)⊆ E implies that  𝑟(δ,γ) 𝑥(α,β) ⊆ E or  𝑠(𝜎,𝜗)𝑥(α,β)⊆ E or 

𝑠(𝜎,𝜗) 𝑟(δ,γ) ⊆ (𝐸: χ𝓀𝑀
), where: 

(𝐸: χ𝓀𝑀
) = ⋃{𝐷|𝐷 ⊆ 𝐻𝐼𝐹𝑆𝑀(𝑅) | 𝐷 ∙ χ𝓀𝑀

⊆ 𝐸}  

               = ⋃{ 𝑟(𝜀,𝜌): 𝑟 ∈ 𝑅, 𝜀, 𝜌 ⊆ [0, 1] | 𝑟(𝜀,𝜌) χ𝓀𝑀
⊆ 𝐸}. 

Theorem 3.10: Let E, H are two HIFSM, if E is T-ABSO-HIFSM, then 𝑠(𝜎,𝜗) 𝑟(δ,γ)H ⊆ E, for each 𝑠(𝜎,𝜗), 𝑟(δ,γ) ∈

HIFP(R) implies that 𝑟(δ,γ) H ⊆ E or  𝑠(𝜎,𝜗)H ⊆E or 𝑠(𝜎,𝜗) 𝑟(δ,γ) ⊆ (E: χ𝓀𝑀
) . 
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Proof: Let E be is T-ABSO-HIFSM, and 𝑠(𝜎,𝜗) 𝑟(δ,γ)H ⊆ E. Assume that   𝑟(δ,γ) H⊈ E and  𝑠(𝜎,𝜗)H  ⊈ E and 

𝑠(𝜎,𝜗) 𝑟(δ,γ) ⊈ (𝐸: χ𝓀𝑀
). Then there exist 𝑥(α,β),  𝑦(ρ,τ) ⊆ 𝐻, such that 𝑟(δ,γ)𝑥(α,β) ⊈ 𝐸 and  𝑠(𝜎,𝜗)𝑦(ρ,τ) ⊈ 𝐸.  

Since 𝑠(𝜎,𝜗) 𝑟(δ,γ)H ⊆ E and 𝑥(α,β) ⊆ 𝐻, implies that 𝑠(𝜎,𝜗) 𝑟(δ,γ)𝑥(α,β) ⊆ 𝐸.  

Since 𝑠(𝜎,𝜗) 𝑟(δ,γ) ⊈ (E: χ𝓀𝑀
) and  𝑟(δ,γ)𝑥(α,β) ⊈ E and E be is T-ABSO-HIFSM. We have   𝑠(𝜎,𝜗)𝑥(α,β) ⊆ E.  

Also since 𝑠(𝜎,𝜗) 𝑟(δ,γ)H ⊆ E and  𝑦(ρ,τ) ⊆ 𝐻, implies that 𝑠(𝜎,𝜗) 𝑟(δ,γ)𝑦(ρ,τ) ⊆ E. 

Since  𝑠(𝜎,𝜗)𝑦(ρ,τ) ⊈ E and 𝑠(𝜎,𝜗) 𝑟(δ,γ) ⊈ (E: χ𝓀𝑀
), and E be is T-ABSO-HIFSM of  M. We have   𝑟(δ,γ)𝑦(ρ,τ) ⊆ E.   

Now, since 𝑥(α,β), 𝑦(ρ,τ) ⊆ 𝐻, then 𝑥(α,β) + 𝑦(ρ,τ) ⊆ 𝐻 [ by Proposition 3.8].   

Implies  𝑠(𝜎,𝜗) 𝑟(δ,γ)(𝑥(α,β) + 𝑦(ρ,τ)) ⊆ E , 

Since 𝑠(𝜎,𝜗) 𝑟(δ,γ) ⊈ (𝐸: χ𝓀𝑀
)we have   𝑟(δ,γ)(𝑥(α,β) + 𝑦(ρ,τ)) ⊆ E or  𝑠(𝜎,𝜗)(𝑥(α,β) + 𝑦(ρ,τ)) ⊆ E .  

