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Abstract:

This paper employed the Yasser Jassim (YJ) Transform with the Dafter Jafari Method (DJM) and the Hussein
Jassim Method (HIM) to solve partial differential equations, generating two relationships and subsequently
analyzing instances of both linear and nonlinear equations. The findings demonstrated that the integration of the
transform and the methodologies considerably streamline the solution of partial differential equations, producing
results consistent with those achieved via direct integration.
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1-Introduction Section

Partial Differential Equations (PDEs) are crucial for simulating many processes in heat conduction, wave
propagation, fluid dynamics, electromagnetism, and multiple other domains in engineering, physics, and natural
sciences. The inherent complexity and significant nonlinearity of PDEs sometimes make accurate analytical
solutions challenging or impossible, leading researchers to develop efficient analytical and semi-analytical methods
for their resolution [1,2].

In recent decades, various analytical techniques have emerged to tackle linear and nonlinear partial differential
equations (PDEs), including the Adomian Decomposition Method, the Variational Iteration Method, the Homotopy
Perturbation Method, and the Homotopy Analysis Method. Despite the significant success of these solutions, many
still involve complex computing processes, repetitive integrations, or rigid assumptions, hence limiting their
applicability to a broader array of problems [7—-11].
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Integral transformations have shown to be effective tools for simplifying differential equations by converting them
into algebraic or more tractable forms. Conventional transforms, such as the Laplace and Fourier transforms,
together with newly designed integral transforms, have been widely employed to solve various ordinary and partial
differential equations. The Yasser Jassim Transform has recently attracted considerable attention for its
effectiveness in solving various differential equations while reducing computational complexity [3—6].

This study aims to amalgamate the Yasser Jassim Transform with the Dafter Jafari Method and the Hussein Jassim
Method to offer two improved solution strategies for partial differential equations, motivated by the demand for
more direct and efficient analytical methods. The proposed methods utilize the advantages of the transform to
eliminate direct integrations while maintaining the iterative structure of DJM and HJM, leading to a significant
simplification of the solution process.

The effectiveness and reliability of the proposed formulations are demonstrated by numerous illustrative examples
involving linear and nonlinear partial differential equations. The results obtained exhibit remarkable agreement
with those derived from direct integration and other established analytical approaches, so confirming the accuracy
and effectiveness of the suggested systems.

2- Description of the Yasser Jassim Transform (YJT)

Definition 2.1 [3]. Let u(t) be an integral function defined for t > 0, we define a Yasser Jassim transform of u(t)
by the formula.

[ee)

1
e \/atu(t)dt , wherea # 0

H{u(D)} = K(a) = a f

0

And a is Yasser Jassim transform parameters.

The inverse Yasser Jassim transform is used to obtain the original function u(t).
u(t) = HY{K(a)}.

The Yasser Jassim transform possesses the following significant characteristics:

@) For functions u4 (t) and u, (t) Yasser Jassim transformations and constants that are defined c;, ¢, € R,
then

Hlciuy () + coup (D] = ¢ H[ug (0] + e Hu, (D]

(i1) The Yasser Jassim transform of the 1t" derivative of the function wu(t) is
1
H[u'(t)] = —=H[u(t)] — au(0).
[w' (0] Ta [u(®)] (0)

Zth

(ii1) The Yasser Jassim transform of the derivative of the function u(t) is

HIW' (O] =~ H[u()] ~Vau(0) - ax’(0),

@iv) The Yasser Jassim transform of the function u(t) derivative, nt", is

Hu™®] = o Hu®] - Tsha ( e u90), n=123,..

)" vy

gives some helpful details about the Yasser Jassim transformations of a few fundamental functions.
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.
Hle] = 2%

H[t"] = n! a(\/a)n+1 .

Hlsin(b0)] = ~-2 .
Hlcos(bt)] = -2

H[sinh(bt)] = a—l; .

Hlcosh(bt)] = =% .

3- Analysis of method

3.1- Yasser Jassim Transform Dafter Jafari Method (YJDJM)

Examine the general nonlinear differential equation that follows:
u(x,t) + L(u(x, t)) + N(u(x, t)) =gxt), neN (3.1.1)

using the initial condition utl) (x,0) =14x), i =0, 1 2

where u(x, t) denotes the unknown function. u™ = L is a linear operator, N represents nonlinear terms

ot
and g(x,t) 1s taken as thesource term.

