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Abstract:

This research aims to present and study some of the basic and important properties of fractional calculus by
examining their applications, which involve the multiplier transformation and other generalized operators. This is
done in light of defining a new class of multivalent functions and distinguishing them by multiplier transformations
operator. We have studied and proven the most important distortion or deformation inequalities, including those
involving fractional operators. At the forefront of these results is the determination of the coefficients. In fact, we
have already explained most of the previous studies related to the subject. In conclusion, the article provides new
approaches and results to studies presenSted in previous research on the topic.
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1-Introduction
Initially, we first took the class S(p) as the basic class for this research article, whose elements are multivalent
analytic functions within the unit disc U = {z € C: |z| < 1}, which we express in the following form:

f(z) = 27 — Xhoqa,m p2? " @)

When p is a natural number, and z is naturally in the open unit disc U. In fact, we have abbreviated our choice of
this class S(p) because it is, in fact, a subclass of another class with the same properties, with the difference that the
coefficients are not necessarily negative.

The multiplier transformations operator %}, (¢, 7, @), presented in reference [1], caught our attention while reviewing

previous research on topic to gain as much insight into previous studies and results. It is defined in the following
form:
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Uy (5 0)f (z) = f(2),
(P + W, n0f (@) = cnz’f @)+ (c— n+ (- Psmzf(z) + P - ¢+ 0+ f (@),

(p + %55, 0)f ()

= ¢122(W(en,0f @) + (c— n+ (1— PIez(Us(sn 0)f(z))
+ @A - ¢+ n)+ W, (n0f(2),

W (s,m,0)(A2 (5, 0)f () = A2 (5,1 0) (W5, n0)f(2)),

provided ¢ =n = 0,v, 0 = 0 are all positive real numbers, p is a natural number, and z is naturally in the open unit
disc U,

then for each element of the basic class S(p),which is written in the form (1), the following relation is true:

‘21},’, (10 f(z) = 27 — ZZ=1 {k(c n(p+ &;: Z_ N+ p+ Q}v o 5 . @)
If we look closely at this operator, or rather examine it closely, we notice that it reduces to operators studies in the
previous studies on the topic by taking the parameters to specific values. Therefore, it is nothing more than a
generalization of operators that have been proposed in previous research articles below we mention some of these
operator what caught our attention, for example, when p = 1,0 = 0, it is exactly the operator that was introduced
in the reference [2], also in the case of p = 1,1 = 0, it is the same operator in reference [3]. It is reduced to the
operator studied in the reference, [4], if we assume the parameters ¢ = 1,77 = 0.

Let's not forget that the multiplier transformations operator has been used effectively by researchers in recent years.
For example [5-10]. In our opinion, the basis of this research article is our definition of the following class, which is
essentially a subclass of the fundamental class S(p), in which we used the multiplier transformations operator
Ay, (5,1, 0) as follows:

Definition 1.1. The function f, which is an element of the class S(p) and whose formula is (1), belongs to the
special class 9t (¢,m, 0,7, &) if the following condition is met:

o 1- U, (no)f(z) 7 (Q[%(C; n, Q)f(z))
Re e por + P

- 5 > 0' (3)

thisisonly when 7 >0, £ < 1,9 € Rand¢ =7 = 0,v, g are all positive real numbers, p is a natural number, and
z is naturally in the open unit disc U.

In the following sections, we present the most important results we have established for this different class
ER;, (¢,m, 0,7, &), which include finding the bounds of the coefficients and the inequalities of distortion that contain
the fractional calculus operator, the multiplier transforms operator, and other generalized operators. The results we
obtained represent new approaches to previously known results. It is worth noting that the fractional calculus
operators have gained widespread use by researchers in recent years due to their interesting applications. Here, we
would like to point out some of them, such as [11- 16].

An important point, from our point of view, is to clarify the fractional calculus operators D%, D" and D™* ¥ for a
function defined over a simple connected domain with an origin, as presented in [14], since I will use them in the
next sections as following:
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o £
DEf(z) = K)f@_t)x k>0, @

D°f(z) =

)
r(;c)fo oot 0= k<1, (5)

d
D7 f(2) = —-Dif(2).