If  𝑟(δ,γ)(𝑥(α,β) + 𝑦(ρ,τ)) ⊆ E  then  𝑟(δ,γ)𝑥(α,β) +  𝑟(δ,γ)𝑦(ρ,τ) ⊆ E.  

Since  𝑟(δ,γ)𝑦(ρ,τ) ⊆ E we get  𝑟(δ,γ)𝑥(α,β) ⊆ E, this is a contradiction. 

If 𝑠(𝜎,𝜗)(𝑥(α,β) + 𝑦(ρ,τ)) ⊆ E then  𝑠(𝜎,𝜗)𝑥(α,β) +  𝑠(𝜎,𝜗)𝑦(ρ,τ) ⊆ E.   

Since  𝑠(𝜎,𝜗)𝑥(α,β) ⊆ E we get  𝑠(𝜎,𝜗)𝑦(ρ,τ) ⊆ E, this is a contradiction. 

Thus either  𝑟(δ,γ) H⊆ E  or  𝑠(𝜎,𝜗)H ⊆ E  or  𝑠(𝜎,𝜗) 𝑟(δ,γ) ⊆ (E: χ𝓀𝑀
). 

Theorem 3.11: Let A be a T-ABSO-HIFSM, then  A𝐻(α,β)
  is T-ABSO-SM of M . 

Proof : Let s, 𝑟 ∈ R, 𝑥 ∈ 𝑀 such that 𝑠𝑟𝑥 ∈ A𝐻(α,β)
.  

Since 𝑠𝑟𝑥 ∈ A𝐻(α,β)
  implies  µ𝓀𝐴

̀ (𝑠𝑟𝑥)  ⊇ α  and   𝑣𝓀𝐴
̀ (𝑠𝑟𝑥) ⊆ β [ By definition 2.4]. 

So, by definition (2.5) we get (𝑠𝑟𝑥)(α,β) ⊆ 𝐴 implies 𝑠(α,β)𝑟(α,β)𝑥(α,β) ⊆ 𝐴  [ by definition 3. 7]. 

Since A be is a T-ABSO-HIFSM of M. 

Thus,  𝑟(α,β) 𝑥(α,β) ⊆ A or  𝑠(α,β) 𝑥(α,β)⊆ A  or  𝑠(α,β)𝑟(α,β) ⊆ (𝐴: χ𝓀𝑀
). 

If  𝑟(α,β) 𝑥(α,β)  ⊆  A, then (𝑟𝑥)(α,β) ⊆ 𝐴 [ by definition 3.7].  

Implies   µ𝓀𝐴
̀ (𝑟𝑥)  ⊇ α  and   𝑣𝓀𝐴

̀ (𝑟𝑥) ⊆ β  [ by definition 2. 4].   

Then 𝑟𝑥 ∈ A𝐻(α,β)
 [ by definition 2.5].   

If 𝑠(α,β) 𝑥(α,β) ⊆  A, then (𝑠𝑥)(α,β) ⊆ 𝐴.  

Implies µ𝓀𝐴
̀ (𝑠𝑥)  ⊇ α  and  𝑣𝓀𝐴

̀ (𝑠𝑥) ⊆ β.  

Thus  𝑠𝑥 ∈ A𝐻(α,β)
.  

If  𝑠(α,β)𝑟(α,β)χℎ𝑀
⊆ 𝐴  , so, 𝜇𝓀(𝑠𝑟)(𝛼,β).χ𝓀𝑀

́ (𝑠𝑟𝑚) ⊆ µ𝓀𝐴
̀ (𝑠𝑟𝑚)  

Since  𝜇𝓀(𝑠𝑟)(𝛼,β).χ𝓀𝑀
́ (𝑦) = ∪ {𝛼 ∩ µχ𝓀𝑀

(𝑚): 𝑦 = 𝑠𝑟𝑚, 𝑠, 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀}     

                                           = ∪ {𝛼 ∩ [0,1]} = 𝛼 [ by definition 3.5]. 