The Yasser Jassim transform on both sides of (3.1.1) is the first step in the YJDJM, and we obtain
H[u"(x,t)] = H[g(x, t) — L(u(x, t)) — N(u(x, t))]. (3.1.2)

Utilising the initial conditions and simplifying the aforementioned equation results in

e HluGo 0] = T2 =i 400 = Hlg () — L(u(x 1) = N(ux,v)],
HuGx O] = Tid s 1lak<x>+<ﬂ“H[g(xt> L(u( ) = N(u(x D)),

= YR (\/—) " + (Va)"H[g(x,t) — L(u(x, ) — N(u(xv)]. (3.1.3)
In the second stage, we apply the inverse Yasser Jassim transform to both sides of (3.1.3) to obtain,

ux,t) = H‘l{ ns a(\/—)k i Ak(x)} +H Y a)"H[g(xt) — L(ux 1) — N(ux )]}
(3.1.4)

The equation above can be rewritten as

u(x,t) = X0z (1);' L) + H Y a)"H[g(x,t) — L(u(x, 1)) — N(ulx, )]}. (3.1.5)
The Daftardar Jafari method (DJM), an iterative approach proposed by Daftardar and Jafari, is applied in the third

and final stage. The solution to (3.1.1) is expressed as an infinite series,
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u(x,t) = 2o Uy - (3.1.6)
by Substituting (3.1.6) in Eq. (3.1.5) gives

ne=o Un = Xz (1);, Ae(x) +H™ 1{(\/_)HH[9(X t) — L3N0 un) — NQiso un)]} . (3.1.7)
In (3.1.7), the nonlinear term goes decomposed as

NEoo un) = N(uo) + 2 [NEReo w) — N(ZRZ6 w)]

Substituting into (3.1.7) gives

neo U = = ok, (0 + (V@) H[g(x, ©) — L(E30 un) — (NCug) +
[N(Zk o W) — N(ZR5g uk)])]}

The following iteration is then deduced:
up = YNz g;' () + HY{(Va)"H[g(x 1)1},

U = —H_l{(\/a)“H[L(uo) + (N(uo))]},
U, = —H_l{(\/a)“H[L(ul) + (N(u1 + uy) — N(uo))]},

u, = —H Y (Va)"H[L(un—1) + (N(ug + -+ up_1) = N(up + -+ u,-5))]}, n=34..
As a result, the approximate solution is

ux,t) =ug +u; +uy; +uz + 0 =g Un, (3.1.8)

3.2- Yasser Jassim Transform Hussein Jassim Method (YJHJM)

Examine the general nonlinear differential equation that follows:
u(x,t) + L(u(x, t)) + N(u(x, t)) = g(x,t), neN (3.2.1)

using the initial condition utl) (x,0) =1x), i =0, 1 2

where u(x, t)denotes the unknown function. u™ = " L is a linear operator, g(x,t) is a known function, while

atn’
N is a nonlinear operator.
By applying the Yasser Jassim transform to equation (3.2.1), we arrive at

H[u"(x,t)] = H[g(x, t) — L(u(x, t)) — N(u(x, t))]. (3.2.2)
By applying the Yasser Jassim transform differentiation property, we have

(\/1_) Hlu(x,t)] — X023 (\/_)“ — () =H[glx,t) — Luxt) — N(u(x1)] (3.2.3)

HluGx ] = 8w 24,60 + (V@) H[g () — L(u(x 0) = N (s 0)]

= 3171 a(Va) " (0 + Va)"H[g(x, ) — L(u(x, ) — N(ux )] (3.2.4)

Operating with Yasser Jassim inverse on both sides of (3.2.4), we obtain
ulx,t) =H™?! { nl a(\/a)k+1 Ak(x)} + H‘l{(\/a)“H[g(x, t) — L(u(x, t)) — N(u(x, t))]},
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= yn- 32, L) + H Y (Va)"H[g(x, t) — L(u(x, 1) — N(ux,D)]}. (3.2.5)
We now use Maclaurin's expansion with respect to t to rewrite Eq. (3.2.5).