In addition to these formulas, these three operators have another well-known formula, the gamma function formula,
which has been mentioned in many previous studies, as in [16], and it is:

Dtz £ _ Ir'e+1) -
I — k+ 1) ’
b—lea — F(/& + 1) Zlo+rc
3 rea+ k+1) ’
d? r(£+1)
s+ K R — K la £—(s8+K)
D"z ai“® T Th-s-xk+D° '

Since we will use the ® an $ operators in the applications of the Df and D;* fractioal operators in our study and
obtain the distinctive results, we need to mention the definition of each of them, which was mentioned in the
reference [14] as follows:

(2) = { A+ 01+ m) zoei-1ls £,
A

=1(/a + O+ m)

= (04 (), (14 2)

$(z) = {57 Z

#£=0 (1 + %)k (/r)k

* f(2).

When ¢ and m are greater than negative one, 7 takes positive or zero values.

We have tried to provide basic and brief information about the topic, which represents the gist or the subject, so that
any reader of the article can rely on it.

2- Coefficient Specifications for Functions In The Individual Class 9, (¢,m 0,1, é):

So, let's begin this section by proving the property that the coefficients of functions in the individual class
N, (¢,m, 0,7, &) must possess in order to belong to it, or in other words, the necessary and sufficient condition for

any function in the basic class S(p) to belong to the new individual class },(5,1, 0,7, ). The details of this are
given in the next theorem.

Theorem 2.1. A function f defined by type (1) in the basic class S(p) is an element in the individual class
ER;, (¢,m, 0,7, &) if and only if the following condition is met:
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i{fa(cn(zH R+s—m+p+ Q}v(#?‘*‘ w0 {1+ 0= 9= 1- e?U- D) ©)
}7+/& - )

~ rte » Z

thisiswhent >0, £ < 1,9 € Rand¢ =>n = 0,v, ¢ are all positive real numbers, p is a natural number, and 7 is

naturally in the open unit disc U.

Proof. First, let's assume that inequality (6) is true. Then, considering that |z| = 1, we can simplify it in the
following way:

'

w )@= DAL (6 n,0)f (2) N T(?I;g(c,n,g)f(z))
¢ z? ggzga—l

1+

'

w|) A= DU n0)f(2) N T(ﬂ;(c.n,g)f(z))
z? pzp—l

—|1-—e

' (£ + R+ c—m+p+o) p+ b
1+ 6119(1_ E)_ eu‘)Z{ (CU(W ) g 77) Y4 Q} (W T) Apit 3
=1 pte »
' e (£ + R+ -+ p+o) p+ £
- e®a- o+ ewz{ (cn(p + #) +c m+p 9} % T)a;a%z/‘
=1 pre »
' (e + R+ c—m+p+o) p+ AT
> (14 e®(1— &)= | z{ cnp+ H+c—mM+p 9} % )awkzk
=] ypto »
' o[ (2@ + B+ s— )+ p+ o)+ 4D
4 e )| = [e¥] z{ snlp sc—m+ptol'@ iz
=1 rte »

rgnp+ R+ s—m+ p+ Q}V(#?‘l' £7)
ap+&20.

2|1+ew(1—f)|—|1—ew(l—f)|—ZZ{ P p

#=1

Which immediately gives us that

’

o 1 - DU, 0)f(2) N T(Q[Z;(C;U;Q)f(z))

z? pzP I 2

Rele

and it decisively ends the proof of the first part

We are left with the proof of the converse part. This time, we have the hypothesis that f is an element of the class

N, (c,m, 0,7, §), directly, we get

C (Aln@t+ B+ s—m+ p+ o) @+ A0 R
Z p+o p e

1— e/ll19 (1_ Z{’k(gn(ﬁ-}_ k)-}- S~ n)+ #7+ Q} (#7"_ /&T)ap+lczk_ f)‘ (8)
#£=1

1+ ew<1—

£=1

=
p+te »
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Or
‘ o (Renpt B+ c—m+ p+ 0) (p+ £
1 49 1— _ 40 £
+ e™( —e /;:1{ 7t o Ap+p 2
‘ o (Rnp+ A+ c—m+ p+ 0) (p+ £7)
>[1-e?P1- & — e E{ apin | (9
f 4 ﬂ9+Q P p+i ()

Here, we choose the real values for the length of z and make them approach one. Let's not forget that we are within
the open unit disc U, so we can deduce the following:

|1+ e?(1- E)|2 + |ew|2

O (Rln(p+ A+ s—m+ p+ o) (p+ £D
Z Api+p 3

ptoe

O (AGnp+ B+ c—m+ p+ o) (p+ A0 B
z P+ poh?