Implies  µ𝓀𝐴
̀ (sr𝑚) ⊇ α .  

Similarly,  

𝑣𝓀(𝑠𝑟)(𝛼,β).χ𝓀𝑀
́ (𝑦) = ∩ {𝛽 ∪ 𝑣χ𝓀𝑀

(𝑚): 𝑦 = 𝑠𝑟𝑚, 𝑠, 𝑟 ∈ 𝑅, 𝑚 ∈ 𝑀} 

                               = ∩ {𝛽 ∪ ∅} = 𝛽  [ by definition 3.5] .  

Implies  𝑣𝓀𝐴
̀ (sr𝑚) ⊆ β.  

Thus 𝑠𝑟𝑚 ∈ A𝐻(α,β)
  implies  𝑠𝑟𝑀 ⊆ A𝐻(α,β)

 , for all 𝑚 ∈ 𝑀. 

Then  A𝐻(α,β)
  is T-ABSO-SM of M.  
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Theorem 3.12:   Let A be a T-ABSO-HIFSM of B. If A𝐻(α,β)
≠ B𝐻(α,β)

 , α, β ⊆ [0,1]. Then A𝐻(α,β)
 is T-ABSO-SM 

of B𝐻(α,β)
. 

Proof: Let A𝐻(α,β)
≠ B𝐻(α,β)

 and 𝑠𝑟𝑚 ∈ A𝐻(α,β)
, for some 𝑠, 𝑟 ∈ 𝑅 and 𝑚 ∈ 𝑀, 

µ𝓀𝐴
̀ (𝑠𝑟𝑚) ⊇ 𝛼 and 𝑣𝓀𝐴

̀ (𝑠𝑟𝑚) ⊆ β [ by definition 2.5].    since 𝑠𝑟𝑚 ∈ A𝐻(α,β)
 imples 

   (𝑠𝑟𝑚)(𝛼,β) = 𝑠(𝛼,β)𝑟(𝛼,β)𝑚(𝛼,β) ⊆ A [ by definition 3.7]  .                        Then 

Since A is a T-ABSO-HIFSM of B, then   

either 𝑠(𝛼,β) 𝑚(𝛼,β) ⊆ A  or  𝑟(𝛼,β) 𝑚(𝛼,β) ⊆ A   or  𝑠(𝛼,β)𝑟(𝛼,β) ⊆ (𝐴: χ𝓀𝐵
).  

Case (i): If  𝑠(𝛼,β) 𝑚(𝛼,β) ⊆ A then, (𝑠𝑚)(𝛼,β) ⊆ A [ by definition 3.7].                           

Implies that  µ𝓀𝐴
̀  (𝑠𝑚) ⊇ 𝛼 and 𝑣𝓀𝐴

̀ (𝑠𝑚) ⊆ β [ by definition 2.4] 

So, 𝑠𝑚 ∈ A𝐻(α,β)
.  

Case (ii): If  𝑟(𝛼,β) 𝑚(𝛼,β) ⊆ A, then (𝑟𝑚)(𝛼,β) ⊆ A [ by definition 3.7].                            

Implies that   µ𝓀𝐴
̀ (𝑟𝑚) ⊇ 𝛼 and 𝑣𝓀𝐴

̀ (𝑟𝑚) ⊆ β [ by definition 2.4]. 

So, 𝑟𝑚 ∈ A𝐻(α,β)
.  

Case (iii):If 𝑠(𝛼,β)𝑟(𝛼,β) ⊆ (𝐴: χ𝓀𝐵
), then for any  y ∈ 𝑠𝑟B𝐻(α,β)

, 𝑦 = 𝑠𝑟𝑥, for some 𝑥 ∈ B𝐻(α,β)
.   

So, µ𝓀𝐵
̀  (𝑥) ⊇ 𝛼 and 𝑣𝓀𝐵

̀ (𝑥) ⊆ β [by definition 2.4]. 