We formulate Eq. (3.2.5) using Maclaurin's extension with respect to t.

u(x,t) = Y2, - - pi (zg gj{ ) + HY{(Va)"H[g(x,t) — L(u(x 1) — N(u(x, t))]}) (3.2.6)

. i
Where Df = %. Assume that
ulx, t) = XiZo ug,
By substituting in Eq. (3.2.6), we have the outcome that

20w = £205 Di (1S 4400 + HTH{(Wa) HIg(x, V) — LEZ, 1) — NEZo )]}

t=0
(3.2.7)

Put i=i+1, Eq. (3.2.7) become

o + 520 ian = 5205 DE (SR25E 4400 + HH{(Va) HIg(x ) — L(EE2 u) — NI, wl})

(3.2.8)
By contrasting Eq. (3.2.8)'s two sides
up = u(x,0) = (%)
U = tll(x) +t D} (HY{(Va)"H[g(x,t) — L(u,) — N(uo)]})

= —AZ(X) + DZ(H HWa)"H[g(x, ) — L(uo + uy) — N(ug +u1)]})
= —Ag(x) + D3(H HWa)"H[g(x,t) — L(uo +uy +uz) — N(ug + uq + us)] })

(Uia1 = i l+1( n- (1);' A(xX)+H™ 1{(\/—)nH[g(x t) — L(Z -0 uj) —N(Z§-=O uj)]})t=0

(i+1)!
Consequently, the approximate solution is

u(x,t) =ug+u; +uy +ug + =22, U, (3.2.9)

4. illustrative examples:

4.1 YJDJM:

Example 4.1.1: Examine PDE
U (%, ) + u (x, 1) =0,
with u(x,0) = —e* and u,(x,0) =0
Hlue (x, O] + Hlugc (x, )] = 0,

—H[u(x, )] — Va u(x, 0) — au, (x,0) = —H[u(x, 0],

Hlu(x, t)] = —avae®* — aH[uy, (x,t)],

u(x, t) = —e* — H™ {aH [ux (x, )]},
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Let

ulx,t) = X720 w;,
2?0:0 u; = —e* — H_l{aH[Z;ZO uixx]}r
x

Ug = —e~,

uy = —H {aH[ugx,]} = H *{aH[e"]},
= H Ya(avae*)} =H™! {a(\/a)3ex} = tz—z!e",

4y = ~HHaH[u ]} = —H " {ali[2 7]}
= -H{a(21a(va)’ $)} = - {a(va) er} = - L,

4!

ulx,t) =ug+u +up, +uz + -
t2 tt
ulx,t) = —e* +e* — e

u(x, t) = —e*cos (x).

Example. 4.1.2 Examine PDE

Let

u:(x, t) + ulx, u, (x, t) =0,
withu(x,0) = x

Hlue (x| = —Hulx, Du, (x, 1)],

iH[u(x, t)] — au(x,0) = —H[u(x, t)u,(x,t)],

a

ﬁ

H™ ux, )] = H{avax} — HH{VaH[u(x, u (x, 01}
u(x, t) = x — H{VaH[ulx, Ou,(x, )1},
u(x,t) = XZ0 w; ux, u,(x,t) = X2, w;,
Y20 = x — HYVaH[Z2, o},
Uy = x,
u; = x — H-Y{VaH[w,]},
= —H™*{VaH[u,]},
w; = —H *{VaH[x]},
=-H'{xa(va)} =-at
u, = —H '{VaH[w,]},