f=1

— 2|1+ e?(1 - 9|

#=1

0 2
Rinp+ A+ c—m+ p+ o) (p+ £0) B
2. p+oe p T

i{fa(cn(ﬁ+ )+ c—m+ p+ Q}v(ﬁ‘l‘ #T)
pto

>|1-e®(1— O + ||’

#=1

+ 21— e¥(1- 9 Apin 3

#=1

In other words,

[ee}

{l1-e®@- 9|

Rnlp+ R+ c—m+ p+ o) (p+ £7) R
a;H_/aZ

yto »
+1+ e -0} 1+ eP(1- )| - [1- e?- 8|

#=1

={[1+ e -8|-[1- Q- |1+ ePQ - O|+]|1-e?(1- 0|}

After simplifying it, we get what we want, namely:

i{/&(cn(;o+ R+ c—n+ p+ Q}v(go+ /n)a - {1+ e?1-9|-|1- e - 9|} (10)

pth =
= rp+e » 2
So, once we complete the proof of the second side of the theorem, we have fully and completely completed the
proof.

It is crystal clear that we deduce the following result, which is, of course, a consequence of the previous theorem.

Corollary 2.2. Any element or function f of the different class 9t},(¢,n, 0,7, §)whose original form is (1) satisfies
the following inequality:

p+ o }V pl1+ eP(1- |- 1- e - 9|}

fenp+ )+ c—mM+tpto 2(p + £7) : (11)
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thisiswhent >0, £ < 1,9 € Rand¢ =n = 0,v, g are all positive real numbers, p is a natural number, and 7 is
naturally in the open unit disc U.

3- The Most Important Distortion Inequalities Associated With The Multiplier Transformation
Operator:

Theorem 3.1. Every element or function f of the different class 9,(¢,n, 0,7, &) whose original formula is (1)
satisfies the following two inequalities:

'

m—rﬂ%®mwﬂ@+f@%®mwﬂ@)>1_{h+ewu—fﬂ—h—ewu—5m

z# pz¥1 - 2 (12)
and
_ v AY (¢, n, ' i _ _ _ i _
0zﬁgwmmﬂ@+f(ﬁ®n§ﬂ@)S1+U1+e%1 Dl-ft-e?a-of
z? pz?1 2

Thisis whent >0, £ < 1,9 € Rand¢ =1 = 0,v, ¢ are all positive real numbers, p is a natural number, and z
is naturally in the open unit disc U.

Proof. Here, we prove the first inequality, i.e., the greater than or equals case. As for the second inequality, i.e., the
less than or equals case, it is similar and has the same method as the proof of the first case. Therefore,we will
suffice with the proof of the first inequality, starting with the assumption

'

1 - Um0 f(2) N T (91}/7(9 7, Q)f(z))

z¥ pzP1
O (Rlnp+ R+ c—m+ p+ Q}v(#?‘i‘ £1)
>1-— Z{ Apip 2|, 14
- ﬁ+ 0 » p+r ( )
- (£ + R+ c—m+p+o) @+ A
o z{ Cnp+ B+c—m+p Q} (» T)a;,,% I1Z]2,
- pr+o
O (Enp+ R+ c—m+ p+ o) p+ £D)
>1- |z| Z n Ap+ho
] rt+o »
Here, we apply the Theorem 2.1 to give me
(1 - DAL, n,0)f(2) s T(?I;(c,n,e)f(z)) . {1+ e?A-8|-|1-e®- 9|} (15

z¥ pzP1 2

Thus, I have completed its proof accurately.
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Now, let us study the properties of the fractional calculus operator D¥ by applying it and finding its distortion
inequalities. We begin with the following theorem:

Theorem 3.2. Any element of the individual class 9t,(¢, 1, 0,7, £), let it be f, satisfies the following inequality:

|DEG ()|
[39(1+ O+ m)A+ p{|1+ e?A- |- [1- P - O}
r+p) ) 2+ 02+ m)A—k+ p)p+ 1)
2 17— 0 K)Izlzv { ot o }v . ,(16)
Gnlp+ D+sc—mM+p+e
|DEG ()|
. [;;(1+ O+ m)A+ p{1+ e?A- |- [1- P11 - 9|}
- r(l+p) 2|7~ % 22+ 02+ m)A—k+ p)p+ 1) a”n
T Tl+p- K { P+ o0 }Vl | '
Gnp+ Drs—mtptad

provided0 < k< 0,720, £ <1,9 € Rand¢ =17 = 0,v, ¢ are all positive real numbers, p is a natural number,
¢, m are greater than —1, and z is naturally in the open unit disc U.