Now, 

𝛼 = 𝛼 ∩ µ𝓀𝐵
̀ (𝑥) ⊆∪ {𝛼 ∩ µ𝓀𝐵

̀ (𝑧): 𝑦 = 𝑠𝑟𝑧} = µ𝓀(𝑠𝑟)(𝛼,β)B
́ (𝑦) ⊆ µ𝓀𝐴

̀ (𝑦) [by definition 3.5].  

Similarly,  

𝛽 = 𝛽 ∪ 𝑣𝓀𝐵
̀ (𝑥) ⊇∩ {𝛽 ∪ 𝑣𝓀𝐵

̀ (𝑧): 𝑦 = 𝑠𝑟𝑧} = 𝑣𝓀(𝑠𝑟)(𝛼,β)B
́ (𝑦) ⊇ 𝑣𝓀𝐴

̀ (𝑦) [by definition 3.5].  

Implies  µ𝓀𝐴
̀  (𝑦) ⊇ 𝛼 and 𝑣𝓀𝐴

̀ (𝑦) ⊆ β.  

Then  y ∈ A𝐻(α,β)
 , 𝑠𝑟B𝐻(α,β)

⊆ A𝐻(α,β)
. 

Hence A𝐻(α,β)
 is  T-ABSO-SM of B𝐻(α,β)

. 

   

Definition 3.13: Let E be a hesitant intuitionistic F-sub-module. Then E is called an hesitant intuitionistic F-prime 

sub-module (P-HIFSM(M), in short ) of M,  if for each  𝑟(δ,γ) ∈ HIFP(R)  ,  𝑥(α,β) ∈ HIFP(M) 

{𝑟 ∈ 𝑅, 𝑥 ∈ 𝑀 . α, β, δ, γ ⊆ [0, 1]}, where  𝑟(δ,γ)𝑥(α,β)⊆ E, then either  𝑥(α,β) ⊆ E or  𝑟(δ,γ) χℎ𝑀
⊆ E. 

Proposition 3.14: If E, H are two P-HIFSM of M, then 𝐸 ∩ 𝐻 be a T-ABSO-HIFSM  

Proof : let  𝑠(𝜎,𝜗) 𝑟(δ,γ)𝑥(α,β)⊆ 𝐸 ∩ 𝐻 for each 𝑠(𝜎,𝜗), 𝑟(δ,γ) ∈ HIFP(R),  𝑥(𝛼,𝛽) ∈ HIFP(M){𝑠, 𝑟 ∈ 𝑅, 𝑥 ∈

𝑀 . 𝜎, 𝜗, α, β, δ, γ ⊆ [0, 1]}.    
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Suppose that  𝑟(δ,γ) 𝑥(α,β) ⊈ 𝐸 ∩ 𝐻  and  𝑠(𝜎,𝜗)𝑥(α,β) ⊈ 𝐸 ∩ 𝐻.  

Implies  𝑟(δ,γ)𝑥(α,β) ⊈ 𝐸 and 𝑠(𝜎,𝜗)𝑥(α,β) ⊈ 𝐸 or  𝑟(δ,γ)𝑥(α,β) ⊈ 𝐻  and  𝑠(𝜎,𝜗)𝑥(α,β) ⊈ 𝐻. 

Since 𝑠(𝜎,𝜗)𝑟(δ,γ)𝑥(α,β)⊆ 𝐸 ∩ 𝐻  implies  𝑠(𝜎,𝜗)𝑟(δ,γ)𝑥(α,β)⊆ 𝐸  and  𝑠(𝜎,𝜗)𝑟(δ,γ)𝑥(α,β)⊆ 𝐻. 

Since  𝑠(𝜎,𝜗)𝑥(α,β) ⊈ 𝐸 , 𝑠(𝜎,𝜗)𝑟(δ,γ)𝑥(α,β)⊆ 𝐸, and E is a P-HIFSM(M), implies  𝑟(δ,γ)⊆ (𝐸: χ𝓀𝑀
).  