= —H YVaH[(ug + uy) (ug + uy)y — (o) ()1},

jeceps.utq.edu.iq
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3

—_y-1 {—Zxa(\/a)g + xa(\/a)4} = xt? — x%

ulx,t) =ug+uy +up +uz + -

= x — xt + xt? — xt3 + -

ulx, t) = ——

Example. 4.1.3 Examine PDE
uc(x, t) + u(x, t) + 2v(x, t) = 0, with u(x,0) = cos(x),

ve(x, t) + v (x, t) — 2ulx, t) = 0, with v(x,0) = sin(x),

Hlu(x, t)] = —H[2v(x, t)] — H[uy(x, )],
H[vi(x, t)] = H[2u(x, t)] — H[vy(x, D],

Hlu(x,t)] —au(x, 0) = —H[2v(x, t)] — H[u,(x, t)],

sl

H[v(x,t)] —av(x, 0) = H[2u(x, t)] — H[v4(x, t)],

sl

Hlu(x, t)] = avacos(x) — VaH[2v(x, t)] — VaH[uy (x, )],
Hlv(x, t)] = avasin(x) + VaH[2u(x, )] — VaH[vy(x, )],

u(x, t) = cos(x) — H-H{vaH[2v(x, O]} — H-H{VaH[u (x, O]},
v(x, t) = sin(x) + H-Y{vaH[2u(x, O]} — H-Y{VaH[v,(x, D)1},

Let u(x,t) =X, oUn,

v(x, t) = XoloVn

i u, = cos(x) —H™? {\/EH [2 i Vn-} —H! {\/EH i unx]},

o)

v, = sin(x) + H! {\/EH [2 Z un-} —H™! {\/EH i an},

=0

NgE

S
I
(=]
S

uy = cos(x),
vy = sin(x),

w, = —H Y+aH[2v,] + VaH[u,]},
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= —H Y{VaH[2sin(x)] — VaH[sin(x)]} = —tsin(x)
v = H '{VaH[2u,] — VaH[vo,]},

= H™'{VaH[2cos(x)] - VaH[cos(x)]} = tcos(x)
u, = —H Y{VaH[2v,] + VaH[uy,]},

= —H '{VaH[2tcos(x)] — VaH[tcos(x)]} = —;—Z!COS(X)
v, = H'{VaH[2u] - VaH][v,,]},

2
— H{VaH[-2tsin(9] + VaH[tsin(GO} = — %Sin(x)
ulx,t) =ug+uy +uy +uz + -

2 3
= cos(x) — tsin(x) — %cos(x} + %sin(x) + -

(cos(x) —tz—zlcos(x) + ) + (—tsin(x) + ;—Tsin(x) + )

u(x,t) = cos(x)cos(t) — sin(x)sin(t)
w(x,t) = wy+w +wy +wz + -

2 3
= sin(x) + tcos(x) — %sin(x) — %cos(x) + -

(sin(x) — ;—zlsin(x) + ) + (tcos(x) — ;—Tcos(x) + )

w(x, t) = sin(x)cos(t) — cos(x)sin(t)

4.2 YJHIM:

Example. 4.2.1 Examine PDE
U (6, 1) + ug (o, t) = 0,
with u(x,0) = —e* and u,(x,0) =0
Hluee (x, )] + Hluge (x, )] = 0,

HuCe O] = VauCs,0) = aty(5,0) = ~Hlugs (e, O]

Hlu(x, t)] = —avae®* — aH[uy, (x,t)],

u(x, t) = —e* — H™ {aH [ux (x, )]},

u(x,t) = 5205 Di (~e* — H™ ' {aH [y (x, 0]}

t=0
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let ux,t) = X720 w;,
© o et -1 oo
Zi=0 u; = Zi=OE Dé (—ex —H {aH[Zi=o uixx]})t=0 )

ug = u(x,0) = —e*
uy =t Di(—e* — H™HaH[ugxx]}Di=o »

= t D} (—e* + H ™ {aH[e*]}),—o = t D}(—e* + H{a(ava)e™}),_,,

2
=t D} (—ex +%ex)t=0 =t(0+te*)i—o =0

2
Uy = DZ(—e* — H™ {aH[ugxx + Uisx] D=0 »

= £ DH(=e” + H Y {aH[e* + 0))emg = §; D(—e* + H  {a(ava)e™}),_, .

> 1 x t? x 2 x
=ZDt(0+t€ )t:OZZ(O‘l’e dizo == €

2 2 t2
2! 2!

2! t=0

ulx,t) =ug+uy +up, +uz + -
2 4
ulx,t) = —ex+0+t— ex+0—t—ex---
’ 2! 41
u(x, t) = —e*cos (x).