Proof. We begin the proof by assuming

R EL
=1
_i{ TA+p— LA+ p+ A+ O+ m) }a I a8
S TA+prA+p -+ HA+ (+ A+ m+ B 7T

And of course, the following relation is true:

1+ 00+ m)(+ p)
2+ 0C+mU—r+p % (19)

This is because the coefficient in equation (18) is a decreasing function when (w) > K.

2+m+ £)

Once again, we use Theorem 2.1 to conclude that

Gnp+ D+s—mM+p+0) (p+ T)i
Ap+h
p+o p o e

B i{k(cn(;ﬁ R)+c—m+ p+ Q}V(zﬁ £7)

p+o P Apit > (20)

=1

- i+ e?1-9|-[1- P - 9|}
< > .
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Thus
N p+o vp{li+ e®(1- 9| - |1- e?1 - O}
;a;’”‘ = {(cn(zv+ D+c—m+p+ 9} 2p+ 1) ' 1)
From this, we arrive at the desired result:
D56 ()]
_ [39(1+ O+ m)A+ p{|1+ e?A- |- [1- P11 - |}
r(l+p) 2|7~ % 22+ 02+ m)A—k+ p)p+ 1) 22)
“TA4+p- k) { P+ o0 }Vl | ’
Gnp+ D+c—mM+p+o
|1 DEG(3)]
. [;p(1+ O+ m)A+ p{|1+ e?A- |- [1- P11 - )|}
r+p) Iz]7- ¥ 2+ 02+ m)A—k+ p)p+ 1)
< —— 3|7 .(23)
rl+p - k) { p+o }V 2]
Gnp+ D+c—mM+p+o

So, we have reached the end of the required proof in the gradual step.

If we look closely at Theorem 3.1 and consider for a moment proving the values m = £ — 1, p = 1, we can easily
deduce the following result:

Corollary 3.3. If we reduce the individual class 9},(¢, 7, 0,7, §) to the class Y (g, 1, 0,7, &) by applying the
condition m = £ — 1, p = 1 to it, then every element or function fof it's elements satisfies the following two
inequalities:

1 - K
|DEG(2)] = m|z|l {1

A+ 0Ofj1+ Q- 9|-|1- e - 9|} 1+ ¢ v
- G+ 0CZ-0a+D ]{(2cn+ P g} 'Z'}'(“)

1 — K
|DEG(2)] < m|2|1 {1

A+ 0Ofj1+ Q- 9|-]1- e?1- 9|} 1+ ¢ v
BT 02—+ D ]{(2cn+ P T g} 'Z'}'(ZS)

We apply the fractional calculus operator D¥ associated with the generalized operaor § by finding the distortion
bounds of the functions in the defined class 9t},(¢,n, 0,7, ). This is detailed in the proof steps in the following

theorem

Theorem 3.4. Every element or function f of the class ERZ, (¢,m, 0,7, &), under the condition ¢ <1, m < p —
k+1, 7> p+1and 0 < k < 1., satisfies the following two inequalities:
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|DEH () ()]
> f?§§}§;§?—3|zrﬁ-“{1
i9 _ _ _ 40 _ v
- [&%(H e ;/r((ll—:-)J ;p)|1 = f)l}]{(cn(;v+ 1);};?—9 m+p+ 9} |Z|}' =
|1 DEG() ()|
< fT§§}§;f9—3|z|ﬁ-K{1
49 _ _ _ i) _ v
[fm(l t ol ;((11—:1| ;p)|1 - E)l}]{(cn(;p+ 1)%:_9 m+p+ 9} Izl}- @

Proof: Based on the definition of the generalized operator £, it is:

24 1) Qatm)al(L+p+ #)

ru+p) S+ a0 ( _
Dg -~ &7 + pth K (28
Y@= -« zl P (B), AT +p -+ #) e @

Simplifying this, we obtain:

0 (£+ 1) (O TA+p+ £TA+p - k)
T aﬁ+,&z".(29)

sz—wggg(z) - 1—

r(1+p) = (2 ) (DA + 2 — k+ £TA + p)

Since the coefficients in the previous equation are decreasing functions of £ under the condition{ <1, m <
p— k+1,r= p+1and0 < k < 1, the maximum value at unity is

tm(p + 1)
r(p—k+1)

Referring to inequality 6, we have:

N p+e plli+ e?a-9|- 1+ e?a- O}
f;aﬂw = {(cn(;;’f+ D+g¢—m+p+ 9} 2p + o) G0
which directly generates the required inequalities:

|D£H () (2)]
ra+p .

= mhw {1
tm(1+ p){[1+ Q- |- |1- e®(1 - f)|}] p+o v }

{(cn(z?+ Dte¢—m+p+ Q} lely. GV

2r(1—k+ p)
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L(1+p) _ em(1+ p){|1+ e® (1- &)|-|1- e® (1- E)|}] p+o v }
K < TP p—K
DES(N@| < 72 g {1 + | S Sl (ot 1l 62

We have completed its proof efficiently.

We continue our application of the fractional operator D, this time we linking it to the multiplier transformations
operator 2}, for functions in the different class N}, (¢, 7, 0,7, &) by finding the distortion bounds in the following

theorem. Under the conditions that must be met.

Theorem 3.5. Every element or function f of the class 9t},(¢,7, 0,7, £), under the condition £ <1, m < p —
k+1,7>= p+1and 0 < k < 1. satisfies the following two inequalities:

o5 (W 5(N@))|
r(1+p) . tm(1+ p{1+ Q- |- |1- P - 9|}
“T(l+p- K)‘lzlzv {1 - [ A xt 7 ] Izl}, (33)
o5 (W 5(N@)|
ri+p) . tm(1+ p){|1+ Q- 9)|-|1- e - 9|}
“ti1r-9 |z1# {1+[ 2 —x+ ) ] Izl}. (34)

Proof: Simply take

D% (WH(H ()
. Tr+p) Pk
TTA+p-10°
o {k(gn(;a +R)+c—n+ p+ Q}v (p + £1) (§+ 1)11 Dalm) TA+p + £) 4 g prh
- 7+ 0 7 (B), WaTHp— K+ B rrt '
= (35)
And simplify to give us:
r(1+p—
Miy- o =z ;p)") 70k (W$(N (@)
-1
o {fa(cn(;ﬂ + R+ M+ pt Q}V (p + #7) (2+ 1);1 Dalm)aTA 42+ T+ 2 — 1)
— p+e » ("), (§)ﬁ (DATA+p— k+ LT+ p)
= Apy 43" (36)
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Since the coefficients in the previous equation are decreasing function for £ within the limits between zero and
one, under the condition? <1, m< p— k+ 1, > p+1and 0 < k < 1. then its maximum value is

tm(1+ p)
m > 0. (37)

Using inequality 6 and our previous inequality, directly gives us

o5 (W 5N @)
r1+p) . tm(1+ p){[1+ ePA - O] - [1- e - )|}
TTA+p- k) 1317 {1 —[ 27 (—rt ) ] Izl}, (38)
o5 (W 5N @)
r+2) . em(1+ p){|1+ P - 8| - |1- P - 9}
TTA+p- k) |z1# {1 +[ 27 (l—xt 2) ] Izl}. (39)

Which the desired result.
So, we completed the proof smoothly.

Now, it is time to explore the application of the fractional calculus operator D% for the parameters k > 0, and the
use of the operators ® and § . All the details are in the following results:

Theorem 3.6. For the function f in the individual class fﬂ; (¢,m, 0,7, &), then it satisfies the following two

inequalities:
D776 (2)|
~ [ga(1 + DA+ m)A+ pf[1+ Q- O [1- e - E)|}]
1+ p) x 22+ )2+ m)A +x+ p)p+ 1)
_F(1+ga+;c)|zlp { p+o }vl I , (40)
Gnp+ Drs—mtp+ta °
|D;*6(z)|
) [39(1 + A+ m)A+ pf[1+ e - 8- |1- P - 9|}
r(1+p) e 22+ Q2+ m)A+k+ pp+ 1) 1)
TTA+p+ K) { p+ o0 }vlzl ’
Gnp+D+c—mM+p+o