Since  𝑟(δ,γ)𝑥(α,β) ⊈ 𝐻, 𝑠(𝜎,𝜗)𝑟(δ,γ)𝑥(α,β)⊆ 𝐻, and H is a P-HIFSM(M), implies 𝑠(𝜎,𝜗)⊆ (𝐻: χ𝓀𝑀
).   

Then 𝑠(𝜎,𝜗)𝑟(δ,γ) ⊆  (𝐸: χ𝓀𝑀
) ∩ (𝐻: χ𝓀𝑀

)= (𝐸 ∩ 𝐻: χ𝓀𝑀
). 

then 𝐸 ∩ 𝐻 is T-ABSO-HIFSM of M.  

Proposition 3.15: Every hesitant intuitionistic F-prime sub-module is T-ABSO-HIFSM of M. 

Proof: Let E be a P-HIFSM(M). And let  𝑠(𝜎,𝜗) 𝑟(δ,γ)𝑥(α,β)⊆ 𝐸 for each 𝑠(𝜎,𝜗), 𝑟(δ,γ) ∈ HIFP(R),  𝑥(𝛼,𝛽) ∈

HIFP(M){𝑠, 𝑟 ∈ 𝑅, 𝑥 ∈ 𝑀 . 𝜎, 𝜗, α, β, δ, γ ⊆ [0, 1]}.  

Let 𝑠(𝜎,𝜗) 𝑟(δ,γ) = 𝑦(ε,τ) implies 𝑦(ε,τ)𝑥(α,β)⊆ 𝐸.  

Since E be a P-HIFSM(M), so, 𝑦(ε,τ)⊆ (𝐸: χ𝓀𝑀
)  or  𝑥(α,β)⊆ 𝐸. 

Therefore 𝑠(𝜎,𝜗) 𝑟(δ,γ)⊆ (𝐸: χ𝓀𝑀
)  or  𝑥(α,β)⊆ 𝐸. 

Since 𝑥(α,β)⊆ 𝐸 and  𝑟(δ,γ) ∈ HIFP(R), then  𝑟(δ,γ)𝑥(α,β)⊆ 𝐸 [ by proposition 3.8]. 

Thus 𝑠(𝜎,𝜗) 𝑟(δ,γ)⊆ (𝐸: χ𝓀𝑀
) or  𝑟(δ,γ)𝑥(α,β)⊆ 𝐸 . 

Since  𝑥(α,β)⊆ 𝐸 and 𝑠(𝜎,𝜗) ∈ HIFP(R), then 𝑠(𝜎,𝜗)𝑥(α,β)⊆ 𝐸 [ by proposition 3.8]. 

Therefore 𝑠(𝜎,𝜗) 𝑟(δ,γ)⊆ (𝐸: χ𝓀𝑀
) or 𝑠(𝜎,𝜗)𝑥(α,β)⊆ 𝐸.  

Then 𝑠(𝜎,𝜗) 𝑟(δ,γ)⊆ (𝐸: χ𝓀𝑀
) or 𝑠(𝜎,𝜗)𝑥(α,β)⊆ 𝐸 or  𝑟(δ,γ)𝑥(α,β)⊆ 𝐸. 

Implies that E is T-ABSO-HIFSM of M. 

  

Results  

     The obtained results introduced the concept of hesitant intuitionistic fuzzy two absorbing submodule and 

established several fundamental properties related to this structure. Moreover, the relationships between the proposed 

concept and existing notions such as fuzzy two absorbing submodule and intuitionistic fuzzy submodule were 

investigated. The study also showed that the new concept represents a generalization of previous fuzzy algebraic 

structures. 

Conclusion  

     In conclusion, we study the main definitions and theorems related to hesitant intuitionistic fuzzy T-ABSO sub-

module and we have obtained new results, which is the relationship between hesitant intuitionistic fuzzy T-ABSO 

sub-module and hesitant intuitionistic F-prime sub-module such that every hesitant intuitionistic F-prime sub-

module is hesitant intuitionistic fuzzy T-ABSO sub-module of R-module M. 
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