Example. 4.2.2 Examine PDE

ut(x,t) + u(x! t)ux(xr t) = Or
withu(x,0) = x

H[ut (x! t)] = —H[u(x, t)ux (xJ t)]:

—Hu(x,t)] — au(x, 0) = —H[u(x, )u, (x, )],

a

H Y u(x, )] = H Y{avax} — HY{VaH[u(x, u, (x, )]},

ﬁ

ulx, t) = x — H{VaH[u(x, Ou,(x, )]},

ue, ) = 525 bf (x — B {VaH[u(x, u, (5 0]})

t=0
Let

u(xl t) = Z;X;O U;, Uy = Zoio wj,
=0 Ui = ?10% D; (x - H_l{\/aH[Z?iO wi]})tzo ’
uy = u(x,0) =x
u =t D}(x — H_l{\/aH[wO]})tzo ’

=t D} (x — H"Y{VaH [upuo,l})

t=0"
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=t D}(x — xt) =0

=t(0—x)t=g = —tx

U, = ;—2' D?(x — H‘l{\/EH[wﬂ})t:O .

t? 1
=% Dt (2xt)¢=o ,
_tz 2 — 2
=7 (2x) =«xt

us = D3(x — H-Y{VaH[w,]})

3! t=0"

=L D¥(x - H M {VaH[3xe2]}),_, .

3
= _% D%(6xt1)t=0 = _xt3
ulx,t) =ug+uy +up, +uz + -

= —x +xt? —xt3 + -

X
ulet) =77

Example. 4.2.3 Examine PDE
u(x, t) + uy(x, t) + 2v(x, t) = 0, with u(x,0) = cos(x),
vi(x, t) + vi(x, t) — 2ulx, t) = 0, withv(x, 0) = sin(x),

H[ut(x! t)] = —H[ZV(X, t)] - H[ux(xl t)]l
H[Vt(x! t)] = H[Zu(x, t)] - H[Vx(xl t)]a

%H[u(x, t)] —au(x,0) = —H[2v(x, t)] — H[u,(x, t)],
%H[V(x, t)] — av(x,0) = H[2u(x, t)] — H[vi(x, t)],

Hlu(x, t)] = avacos(x) — VaH[2v(x, t)] — VaH[uy(x, t)],
H[v(x, t)] = aVasin(x) + VaH[2u(x, t)] — VaH[vy(x, )],

u(x, t) = cos(x) — H{VaH[2v(x, t)] + VaH[uy(x, )]},
v(x, t) = sin(x) + H-H{VaH[2u(x, t)] — VaH[vy(x, D)1},

ulx,t) = ?‘;OE—: Di (cos(x) — H‘l{\/EH[ZV(x, )] + VaH[uy(x, t)]})t:O ,
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v(x,t) = f‘;oi—: D! (sin(x) + H™Y{vaH[2u(x, t)] — VaH[vy(x, t)]})tzo ,

Let u(x,t) = Xn_oUn
V(x, t) = Z-;?:() Vn;

Z?f:o Up = fo=0i_,l Dtif (COS(X) - H_l{\/aH[Z ZZ):O Vn] + \/EH[ZZ;O unx]])t=0 5

Z?f:o Vn = ?O=0t_l Dtif (SiTl(X) + H_l{\/aH[Z ZZ):O un] - \/EH [220:0 an]])

i! t=0"

Uy = cos(x),
vy = sin(x),

u, =t D} (cos(x) — H1{VaH[2v,] + \/EH[uOX]})t=O ,
=t D} (cos(x) —H? {Za(\/a)zsin(x) - a(\/a)zsin(x)})

= —tsin(x)

t=0

vy = t Di(sin(x) + H™'{VaH[2u,] — VaH[vo,]}),_,
= ¢ D}(sin() + H™{vVaH[2cos(x)] — VaH[cos(®)]}), _,.