Of course, under the conditions that ¥ > 0,7 >0, { < 1,9 € Rand ¢ >=n = 0,v, g are all positive real numbers,
2 is a natural number, £, m are greater than —1, and let's not forget that z is always in the open unitary disc U.
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Proof: It is clear that it is possible to write

Frl+p+ k)

—K— pay—K

—1- i{ TA+p+ A +p+ £A+ DA+ m)

#
TA+p)TA+p+ k+ £+ £+ £)(A+ m+ k)} Ap+ #3 " (42)

f=1

Since the value of the coefficients in the previous series is decreasing for £, and the values are of course between
zero and one, the maximum value it reaches is

A+ 000+ m)Q+ p)
02+ mUtr+ 22 (43)

So, using Theorem 2.1 and equation 28, by substituting the maximum value, we get:

|D;*6(2)]
~ [;pu + A+ m)A+ p{1+ eP1- |- |1- P - 9|}
I+ p) . 22+ 2+ m)A+x+ p)p+ 1)
2F(1+;9+K)|Z|p { P+ o }vl I , (44)
Gnp+D+c—m+p+ad °
D76 ()]
1+[;p(1+ DA+ m)A+ p{1+ e?P(1- |- [1- YA - 9|}
r1+p) [ 22+ O+ m)Q+k+ pp+ 1) 45)
TTA+p+ ) { p+o }VIZI '
Gnp+ D+c—mM+p+to

Which is the required inequalities.
Thus, we have completed the proof of the theorem.

By setting the specific values thatlieat p = 1, = m+1 = k+ 2,v = 0 in the previous theorem, it
immediately gives us the following result:

Corollary 3.7. The function f, which belongs to the individual class, with specific parameters % (¢, 7,0, 7, £),
satisfies the following tow inequalities when £ = m+1 =k +2,v=0,p =1:

i . {lt+e?1-9|-|1- 1 - 9|}

|D;*6(z)| = T2+ n |z1# {1—[ Cr DAT D ] Izl}, (46)
i . {1+ e?1-9|-|1- e - 9|}

1Dz 6 ()] < mww {1 +[ Gt DA+ D ] |Z|}- (47)
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We will discuss the application of the fractional operator D;* to the general operator ) in the following theorem. I
have decided not to write the details of its proof, since it is very similar, or in other words, the same steps of the
proof of the Theorem 3.6.

Theorem 3.8. If we fix the parameters £ <1, m < p+ k+ 1,7 = p+1and k > 0, then the function
belonging to the individual class 9t},(¢,n, 0,7, §) satisfies the following two inequalities:

D79 (=)l
> %Izlf””{l
N P S v
- [f’m(1+ e §4~((11+ :J)r| ;p)|1 = E)l}]{(cn(;v+ 1)ft—g mn+ p+ 9} |Z|}' o)
D6 ()|
< s
i [{)M(l . :10){|1+24ej(191(i'—c E)Lﬂg e f)l}]{(cn(zp+ 1)ft—g m+p+ Q}V |Z|}' (4

We will also discuss the application of the fractional calculus operator D;* to the multiplier transformations
operator A}, (¢, 1, @) and the general operator § under the condition of in the next theorem. For the same reason as

the previous theorem, I will simply mention the theorem without the proof, since the steps for its proof are the
same as those for Theorem 3.9.

Theorem 3.9. The function f belonging to the class 9t,,(¢,n, 0,7, §) satisfies the following two inequalities under
the condition ¥ <1, m< p+ k+1, > p+1land k > 0:

|0z (25N )|
> %Izl””ﬂ{l .,9
- e A
o5 (w29(N@)|
< iy e .
[l et e
Conclusion

Our scientific conclusion from this research article, which presented a distinctive class of multivalent functions
charachterized by multiplier transformation operator within the unit disk, is to demonstrate and study the most
important fundamental properties of fractional calculus which involve multiplier transformations and other
generalized operators within its applications. We obtain significant and important results in demonstrating and
studying key distortion or deformation inequalities related to multiple transformation operators and fractional
calculus. The most prominent of these results is the estimation of coefficients, and other exicting results. These results
open avenues for future research, either through the study of other interesting results that compement this research
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topic or through the study of other properties that contribute effectively to development and enrichment of this field
of complex analysis.
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