= tcos(x)

U, = ;—2' D?(cos(x) — H™Y{VaH[2v,] + \/EH[uu]})t:Oa
= £ 02 (00500 — 1 {al(va) cos(})

t2
= -3 cos(x)

t=0

v, = ;—2' D?(sin(x) + H™{VaH[2u,] — ‘/EH[le]})t=o’
= tZ_Z' D?(sin(x) + H™*{VaH[-2tsin(x)] + VaH [tsin(x)]})t=0,

t?
=— zsm(x)

ulxe,t) =ug+u +u, +uz + -
, t2 t3 .
= cos(x) — tsin(x) — ;cos(x} + ;sm(x) + -
t? , 3 .
= (cos(x) — zcos(x) + ) + (—tsm(x) + ;sm(x) + )

u(x,t) = cos(x)cos(t) — sin(x)sin(t)

w(x,t) =wy+w +w, +wz + -
, t? . t3
= sin(x) + tcos(x) — ;sm(x} — ;cos(x) + -
2 3
= (sin(x) — %sin(x) + ) + (tcos(x) - %cos(x) + )

w(x, t) = sin(x)cos(t) — cos(x)sin(t)
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5-Discussion and Comparison
In this section, the numerical and graphical results are presented for Example 4.1.2 and 4.2.2, in order to

demonstrate the accuracy and efficiency of the proposed methods.

X y Uapm  Uyjpim  UyjHiM  Uexact AbSgrror
0.00100 0.00300 0.00300 0.00300 0.00300 0.00300 0.00000
0.01411 0.01600 0.01578 0.01578 0.01578 0.01578 0.00000
0.02721 0.02900 0.02823 0.02823 0.02823 0.02823 0.00000
0.04032 0.04200 0.04037 0.04037 0.04037 0.04037 0.00000
0.05342 0.05500 0.05221 0.05221 0.05221 0.05221 0.00000
0.06653 0.06800 0.06376 0.06376 0.06376 0.06376 0.00000
0.07963 0.08100 0.07503 0.07503 0.07503 0.07503 0.00000
0.09274 0.09400 0.08602 0.08602 0.08602 0.08602 0.00000
0.10584 0.10700 0.09676 0.09676 0.09676 0.09676 0.00000
0.11895 0.12000 0.10724 0.10724 0.10724 0.10724 0.00000
0.13205 0.13300 0.11749 0.11749 0.11749 0.11749 0.00000
0.14516 0.14600 0.12749 0.12749 0.12749 0.12749 0.00000
0.15826 0.15900 0.13727 0.13727 0.13727 0.13727 0.00000
0.17137 0.17200 0.14683 0.14683 0.14683 0.14684 0.00000
0.18447 0.18500 0.15618 0.15618 0.15618 0.15619 0.00001
0.19758 0.19800 0.16532 0.16532 0.16532 0.16533 0.00001
0.21068 0.21100 0.17427 0.17427 0.17427 0.17428 0.00002
0.22379 0.22400 0.18302 0.18302 0.18302 0.18304 0.00002
0.23689 0.23700 0.19158 0.19158 0.19158 0.19161 0.00003
0.25000 0.25000 0.19995 0.19995 0.19995 0.20000 0.00005

Table 1. Numerical results
for Example 4.1.2 and 4.2.2, comparing ADM, YJDJM, and YJHIM solutions with the exact solution, including the absolute error..
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Figure 2. Line comparison at fixed xvalues and convergence behavior of the approximate solution.
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Figure 2. Exact and approximate solution surfaces illustrating the accuracy of the proposed method for N = 5.
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Table 3. Absolute error surface and contour plot for N = 5.
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This research effectively combines the Yasser Jassim Transform with the Daftardar—Jafari Method and
the Hussein Jassim Method to solve linear and nonlinear partial differential equations. The suggested
methods significantly simplify the solution procedure by avoiding direct integrations and reducing

computational complexity.

The numerical and graphical results, including solution surfaces, error analysis, and convergence
behaviour, demonstrate that the approximate solutions obtained by YJDJM and YJHIM closely
correspond with the exact solution. Moreover, the comparative study reveals that the proposed
approaches yield numerical results commensurate with those obtained via direct integration, with

negligible absolute errors even at low truncation orders.

The results indicate that the proposed approaches are accurate, efficient, and easy to implement, making
them reliable options for solving a wide range of partial differential equations.
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